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` å â

êáÙ Þ�¬²¨nô ì�õ8ë&ì%í�îWìWï óáßX¨
ß óá¯�¹¨
°®¬®Þ ©�¨P��óá¯¹©�¨
��Ù á%âoã é8ö{÷{è v

æ êfë&ì%í�îWì�ï�å â
�òÙ Þ�¬²¨

u
°32 óáßá¬®î¯
ßá¯ âá¯´¨¹âá¬²¨¹�Ý�ß:©«Ý0¨

v

¶�Ù Ý�°®¬®é
¬®ßX¨8âX¨
T
¬®°�ßá¯�âá¯

v
Ý)°"2 ¨¹ª��¯

(v, u)

¸òÙ æá�^
u
O��¡¯��±°®¬²¨�` ä�è.é#ê ô ì�õ8ë&ì%í�îWì�ïoð¾í&ñ%ñ ^ u `

�òÙ ë&ì%í�îWì�ï =
ô ì�õ8ë&ì%í�îWì�ï

³+µòÙsã é8ä�ø ã ê V (T )
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� © «�� ¨ �"¦��µ © �R¢p¥�´ ��¬²¨ d(v, u)
°²¨
âá¬®Þ ©�¨¹ßáà�¨�©«ª«¨ºâáóáÝ8ßá¯ âá¬3ßáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯
¯]�%�±Ý�ª�¯&¬®°Ëß ó!�

éºÝ�ª�¯�âá¬K¨¹ª� ðá¬FâáÝ�°K�¨¹éºéº¬Úßá¯Ã ðáÝ�°®¬5�¯±ßW�±¬®óáßW�±Ý�X.Þ�¬²¨Ã¬®ßá¯±°Ú©«ª�Ý
D(v)

°²¨Ãâá¬®Þ ©�¨¹ßáà�¨
é´¨¹Þ�Þ�¬®é´¨8 ðáÝ)¬®ß:©«Ý�ª��¯±ª�ª�Ý�©«ª«¨

v
Ý)óáßá¯ e óX¨¹°®Þ�¬²¨¹Þ�¬èâáÝc�±°®¬Ë¨¹°Ú©«ª�¬èßá¯ âá¬3T

D(v) = max
u∈V (T )

{

d(v, u)
}

§�¯±Þ ©«ª�¬²¨¹éº¯Ã¯±ª«¨� ðáÝ�ßáÝ�Þ�Þ�óáßá¯�âáÝ�¬Fßá¯�âá¬5Ý�°®¬®éº¬ÚßX¨�©«¬5¨�â ¯��±ßá¬5¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝIO-óáß
�Ý�ß:©«ª�¯WXFª�¬®î¯±ª�âX¨¹ßáâá¯��ðáÝ�Þ�Ý

v
O�óáß �Ý�ß:©«ª�¯�¨¹°®°®¯¹ª«¨

D(v) = minu∈V (T ){D(u)}
Ù

��¬²¨
v
óáßX¨ÃâáÝ�°®°®ÝQ�¡¯��±°®¬®Ý�Ý�°®¬®éº¬ÚßX¨�©«Ý½¬®ß�óáßÿ�±Ý�ßáÝ�ª�¬®�¯ÃçX¨¹Þ�Þ�¯�Ý-Þ�¬²¨

u
°32 óáßá¬®�¯�ßá¯�âá¯

¨¹âÃÝ�Þ�Þ�¨�¨¹âá¬²¨¹�Ý�ß:©«Ý�X�Þ�¬²¨�XV¬®ßá¯±°Ú©«ª�Ý�X
x
óáß�ßá¯ âá¯�¨-âá¬®Þ ©�¨¹ßáà�¨�é´¨¹Þ�Þ�¬®é´¨½âX¨

u
¯�%�:Ý�ª�¯

d(u, x) = D(u)
Ùs�*2 óáßá¬®�¯´�¨¹éºéº¬®ßá¯º�ðáÝ �¯±ßW�±¬®óáßW�±Ý

v
Ý�â

x
âáÝ��:Ý çX¨¹Þ�Þ«¨¹ª�Ý ßáÝ��Ý�Þ¾�

Þ«¨¹ª�¬²¨¹éºÝ�ß:©«Ý0âX¨
u
X%�¬	h´¬®éºçá°®¬Ú�¨

d(v, x) = 1 + d(u, x)
Ý e óá¬®ßáâá¬ D(v) > D(u)

X�âá¬
�¯±ßáÞ�Ýc�±óáÝ�ßáà�¨

v
ßá¯±ßIO)óáß½�Ý�ß ©«ª�¯áÙ

�C°A�¬®�°®¯½âá¬Aª�¬	�:¨�ã�©«Ý�ª�éº¬®ßX¨�ßá¯±ß�¨¹çáç%Ý�ßX¨�°32 ¨¹°®ñ%Ý�ª�¯½Þ�¬A�¯±éºç%¯±ßáÝ
âá¬AÞ�¯±°®Ý��¡¯��±°®¬ÚÝ�X
¬®ß���¨�©�©«¬�¬®ß½¯��±ßá¬Ë¨¹°®ñ%Ý�ª�¯��¯±ß-ã�¯ºçá¬	Y½ßá¯ âá¬<¨¹°®éºÝ�ßá¯�óáßá¯ºâá¬èÝ�Þ�Þ�¬<ßá¯±ßIO)óáßX¨g�¡¯��±°®¬²¨òÙ
iK¨¹°3éº¯±éºÝ�ß ©«¯º�ðáÝ ßá¯±ß���¬rO ¨¹°®�óáßX¨´ßáÝ��Ý�Þ�Þ�¬Ú©/a&âá¬.�±Ý�Þ ©«¬®ª�Ý8°®Ý0°®¬®Þ ©«Ý0¬®ß-é´¨¹ßá¬®Ý�ª«¨

¯±ª�âá¬®ßX¨�©�¨�Xá¬®°Ë�¬®�°®¯
âá¬Ëª�¬	�:¨�³8ª�¬®Þ�óá°Ú©�¨�¨�±Ý�ª�Ý0óáß-�¯±Þ ©«¯´°®¬®ßáÝ�¨¹ª�Ý¹Ù��ËÝ)¬®Þ ©«ª�óáà�¬®¯±ßá¬<¨¹°®°32 ¬Úß!�
©«Ý�ª�ßá¯&âáÝ�°3�¬®�°®¯´âá¬3ª�¬	�:¨����±Ý�ßW�±¯±ßá¯&Ý�Þ�Ýc�±óá¬Ú©«Ý�¨¹°3çá¬	Y-óáßX¨Í�±¯±°Ú©�¨ºç%Ý�ªK�¬²¨¹Þ��óáß�ßá¯�âá¯
ª�¬®�ðá¬®Ý�âá¯±ßá¯ e óá¬®ßáâá¬ O(n)

©«Ý�éºç%¯áÙr�*2 ¬®ß:©«Ý�ª�¯5°32 ¨¹°	�±¯±ª�¬ ©«é
¯kO ¬®ß0âáÝ�
Xßá¬Ú©«¬��¹¨.°®¬®ßáÝ�¨¹ª�Ý¹Ù

��¬Fßá¯¹©«¬5�ðáÝ�¬FîÝ�ß ©«ª�¬Fª�Ý�Þ ©«¬Ú©«óá¬Ú©«¬.âX¨¹°®°32 ¨¹°��±¯±ª�¬ ©«é
¯�Þ�¯±ßá¯�¨¹°5çá¬	Y âáóáÝ e óá¬®ßáâá¬3XUÞ�Ý
©«ª«¨&¬�ßá¯ âá¬�âáÝ�°®°32 ¨¹°®ñPÝ�ª�¯�O�âáÝ�
Xßá¬Ú©«¯�óáß�¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯WXEO ç%¯±Þ�Þ�¬®ñá¬®°®Ý8âáÝî©«Ý�ª�éº¬®ßX¨¹ª�ßáÝ ¬®°
é´¨¹Þ�Þ�¬®éº¯ �¯±ß�óáß�ñX¨¹ßX¨¹°®Ý��¯±ß��¡ª�¯±ß:©«¯áÙ
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¨¹°®ñPÝ�ª�¬Fßá¯±ß ª«¨¹âá¬®�¨�©«¬5Ýî©«¬®�ðáÝî©�©�¨�©«¬FÞ�ó
n
ßá¯�âá¬3X.Ý�ç%Ý�ª&¯��±ß�óáßá¯�âá¬FÝ�Þ�Þ�¬KÝ�Þ�¬®Þ ©«¯±ßá¯

n

âá¬���Ý�ª�Ý�ß:©«¬¨¹°®ñ%Ý�ª�¬Aª«¨¹âá¬®�¨�©«¬3XV¬®ß�©«¯¹©�¨¹°®Ý
nn−1 âá¬���Ý�ª�Ý�ß ©«¬¨¹°®ñ%Ý�ª�¬Aª«¨¹âá¬®�¨�©«¬AÝî©«¬® ðáÝî©�©�¨�©«¬

Þ�ó
n
ßá¯ âá¬�Ù

tnu�# $ y %�|Q�&%'QyÓ�I~�wo~j���cyk�cy �Q�)(I~nz{y

�<¨)é´¨����±¬Ú¯±ª�çX¨¹ª ©«Ý5âáÝ�°®°®ÝUßá¯±à�¬®¯±ßá¬Xçáª�Ý�°®¬®éº¬ÚßX¨¹ª�¬òßáÝ��Ý�Þ�Þ«¨¹ª�¬®ÝK¨¹°®°²¨K�¯±éºçáª�Ý�ßáÞ�¬®¯±ßáÝ.âáÝc�±°®¬
¨¹°	�±¯±ª�¬ ©«é
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Ý�Þ��°®óáÞ�¬��±Ý�^�ô�*5ô,+Ê` Ù
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£��_¬ © «�¥�¢ ¨�© �R¢p¥�¬!¥�£ £�ª © ¢ ° ¡!�ç¥ ¨�© � A
¡!¢U��£ ¯%�R¦ © �"«��_±/²8¥�¦ © ±/² © ¥b¬%¥ w(n)

� ° ¥�¦��µ © �R¢ ©
¥

t(n)
� ¥�« ° � ¨ ¡I¡!¢@�87�9�:�;<��9 �>=I´?6 © � p(n)
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© ¢I� ¥�« ° � O(t(n)) A ¡W��£	¥n¬%¥�££�¥n� ° ¥�¦b�µ © �R¢ © ¬ © A ¥ ¨/¨ ��¬%¥�¤¤/� ¨�© «�¡!£���¦b¥ § ��££	�R¦���£�ª ��£ ý
¯%�R¦ © �"«�� A ° ¡5BQ¥ ¨/¨ ¥�¦b¥P¥ ¨ ¥ü¯�¡ © � � © ¢_� ¥�« ° � O(w(n)/p(n) + t(n)) ¨ ¡B¡!¢@�>7�9 :�;
��9 �>= ±/�R¢

p(n) ° ¦b�±/¥ ¨/¨ �R¦ © ´
��¬²¨

∗
óáßE2 ¯±çPÝ�ª«¨¹à�¬®¯±ßáÝ�ñá¬®ßX¨¹ª�¬²¨8¨¹Þ�Þ�¯��¬²¨�©«¬���¨ Þ�ó½óáß�âá¯±éº¬®ßá¬®¯

D
Ù*�C° ° ¦b��¤c£	¥�«Í��¬%¥�£

±b��£	±/�R£	�Í¬!¥�£ £	¥ ¨ �R«�«�¥ ° ¦b¥DC ¨/¨ ¥ �¯±ßáÞ�¬®Þ ©«Ý)ßáÝ�°Ë�¨¹°®�¯±°²¨¹ª�ÝK°®Ý�Þ�¯±éºéºÝ�T
j
∑

i=1

xi

çPÝ�ª ¯��±ßá¬
j ∈ [1..n]

X âá¯�±Ý5°²¨�Þ�¯±éºé´¨�©«¯±ª�¬²¨çO.âX¨)¬®ß ©«Ý�ßáâáÝ�ª�Þ�¬Pª�Ý�°²¨�©�¬S�¹¨)¨¹°®°32 ¯¹ç%Ý�ª«¨¹à�¬®¯±ßáÝ
∗
Ýj�±°®¬�Ý�°®Ý�éºÝ�ß:©«¬

xi

¨¹çáçX¨¹ª ©«Ý�ßW�±¯±ßá¯�©«óò©�©«¬<¨¹°èâá¯±éº¬®ßá¬®¯
D
Ù

ù Ø ÓPÒ�Ø!�Ãù Í8�	�E�®õD·E-èÓ@�d�ÃØU)3Ò�Ø:÷�ý�ý�ØF0¡Í&'�4 Ç]�HG�£ ° ¦b��¤c£	¥�«Í�Z¬%¥�££�� ±/�R« ° ¡!�ü�µ © �R¢p¥
° ¦b¥DC ¨/¨ � ° ¡�B_¥ ¨/¨ ¥�¦b¥�¦ ©	¨ �R£ � � © ¢ O(log n)
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�ü��¢!µ�_¬ © ± © � ¨ ±�¡!¢�¥�£	¥�«�¥�¢8� ��¬&��££��B� ¥ ¨ �ü��¬%¥�££��B£ ©	¨ �ü� §*° ¡�B�¥ ¨/¨ ¥�¦b¥Í¬%¥�� ¥�¦�« © ¢@���ü� © ¢
O(log n)

� ¥�« ° � ¨ ¡I¡%¢@�87�9�:�;O��9 �>= ±/�R¢
n/ log n ° ¦b�±/¥ ¨/¨ �R¦ © ´

ù Ø ÓPÒ�Ø!�Ãù�Í8�	�E�S' ·J. Ò�ÓPùXÔ3ø±ùXýîÑP0¡Í!:N4 Ç]���P���ü�Í¡!¢@�87�9�:�;O��9 �>= ±/�R¢
p ° ¦/�±/¥ ¨ ý
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Ý�Þ«¨�©�©�¨¹éºÝ�ß:©«Ý0âáóáÝj
8�±°®¬�Ù�iK¨�©«¯ºóáß��±Ý�ßáÝ�ª�¬®�¯´¨¹°®ñ%Ý�ª�¯

T
O)ç%¯±Þ�Þ�¬®ñá¬®°®ÝK©«ª«¨¹Þ��¡¯±ª�é´¨¹ª�°®¯�¬®ß

óáß´¨¹°®ñ%Ý�ª�¯)ñá¬®ßX¨¹ª�¬®¯)ª�Ýc�±¯±°²¨�ª«Ý
TR

¨����±¬®óáßW�±Ý�ßáâá¯)âáÝ�¬Pßá¯�âá¬3T3ç%Ý�ª ¯��±ßá¬Xßá¯ âá¯
v
X Þ«Ý

v
ðX¨

óáß´Þ�¯±°®¯j
8�±°®¬®¯)Þ�¬%¨����±¬®óáßW�±Ý.óáß´ßá¯�âá¯0�¯±éºÝ5Þ�Ý��¯±ßáâá¯P
8�±°®¬®¯WX±Þ�Ý
v
ðX¨)çá¬	Y´âá¬PâáóáÝk
8�±°®¬

Þ�¬è¨¹çáçá°®¬®�¨0°²¨0Þ�¯±Þ ©«¬Ú©«óáà�¬®¯±ßáÝFÞ� ðáÝ�é´¨�©�¬Úà�à�¨�©�¨ ¬®ßTSV¬	�±óáª«¨º³±ÙÚ³±Ùû�*2 ¨¹°®ñPÝ�ª�¯ �¯±ÞVU<¯¹©�©«Ý�ß�óò©«¯
ðX¨�óáß½ß óáéºÝ�ª�¯
âá¬èßá¯�âá¬èçX¨¹ª�¬Ë¨¹â

O(n)
Xá¬®ßá¯±°Ú©«ª�ÝFóáß½ßá¯�âá¯

v
ßá¯±ß½âá¬®Þ ©�¨ çá¬	Y�âá¬

log k

âX¨¹°èÞ�óá¯ºçX¨¹âáª�Ý)¯±ª�¬	�±¬®ßX¨¹ª�¬Ú¯
u
XXâá¯�:Ý

k
O)¬®°èß óáéºÝ�ª�¯
âá¬E
8�±°®¬èâá¬

u
¬®ß

T
Ù

¸



1

2 3 4

1

2 3 4
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v
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∗
¨¹°®°®Ý
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âá¬
v
Ù

ù Ø ÓPÒ�Ø!�Ãù-Í8�	�E�	7_·�K&ù5MPØX0¡Í�2ËÍZY�2Põ#��2Põ@6Z4 Ç]�[G�£ ° ¦b��¤c£	¥�«Í�j¬%¥�£ £��P±/�R¢8�"¦��µ © �R¢p¥ ° ��¦���£ ý
£	¥�£��g¬ © ¡!¢I��£�¤�¥�¦b�n¦b¥ü¯%�R£���¦b¥ TR ° ¡�B�¥ ¨/¨ ¥�¦b¥k¦ ©	¨ �R£ � � © ¢ O(log n)

� ¥�« ° �g±/�R¢ n/ log n

° ¦b�±/¥ ¨/¨ �R¦ ©�¨ ¡I¡!¢@�87�9�:�;O��9 �>=I´
��¬ ßá¯¹©«¬A¬®ßÃçX¨¹ª ©«¬®�¯±°²¨¹ª�Ý� ðáÝ�X�Ý�Þ�Þ�Ý�ßáâá¯�¬®°Aé´¨¹Þ�Þ�¬®éº¯½óáßE2 ¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝºñá¬®ßX¨¹ª�¬²¨�¨¹Þ¾�

Þ�¯ �¬²¨�©«¬��¹¨�X`©«ª«¨¹éº¬Ú©«Ý�°²¨�©«Ý��ßá¬®�¨�âáÝ�°H*5¨��±Ý_O�ç%¯±Þ�Þ�¬®ñá¬®°®Ý-âáÝ ©�Ýîª«é
¬®ßX¨¹ª�Ý�°²¨�é´¨¹Þ�Þ�¬®é´¨
Ýî©«¬®�ðáÝî©�©�¨�ßáÝ�°ËÞ�¯¹©�©�¯±¨¹°®ñ%Ý�ª�¯
âá¬è¯��±ßá¬Ëßá¯ âá¯º¬®ß½óáß�¨¹°®ñ%Ý�ª�¯
ª�Ýc�±¯±°²¨¹ª�Ý¹Ù
ù Ø ÓPÒ�Ø!�Ãù�Í8�	�E� 6ÿ·�ö8Ø�ÐPÑ+Ò�×Ô3×`Õ3Ð ùXú¡û[Ø Ò�Ó\0ÚõËÍ�4 Ç]���P��� �Í¡%¢ ��£�¤�¥�¦b��¢p�R¢_¦��&¬ © ±b��� �
T © £ ¨ ¡8��±/¥�¢8�"¦b�\]�� ¡!¢p�f¬%¥ ©ç¨ ¡8� © ±/¥�¢8�"¦ ©ç¨ ¥�£�ª ��£�¤�¥�¦b� ³ ¤ © ±/¥�¢8�"¦ © ±/�E^ ° ¡�B�¥ ¨/¨ ¥�¦b¥
¬%¥�� ¥�¦�« © ¢@��� � © ¢ O(log n)

� ¥�« ° �n±/�R¢ n/ log n ° ¦b�±/¥ ¨/¨ �R¦ ©W¨ ¡�¡!¢@�H7�9�:�;_��9 �>=I´
ù Ø ÓPÒ�Ø!�Ãù-Í#���{�`Y�·Ea
Ò�Ô3×�Ð<ù8�ÃØ�Ð%Ñ+Ó10�:�2<Í!:N4 Ç]�cb�¢@�j£ ©	¨ �ü�n¬ © n ¥�£	¥�«�¥�¢8� ©&° ¡�Bn¥ ¨/¨ ¥�¦b¥
�R¦�¬ © ¢@���ü� © ¢ O(logn)

� ¥�« ° � ¨ ¡I¡!¢@�87�9�:�;O��9 �>= ±/�R¢
n ° ¦b�±�¥ ¨/¨ ��¦ © ´

�



ù Ø ÓPÒ�Ø!�Ãù½Í8�	�E�	:B·E-Ë×"��Õ3ú¡ùáûV×�ú¡×²Ñed0Ñ+Ò�ù��ÃÓËÔ<Ø�ú�ú�×XÔ3× � KQ�Xfg0¡Í!:N4 Ç]�hb�¢@�ç£	¥��"�"¡!¦��n�
¡!¢@� ¨ ±�¦ © �"�"¡!¦��P±/�R¢p±/�R¦�¦b¥�¢8� ¥�¬ © ¡!¢@�i7�9�:�;<j?9kjk= ±/��¢ ° ¦ © �R¦ © �mln±/�R¢ p ° ¦b�±/¥ ¨/¨ �R¦ ©	§
° ¡�Bj¥ ¨b¨ ¥�¦/¥ ¨�© «�¡!£����ü� ¨ ¡P¡!¢@�i7�9�:�;n��9 �>= ±/�R¢

p ° ¦b�±/¥ ¨/¨ �R¦ ©8© ¢�� ¥�« ° � O(log p)
´

iK¨�©«¬[âáóáÝº¬®ßáÞ�¬®Ý�éº¬
S = {s1, . . . , sk}

Ý
T = {t1, . . . , tl}

âá¬[çáóáß:©«¬AÞ�óá°[çá¬²¨¹ßá¯WX
¬®° ° ¦b��¤c£	¥�«Í�Í¬%¥�£{±/�R¢8� ¥ü¯¯ © ��¬%¥�££��Í¬%�R« © ¢@��¢!µ�g�"¦���¬�¡W¥ © ¢ ¨�© ¥�« © �¯±ßáÞ�¬®Þ ©«ÝKßáÝ�°�âáÝî©«Ý�ª¾�
éº¬®ßX¨¹ª�Ý�X+çPÝ�ª<¯��±ßá¬

ti
X e óX¨¹ß:©«¬:çáóáß:©«¬:âá¬ S Ý�Þ�Þ�¯5âá¯±éº¬®ßX¨òÙ�*.¬®�¯±ª�âá¬²¨¹é
¯` ðáÝ t = (tx, ty)

âá¯±éº¬®ßX¨
s = (sx, sy)

Þ�Ý)Ý)Þ�¯±°®¯
Þ�Ý
tx > sx

Ý
ty > sy

Ù

ù Ø ÓPÒ�Ø!�Ãù!Í8�	�E��Ío3 · ¶ Ó@��×�Ð<ùXÐ<Ö:ù�Ñ+Ò�ù�Ô3Õ<Ø�×�Ð3ý�×¡Ø!��×p0	6q2m�N4 Ç]��G�£ ° ¦b��¤c£	¥�«Í�_¬%¥�£
±/�R¢8� ¥ü¯¯ © ��¬%¥�££��B¬!�R« © ¢@��¢!µ�Í�3¦��I¬�¡8¥ © ¢ ¨�© ¥�« ©E° ¡�BI¥ ¨/¨ ¥�¦b¥P¦ ©	¨ �R£ � � ¨ ¡_¡!¢@��7�9�:�;
��9 �>= ±/�R¢

n ° ¦b�±/¥ ¨/¨ �R¦ ©r© ¢�� ¥�« ° � O(log n)
´

���Dr ��� �	
�si�\���>tus������5


N5ß þ@�R¡!¦Í¬ © ��¡!£	¥�¦b� Oºóáß��¬®ª��óá¬Ú©«¯½Þ�ó�óáß �±ª«¨R�¡¯½âá¬®ª�Ýî©�©«¯½�ðáÝ´¨�©�©«ª«¨�±Ý�ª�Þ«¨½�¬²¨¹Þ��óáß
¨¹ª��¯0Ý�Þ«¨�©�©�¨¹éºÝ�ß:©«Ý5óáßX¨j�±¯±°Ú©�¨òÙo�F°8
XßáÝ5âá¬Pç%¯¹©«Ý�ªAâáÝî©«Ý�ª�éº¬®ßX¨¹ª�Ý.¬®°Xë3¯±óáª âá¬%ô[óá°®Ý�ª�¯0âá¬
óáß�¨¹°®ñ%Ý�ª�¯Fßá¯±ß ª«¨¹âá¬®�¨�©«¯F°®¯5Þ«¬ ©«ª«¨¹Þ��¡¯±ª�é´¨5¬®ß8óáßg�±ª«¨R�¡¯Fâá¬®ª�Ýî©�©«¯WX¹Þ�¯±Þ ©«¬Ú©«óáÝ�ßáâá¯K�¬²¨¹Þ��óáß
¨¹ª��¯
ßá¯±ß�¯±ª�¬®Ý�ß:©�¨�©«¯

{u, v}
�¯±ß�°²¨ �¯±çáçá¬²¨�âá¬<¨¹ª��ðá¬Ë¯±ª�¬®Ý�ß:©�¨�©«¬

(u, v)
Ý

(v, u)
Ù

ù Ø ÓPÒ�Ø!�Ãù Í8�	�E��ÍPÍ · ù Ó%Õ<Ò�Ô3×�v�Õ3ú¡Ø Ò�Ów0¡Í!:�2.õxYN4 Ç]� G�£sþ#�R¡!¦Í¬ © ��¡!£	¥�¦b�I¬ © ¡!¢���£ ý
¤�¥�¦b��¢@��¢�¦��&¬ © ±b��� �B¬ © n ¢p��¬ ©{° ¡�BI¥ ¨/¨ ¥�¦b¥�±��R« ° ¡!�ü��� � ¨ ¡�¡!¢@��7�9�:�;y��9 �>= © ¢
O(log n)

� ¥�« ° �Q±/�R¢ n/ log n ° ¦b�±/¥ ¨/¨ �R¦ © ´

q ¬®éºç%¯±ª ©�¨¹ß:©«Ý.Ý�Þ�çá°®¬®�¬Ú©�¨¹ª�Ý.�ðáÝ5©�¨¹°®Ý.ª�¬®Þ�óá°Ú©�¨�©«¯)Þ�¬%ñX¨¹Þ«¨0Þ�óá°®°32 ¨¹Þ�Þ�óáßáà�¬®¯±ßáÝ5�ðáÝF°32 ¨¹°S�
ñPÝ�ª�¯´¬®ß�¬®ßáçáóò©5Þ�¬²¨
ª«¨¹çáçáª�Ý�Þ�Ý�ß ©�¨�©«¯º©«ª«¨¹éº¬Ú©«Ý�°®¬®Þ ©«Ý�âá¬3¨¹âá¬²¨¹�Ý�ßáà�¨º�¬®ª��¯±°²¨¹ª�¬èâá¯¹©�¨�©«Ý)âá¬
çáóáß:©�¨�©«¯±ª�¬.¨¹âáâá¬®à�¬®¯±ßX¨¹°®¬"T&ç%Ý�ªº¯��±ßá¬.¨¹ª��¯

(u, v)
X°32 ¯���¯±ª�ª�Ý�ßáà�¨�âá¬

u
ßáÝ�°®°²¨�°Ú¬®Þ © ¨�âá¬

¨¹âá¬²¨¹�Ý�ßáà�¨�âá¬
v
âáÝ��:Ý½çáóáß ©�¨¹ª�Ý�¨¹°Ú°32 ¯���¯±ª�ª�Ý�ßáà�¨�âá¬

v
ßáÝ�°®°²¨�°®¬®Þ ©�¨-âá¬.¨¹âá¬²¨¹�Ý�ßáà�¨�âá¬

³+µ



u
Ùd�CßÊ[ ³�¶\s��ª�Ý�Ý�ßá°²¨{zNÝ½Û3Ýî©«ª�Ý�Þ� ðá¬.éº¯±Þ ©«ª«¨¹ßá¯��¯±éºÝ�Þ�¬²¨�ç%¯±Þ�Þ�¬®ñá¬®°®Ý&¯¹©�©«Ý�ßáÝ�ª�Ý&©�¨¹°®Ý
Þ ©«ª�óò©�©«óáª«¨&çX¨�ª�©«Ý�ßáâá¯&âX¨&óáßX¨&°®¬®Þ ©�¨ºâá¬V¨¹ª� ðá¬3X@�¡¯¹ª«ßáÝîßáâá¯�óáß�¨¹°	�±¯±ª�¬Ú©�éº¯ºç%Ý�ª�Û�*k��§
ô�*5ô,+p�ðáÝ0ª�¬®�ðá¬®Ý�âáÝ

n
çáª�¯ �Ý�Þ�Þ�¯±ª�¬<Ý

O(log n)
©«Ý�éºç%¯áÙ

��¯¹©�©«¯±°®¬®ßáÝ�¬®¨¹é
¯��¯±éºÝ.âX¨K©�¨¹°®ÝUÞ ©«ª�óò©�©«óáª«¨)âX¨�©«¬XÞ�¬²¨�ç%¯±Þ�Þ�¬®ñá¬®°®Ý`�¯±éºçáª�Ý�ßáâáÝ�ª�Ý e óX¨¹°®¬
ßá¯ âá¬Þ�¬²¨¹ßá¯��¡¯��±°®¬®Ýº¬®ßÃ©«Ý�éºç%¯��¯±Þ ©�¨¹ß:©«Ý�Ý&Þ�Ý�ßáà�¨�°®Ý ©«©«óáª�Ý´¯�Þ��ª�¬Ú©�©«óáª�Ý´�¯±ßá�¯±ª�ª�Ý�ß ©«¬�Ù
�ËÝ��¡¯��±°®¬ÚÝ�Þ�¯±ßá¯�¬®ß���¨�©�©«¬5¬5ßá¯�âá¬Fâá¬s�±ª«¨¹âá¯�çX¨¹ª�¬K¨¹â!³�X.¯]�%�±Ý�ª�¯ e óáÝ�°®°®¬5°²¨Ã�óá¬F°®¬®Þ ©�¨
âá¬.¨¹âá¬²¨¹�Ý�ßáà�¨�Þ�¬U�¯±éºç%¯±ßáÝ½âá¬.óáß�Þ�¯±°®¯�Ý�°®Ý�éºÝ�ß ©«¯W�UÝ�Þ�Þ�Ý�ßáâá¯Ã©�¨¹°®¬`°®¬®Þ ©«Ý��¬®ª��¯±°²¨¹ª�¬�O
Þ�ó�Vº�¬®Ý�ß:©«Ýj�±Ý�ª�¬�
X�¨¹ª�Ý)Þ�Ý)¬®°èçáª�¬®éº¯�Ý�°®Ý�éºÝîß ©«¯
çáóáß:©�¨º¨�Þ�Ý)Þ ©«Ý�Þ�Þ�¯´�¯±éºÝ)Þ�óá�îÝ�Þ«Þ�¬��±¯áÙ
Û[ª�Ý�Þ�Ý�ß:©«¬²¨¹éº¯WXá¬®ß�
XßáÝ�XP¨¹°®�óáßáÝ)¨¹çáçá°®¬®�¨¹à�¬®¯±ßá¬�âáÝ�°Ëë3¯±óáª.âá¬Ëô[óá°®Ý�ª�¯áÙ

ù Ø ÓPÒ�Ø!�ÃùIÍ8�	�E��Í�õ ·�K&ùXÔ3×�ø±ùáÒ�Ø�Õ3Ð ùXú¡û[Ø Ò�Ó|0¡Í!:N4 Ç]�ç�P��� � © £�þ#�R¡!¦Q¬ © ��¡!£	¥�¦b��¬ ©
¡!¢ ��£�¤�¥�¦b�

T
¥g¡!¢�¢p��¬%�

v ∈ V (T ) §m³m° � ¨/¨�© ¤ © £	¥n¦��&¬ © ±b��¦b¥ T © ¢ v ¨ ¡_¡!¢@�}7�9�:�;
��9 �>= © ¢ O(log n)

�¾¥�« ° �I±/�R¢ n/ log n ° ¦b�±/¥ ¨/¨ �R¦ ©	§ �R�"� ¥�¢p¥�¢@¬%� §r° ¥�¦Í�b¯�¢ © ¢p��¬%�
i § £�ª © ¢@¬ © ±/¥�¢p¥�£{¢p��¬%� ° �&¬�¦b¥{~�� í���ì ôZ�p[ i \ ´

ù Ø ÓPÒ�Ø!�Ãù¤Í8�	�E��Í!�U· ¶ ×�ýîÑ+ùXÐ<Ö:ù�Ô<ùXú�ú¡ù�Ò�ùXÔ3×�ø±Ø�0¡Í!:N4 Ç]���P��� � © £5þ@�R¡!¦j¬ © ��¡!£	¥�¦b��¬ ©
¡!¢Q��£�¤�¥�¦b�

T
¥b¬ © £�¢p��¬%� r ∈ V (T ) © ¢Q±�¡ © T ³�¨ �ü��� ��¦��&¬ © ±b���¾� §r³r° � ¨/¨�© ¤ © £	¥m±b��£	±/�R£���¦b¥

£��B¬ ©	¨ �ü��¢!µ�Q¬ © �b¯�¢ © ¢p��¬%�Q¬&� r §û¨ ¡_¡!¢@�}7�9�:�;���9 �>= © ¢ O(log n)
� ¥�« ° �B±/�R¢

n/ log n ° ¦b�±/¥ ¨/¨ �R¦ © ´
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å5Ý�°:çáª�Ý�Þ�Ý�ß ©«Ý�¨¹çá¬Ú©«¯±°®¯UÞ«¨¹ª«¨¹ßáßá¯5çáª�¯±ç%¯±Þ ©«Ý ¨¹°®�óáßáÝ �¯ âá¬�
X�ðáÝ �ðáÝçPÝ�ª�éºÝî©�©«¯±ßá¯5âá¬ âáÝ��
Þ��ª�¬��±Ý�ª�ÝK¨¹°®ñPÝ�ª�¬Pâá¬

n
ßá¯�âá¬PÝî©«¬®�ðáÝî©�©�¨�©«¬PÞ�ó´óáß&¬®ßáÞ�¬®Ý�é
Ý

L
�¯±ß´Þ�Ý e óáÝ�ßáà�ÝKâá¬%Ý�°®Ý�éºÝîß ©«¬

âá¬
L
Ù
Û[ª�¬®é´¨`âá¬±¬®ß ©«ª�¯ âáóáª�ª�Ý[Þ�ç%Ý��¬�
X�ðáÝ �¯ âá¬�
X ðáÝ*�±Ý�ª�ªba.çáª�Ý�Þ�Ý�ß:©�¨�©«¯5óáßá¯.Þ«�ðáÝ�é´¨��±Ý�ßáÝ��

ª«¨¹°®Ý âá¬[�¯ âá¬�
X�¨��ðáÝºçPÝ�ª�éºÝî©�©«Ý
âá¬o�±Ý�ßáÝ�ª«¨¹ª�Ý
óáßX¨½Þ�Ý e óáÝ�ßáà�¨�¯±ª�âá¬®ßX¨�©�¨&âá¬V©«óò©�©«¬*�±°®¬
¨¹ª��ðá¬)âá¬�óáß!¨¹°®ñPÝ�ª�¯�çáª�¯ �Ý�âáÝ�ßáâá¯ çPÝ�ª�Þ�Ý�°®Ý�à�¬®¯±ßáÝ�¬Ú©«Ý�ª«¨�©«¬��¹¨�âá¬��¡¯��±°®¬ÚÝ�âáÝ�°®°32 ¨¹°®ñPÝ�ª�¯
Þ ©«Ý�Þ�Þ�¯áÙ
iK¨ e óáÝ�Þ ©«¯´çáóáß:©�¯º¬®ß�çP¯±¬3¨¹Þ�Þ�óáéºÝ�ª�Ý�éº¯º�ðáÝ8°32 ¨¹°®ñPÝ�ª�¯ T

¨¹ñáñá¬²¨
n
ßá¯�âá¬3XX�ðáÝ0Þ�¬²¨

ª«¨¹âá¬®�¨�©«¯8¬®ß
r
Ý��ðáÝK©«óò©�©«¬�¬�Þ�óá¯±¬�ßá¯�âá¬è¨¹ñáñá¬²¨¹ßá¯ Ýî©«¬®�ðáÝî©�©«Ý�âá¬®Þ ©«¬®ß:©«ÝFÝ�¨¹çáçX¨¹ª ©«Ý�ßáÝ�ß ©«¬

¨¹¬èçáª�¬®éº¬
n
¬®ß:©«Ý�ª�¬3T

L = [1..n]
Ù

��uct ��%'Qyk� ~��nyk|Qy�wo~j�cy

�Ë¯
Þ��ðáÝ�é´¨�âá¬Ë�¯ âá¬�
X�¨g��¨�óáÞ�¯ºâá¬èóáßX¨g�¡óáßáà�¬®¯±ßáÝ
f : P(V ) → P(V )

çPÝ�ª.Þ��Ýc�±°®¬®Ý�ª�Ý
¨¹â�¯��±ßá¬`çX¨¹Þ�Þ�¯ e óX¨¹°®¬5�¡¯��±°®¬®Ý´Þ�Ý�°®Ý�à�¬®¯±ßX¨¹ª�Ý&Ý�âá¬`óáßX¨�ª�Ý�°²¨¹à�¬Ú¯±ßáÝ&âE2 ¯±ª�âá¬®ßáÝ´©«¯¹©�¨¹°®Ý&Þ�ó

³�·



[1..n]
¬®ßáâá¬®�¨�©�¨ �¯±ß

≺
Ù

�F°�çáª�¬®éº¯8çX¨¹Þ�Þ�¯�âáÝ�°®°32 ¬Ú©�Ý�ª«¨¹à�¬®¯±ßáÝ5Þ�¬²¨
T1 = T

ÝKÞ�¬²¨
F1 = F (T1)

°32 ¬®ßáÞ�¬®Ý�éºÝ.âáÝ�°®°®Ý
Þ�óáÝk�¡¯��±°®¬ÚÝ�X:Þ�¬²¨

A1

óáß´Þ�¯¹©�©«¯±¬®ßáÞ�¬®Ý�éºÝ`âá¬XÝ�Þ�Þ�ÝFÞ��Ý�°Ú©«¯0âX¨¹°®°²¨s�¡óáßáà�¬®¯±ßáÝ
f
T
A1 = f(F1)

Ù
��¬²¨¹ßá¯

{a1
1, . . . , a

k1

1 }
�±°®¬:Ý�°®Ý�éºÝ�ß:©«¬ âá¬

A1

Ý�°®Ý�ßá�¨�©«¬ Þ�Ý��¯±ßáâá¯F°²¨.ª�Ý�°²¨¹à�¬®¯±ßáÝAâE2 ¯±ª�âá¬®ßáÝ
≺
Ù

��¬²¨�XP¬®ß�
XßáÝ�X
bi
1

°32 óáßá¬®�¯ºßá¯�âá¯´âá¬
T1

¨¹âá¬²¨¹�Ý�ß:©«Ý8¨¹â
ai

1

X
∀ i ∈ [1..k1]

ÙFìðá¬²¨¹éºÝ�ª�Ý�éº¯
S1
°²¨ Þ�Ý e óáÝ�ßáà�¨´âá¬Ë¨¹ª� ðá¬Ë¬®ßáî¬®âáÝ�ß ©«¬èÞ�óá¬Ëßá¯�âá¬èâá¬ A1

Xá¯]�%�±Ý�ª�¯WT

S1 =
(

(a1
1, b

1
1), (a

2
1, b

2
1), . . . , (a

k1

1 , bk1

1 )
)

Û3¯±¬® ð5�Kç%Ý�ªU°²¨�Û[ª�¯±çP¯±Þ�¬®à�¬®¯±ßáÝ ³±Ùä·�ÙÚ³�X
T2 = T1−A1

O)¨¹ßá�¯±ª«¨ óáß�¨¹°®ñ%Ý�ª�¯WX�O�°®Ý��¬Ú©«¯
¬Ú©«Ý�ª«¨¹ª�Ý�¬®°�çáª�¯��Ý�Þ�Þ�¯´âá¬ËÞ�Ý�°ÚÝ�à�¬®¯±ßáÝ0¨¹çáç%Ý�ßX¨
âáÝ�Þ��ª�¬Ú©�©«¯áÙ
�CßI�±Ý�ßáÝ�ª«¨¹°®Ý)¨¹°®°32

i
�CÝ�Þ�¬®é
¯ çX¨¹Þ�Þ�¯´âáÝ�°®°32 ¬ ©«Ý�ª«¨¹à�¬®¯±ßáÝKÞ�¬<¨���ªba

(1) Ti = Ti−1−Ai−1

(2) Fi = F (Ti)

(3) Ai = f(Fi) = {a1
i , . . . , a

ki

i }
XX�¯±ß

a1
i ≺ a2

i ≺ . . . ≺ ak1

i

(4) (aj
i , b

j
i ) ∈ E(Ti) ∀ j ∈ [1..ki]

�*2 ¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝ.Þ�¬8�¡Ý�ª�éºÝ�ªba e óX¨¹ßáâá¯8°32 ¨¹°®ñ%Ý�ª�¯)ßá¯±ß´¨��ªba)çá¬	Y��¡¯��±°®¬®Ý�X:°32 óá°Ú©«¬Úé
¯)çX¨¹Þ�Þ�¯
Þ«¨¹ªba e óá¬®ßáâá¬ m ©�¨¹°®ÝK ðáÝ

F (Tm) 6= ∅
Ý

F (Tm+1) = ∅
Ù

�Uâ�¯��±ßá¬�¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝ8Þ�¬[¯¹©�©«¬®Ý�ßáÝ óáßX¨�Þ�Ý e óáÝ�ßáà�¨�âá¬�¨¹ª� ðá¬�¬®ßá�¬®âáÝ�ß:©«¬VÞ�óá¬[ßá¯ âá¬�âá¬
Ai

T
Si =

(

(a1
i , b

1
i ), (a

2
i , b

2
i ), . . . , (a

ki

i , bki

i )
)

ì¯±ßá�¨�©«Ý�ßX¨¹ßáâá¯�°®Ý�Þ�Ý e óáÝ�ßáà�Ý Si

ç%Ý�ª
1 ≤ i ≤ m

Þ�¬[¯¹©�©«¬®Ý�ßáÝ�óáßX¨�Þ�Ý e óáÝ�ßáà+¨�âá¬
©«óò©�©«¬E�±°®¬Ë¨¹ª��ðá¬ËâáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯�¬®ßá¬®à�¬²¨�°®Ý

T
T

S =
(

(a1
1, b

1
1), . . . , (a

k1

1 , bk1

1 ), (a1
2, b

1
2), . . . , (a

k2

2 , bk2

2 ), . . . (a1
m, b1

m), . . . , (akm

m , bkm

m )
)

³+ã



Û[¬	Y½¬®ßQ�±Ý�ßáÝ�ª«¨¹°®Ý�çP¯±Þ�Þ�¬²¨¹éº¯�âá¬®ª�Ý��ðáÝ)�¯±ßá�¨�©«Ý�ßX¨¹ßáâá¯º°®ÝKÞ�Ý e óáÝ�ßáà�Ý0âX¨ Si

¨¹â
Sm

Þ�¬Ë¯¹©�©«¬®Ý�ßáÝ�óáßX¨
Þ�Ý e óáÝîßXà�¨ºâá¬è©«óò©�©«¬E�±°®¬Ë¨¹ª��ðá¬ËâáÝ�°®°32 ¨¹°®ñPÝ�ª�¯ Ti

Ù
ì¯±ßáÞ�¬®âáÝ�ª«¨¹ßáâá¯F°®Ý[Þ�Ý e óáÝ�ßáà�ÝâáÝ�°®°®ÝAÞ�¯±°®Ý aj

i

Ý âáÝî°®°®ÝAÞ�¯±°®Ý
bj
i

âáÝ�°®°²¨UÞ�Ý e óáÝ�ßáà�¨ S
Þ�¬ ¯¹©��

©«Ý�ßW�±¯±ßá¯KâáóáÝ`Þ ©«ª�¬®ßW�±ðáÝ`âá¬
n−1

¬®ß ©«Ý�ª�¬�¬®ß
[1..n]

T
A = (a1

1, . . . , a
k1

1 , a1
2, . . . , a

k2

2 , . . . ,

a1
m, . . . , akm

m )
Ý

B = (b1
1, . . . , b

k1

1 , b1
2, . . . , b

k2

2 , . . . , b1
m, . . . , bkm

m )
Ù

�A¯��±°®¬²¨�éº¯ âá¬®éº¯±Þ ©«ª«¨¹ª�ÝK�ðáÝ
B
O)óáß��¯�âá¬®�Ý�ç%Ý�ª

T
Ù

Û[ª�¬®é´¨ ç%Ý�ª�hWXWO)ßáÝ��Ý�Þ�Þ�¨¹ª�¬®¯º¬Úß ©«ª�¯�âáóáª�ª�ÝK°²¨�Þ�Ýc�±óáÝ�ß:©«Ý0çáª�¯±ç%¯±Þ�¬®à�¬®¯±ßáÝ�T

� Ò�Ó#)[Ó%ý�×¡Ö ×¡Ó%Ð<ØÃõE��Í8��Í8�8�û¯�¢ © ¢p��¬%� v ∈ V (T )
±/�R« ° ��¦b¥ deg(v) − 1

Q��R£ � ¥ © ¢ B §
�&¬Q¥/±/±/¥bµ © �R¢p¥P¬%¥�£ £���¦��&¬ © ±/¥ r

±/²8¥kQ © ±/�R« ° ��¦b¥ deg(r)
Q��R£ � ¥�´

� © «�� ¨ �"¦��µ © �R¢p¥�´ å5Ý�°®°32 ¬®ß ©«Ý�ª«¨8Þ�Ý e óáÝîßXà�¨��&Þ�¯±ßá¯
Ý�°®Ý�ßá�¨�©«¬�©«óò©�©«¬E�±°®¬è¨¹ª��ðá¬èâáÝ�°E�±ª«¨R�¡¯WX
e óá¬®ßáâá¬<¯��±ßá¬<ßá¯ âá¯ v

¨¹çáçX¨¹ª�Ý0¬®ß_�½Ý�Þ«¨�©�©�¨¹éºÝ�ß:©«Ý
deg(v)

�±¯±°Ú©«Ý¹Ù.å5Ý�°Ú°²¨
Þ�Ý e óáÝ�ßáà�¨ A

�¯±éºçX¨¹¬®¯±ßá¯U©«óò©�©«¬ ¬ ßá¯ âá¬  ðáÝ5�±Ý�ßW�±¯±ßá¯FÝ�°®¬®éº¬ÚßX¨�©«¬±âX¨¹°®°32 ¨¹°Úñ%Ý�ª�¯.âáóáª«¨¹ß:©«Ý°®¨.çáª�¯��Ý�âáóáª«¨
âá¬èÞ�Ý�°®Ý�à�¬®¯±ßáÝ)¬Ú©«Ý�ª«¨�©«¬��¹¨�X�¯]�%�±Ý�ª�¯
©«óò©�©«¬ËÝ���Ýî©�©«¯º°²¨�ª«¨¹âá¬®�Ý�Xá�¬²¨¹Þ��óáßá¯ºóáßX¨�Þ�¯±°²¨g�±¯±°Ú©�¨òÙ
�Kóá¬®ßáâá¬3¯��±ßá¬3ßá¯�âá¯

v
¨�çáçX¨¹ª�Ý óáßX¨��±¯±°Ú©�¨º¬®ß

A
Ý8°®Ý8ª�Ý�Þ ©�¨¹ß ©«¬

deg(v) − 1
�±¯±°Ú©«Ý

¬®ß
B
Xá°²¨�ª«¨¹âá¬Ú�Ý)¬®ß&�±Ý��Ý0�¯±é
çX¨¹ª�Ý)Þ�¯±°®¯�¬®ß

B
X
deg(r)

�±¯±°Ú©«Ý¹Ù

l Þ�Þ�Ý�ª���¬²¨¹éº¯��ðáÝ�¨¹°.©«Ý�ª�éº¬®ßáÝ-âáÝ�°®°32 ¬Ú©«Ý�ª«¨¹à�¬Ú¯±ßáÝ�°32 óáßá¬®�¯Ãßá¯�âá¯�ª�¬®é´¨¹Þ ©«¯ÃÞ«¨¹ªba�°²¨
ª«¨¹âá¬®�Ý�X�ç%Ý�ª ©�¨¹ß:©«¯8©«óò©�©«¬�¬%ßá¯�âá¬%Ý�°®¬®éº¬ÚßX¨�©«¬P¨¹°%çX¨¹Þ�Þ�¯

m
Ý�ª«¨¹ßá¯�¨¹âá¬²¨¹�Ý�ß:©«¬%Þ�¯±°Ú©�¨¹ß:©«¯�¨¹â

r
X e óá¬®ßáâá¬ bj

m = r
X
∀ j ∈ [1..km]

Ù

ù Ø ÓPÒ�Ø!�Ãù�õE��Í8�®õE�
B ³ ¡!¢ ±/��¬ © ±/¥ ° ¥�¦ T

´

� © «�� ¨ �"¦��µ © �R¢p¥�´ �ò¨¹ªba
Þ�ó�Vº�¬®Ý�ß:©«Ý0éº¯±Þ ©«ª«¨¹ª�Ý)�¯±é
Ý)ª�¬®�¯±Þ ©«ª�óá¬®ª�Ý A
¨�çX¨¹ª ©«¬®ª�Ý�âX¨

B
T

¨��±Ý�ßáâá¯
A
Ý

B
Xè¬®ß���¨�©�©«¬3X%Þ�¬VÞ«¨¹ªba&¬®ß_�±ª«¨¹âá¯�âá¬V�¯±Þ ©«ª�óá¬®ª�Ý óáß�¨¹°®ñ%Ý�ª�¯&âá¬

n
ßá¯�âá¬V�¯±ß

©«óò©�©«¬E�±°®¬Ë¨¹ª��ðá¬ËÝ�°®Ý�ßá�¨�©«¬è¬®ß
S
Ù

³�ê



B
O)óáßX¨ºÞ ©«ª�¬®ßW�:¨
âá¬

n − 1
¬®ß:©«Ý�ª�¬Ë¬®ß

[1..n]
çáª�¬��¹¨
âá¬<¬®ß��¡¯±ª�é´¨�à�¬®¯±ßá¬è¨¹âáâá¬®à�¬®¯±ßX¨¹°®¬

Þ�óW�±°®¬U¬®ßáâá¬®�¬
ki

�±Ý�ßáÝ�ª«¨�©«¬.âáóáª«¨¹ß:©«Ý�°²¨�çáª«¯ �Ý�âáóáª«¨�¬Ú©«Ý�ª«¨�©«¬��¹¨�X ßá¯±ßUO e óá¬®ßáâá¬.°®Ý��¬Ú©«¯
Þ��ª�¬��±Ý�ª�Ý

B
�¯±éºÝ

(b1
1, . . . , b

k1

1 , b1
2, . . . , b

k2

2 , . . . , b1
m, . . . , bkm

m )
ÙZiK¨ e óá¬¬®ß�çP¯±¬âáÝ��

ßá¯¹©«Ý�ª�Ý�éº¯
B
�¯±éºÝ

(b1, . . . , bn−1)
Ù

�ËÝ*�¡¯��±°®¬®Ý�âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯U¬®ßá¬®à�¬²¨¹°ÚÝ
T1 = T

Þ�¯±ßá¯.©«óò©�©«¬:¬:ßá¯�âá¬:âá¬&�±ª«¨¹âá¯)³�X e óá¬®ßáâá¬±©«óò©��
©«¬ e óáÝ�°®°®¬��ðáÝ�ç%Ý�ª`°²¨�Û[ª�¯±çP¯±Þ�¬®à�¬®¯±ßáÝ)·�ÙÚ³±ÙÚ³�ßá¯±ß��¯±éºçX¨¹¬®¯±ßá¯8ßáÝ�°è�¯�âá¬®�Ý b1, . . . , bn−1

T
F1 = {v ∈ [1..n] : @ bj = v}

Ù N.©«¬®°®¬®à�à�¨¹ßáâá¯�°²¨_�¡óáßáà�¬®¯±ßáÝ
f
Ý�°²¨�ª�Ý�°²¨¹à�¬®¯±ßáÝ

âE2 ¯±ª�âá¬®ßáÝ
≺
Þ�¬5¯¹©�©«Ý�ßW�±¯±ßá¯

A1 = f(F1)
X

s1 = |A1|
X

A1 = {a1, . . . , as1
}
âá¯�:Ý

a1 ≺ a2 ≺ . . . ≺ as1

Ù
�F°�Þ�Ý��¯±ßáâá¯½çX¨¹Þ�Þ�¯½âáÝ�°®°32 ¬Ú©«Ý�ª«¨¹à�¬Ú¯±ßáÝ�X�Ý�Þ�Þ�Ý�ßáâá¯

T2 = T1−A1

XË°32 ¬®ßáÞ�¬®Ý�é
Ý8âáÝ�¬�Þ�óá¯±¬
¨¹ª��ðá¬kO½âX¨�©«¯�âX¨¹°®°²¨��¯±ßá�¨�©«Ý�ßX¨¹à�¬®¯±ßáÝ�âáÝ�°®°®Ý�Þ�Ý e óáÝ�ßáà�Ý S2, . . . , Sm

� e óá¬®ßáâá¬.°®Ý½Þ�óáÝ
�¡¯��±°®¬ÚÝ Þ�¯±ßá¯½©�óò©�©«¬�¬[ßá¯�âá¬[¬®ß

[1..n] r A1
�ðáÝºßá¯±ß��¯±éºçX¨¹¬®¯±ßá¯�¬®ß

bs1+1, . . . , bn−1
T

F2 = {v ∈ [1..n] r A1 : @ bj = v j > s1}
Ù

�CßI�±Ý�ßáÝ�ª«¨¹°®Ý)¨¹°ËçX¨¹Þ�Þ�¯
i
�CÝ�Þ�¬®éº¯�Þ�¬ËðX¨� ðáÝ

Fi = {v ∈ [1..n] r
i−1
⋃

k=1

Ak : @ bj = v j > si−1}

¬®ßá¯±°Ú©«ª�Ý
Ai = f(Fi)

X
si = si−1 + |Ai|

X
Ai = {asi−1+1, . . . , asi

}
âá¯]�±Ý

asi−1+1 ≺

. . . ≺ asi

Ù q e óá¬®ßáâá¬èç%¯±Þ�Þ�¬®ñá¬®°®ÝKª�¬®�¯±Þ ©«ª�óá¬®ª�Ý A
¨
çX¨¹ª ©«¬®ª�ÝKâX¨

B
Ù

q Ý���¬®âáÝ�ß ©«Ý� ðáÝ�X<Ý�Þ�Þ�Ý�ßáâá¯�°²¨&çáª�¯��Ý�âáóáª«¨�âá¬[�¯ âá¬�
X�¨�âáÝî©«Ý�ª�éº¬®ßá¬®Þ ©«¬®�¨�Xè¨¹â�¯��±ßá¬
¨¹°®ñPÝ�ª�¯�ª«¨¹âá¬®�¨�©«¯-âá¬

n
ßá¯�âá¬�¯¹ª«ª�¬®Þ�çP¯±ßáâáÝ&óáßX¨-Ý�â�óáßX¨-Þ�¯±°²¨�Þ ©«ª�¬®ßW�:¨�¬®ß

[1..n]n−1 X
çá¬	Y½¬®ß:©«Ý�ª�Ý�Þ�Þ«¨¹ß:©«ÝnO)ßá¯¹©�¨¹ª�Ý��ðáÝj��¨¹°®Ý)¨¹ßá ðáÝ)¬®°è�¯±ß:©«ª«¨¹ª�¬®¯WT

� Ò�Ó#)[Ó%ý�×¡Ö ×¡Ó%Ð<Ø¤õE��Í8�	�E�H7k¥�¦Q�b¯�¢ © (b1 § ´´´ § bn−1) ∈ [1..n]n−1 ¥ ¨�©	¨ � ¥�¡!¢U��£�¤�¥�¦b�
¦��&¬ © ±b��� ��¬ © n ¢p��¬ © £��Q±�¡ © ±/��¬ © C�±b� ³ (b1 § ´´´ § bn−1)

´

³]�



� © «�� ¨ �"¦��µ © �R¢p¥�´ ÛVÝ�ª5¬®°3ì¯±ª�¯±°®°²¨¹ª�¬Ú¯½³±Ùä·�Ù���Ý�Þ�¬®Þ ©«¯±ßá¯ nn−1 = |[1..n]n−1|
¨¹°®ñ%Ý�ª�¬Ëâá¬

n

ßá¯ âá¬�ª«¨¹âá¬®�¨�©«¬:Ýî©«¬®�ðáÝî©�©�¨�©«¬ Þ�ó
[1..n]

X e óá¬®ßáâá¬ Þ�Ýç%Ý�ªV¨¹Þ�Þ�óáª�âá¯KÝ�Þ�¬®Þ ©«Ý�Þ�Þ�Ý (b1, . . . , bn−1)

¬®ß
[1..n]n−1 �ðáÝ
ßá¯±ß�O��¯�âá¬�
X�¨�çPÝ�ª0¨¹°®�óáß�¨¹°®ñ%Ý�ª�¯ T

X<¨¹°®°®¯±ª«¨´¨¹°®éºÝ�ßá¯�âáóáÝ
¨¹°®ñ%Ý�ª�¬
âá¬®Þ ©«¬®ß:©«¬

T ′
Ý

T ′′
âá¯��ª�Ý�ñáñ%Ý�ª�¯�¨��±Ý�ª�Ý´°²¨�Þ ©«Ý�Þ�Þ«¨-�¯�âá¬�
X�¨�X3âX¨½©�¨¹°®Ý�Þ ©«ª�¬®ßW�:¨�¨¹°®éºÝ�ßá¯

óáßá¯ÃâáÝ�¬.âáóáÝ�¨¹°®ñPÝ�ª�¬.ßá¯±ß�çP¯¹©«ª�Ý�ñáñ%Ý-Ý�Þ�Þ�Ý�ª�Ý�ª�¬®�¯±Þ ©«ª�óá¬Ú©«¯WX ¬®°U�ðáÝ-�¯±ß:©«ª«¨¹Þ ©�¨��¯±ß�¬®°
ë3Ý�¯±ª�Ý�éº¨´·�ÙÚ³±Ùä·�Ù

�ò¨¹ª«¨¹ßáßá¯ºâá¬ËÞ«Ý��±óá¬Ú©«¯ºª�¬®ç%¯±ª ©�¨�©«¬è¬®ßQ�¡¯±ª�é´¨
¨¹°	�±¯±ª�¬ ©«é
¬Ú�¨��±°®¬èÞ��ðáÝ�éº¬<âá¬<�¯ âá¬�
X�¨
Ý
âá¬èâáÝ��¯�âá¬�
X�¨
Þ�¯±çáª«¨�Ý�Þ�ç%¯±Þ ©«¬�Ù
� Ô��ÍÕ�Ñ Ö Ë�Õ�ÙÍÕ�ÎPÖgÉ.Õ ×�Ï_Ô�Ì�×�Ï��*Ï�ÔsÖ
ÚÛ�Ü�Ý�Þ�ßnN5ß ¨�°®ñ%Ý�ª�¯

T
âá¬

n
ßá¯�âá¬�ª«¨¹âá¬®�¨�©«¯ ¬®ß

r
Ýî©«¬®�ðáÝî©�©�¨�©«¯ Þ�ó

[1..n]
X�óáßX¨

�¡óáßáà�¬®¯±ßáÝ�âá¬ËÞ��Ý�°Ú©�¨
f
XáóáßX¨
ª�Ý�°²¨¹à�¬®¯±ßáÝKâE2 ¯±ª�âá¬®ßáÝ

≺
Ù

à Ý�ÞrÜ�Ý�Þ�ßjN5ßI�±Ýî©�©«¯±ª�Ý8��� ñ�ì âá¬ n − 1
¬®ß ©«Ý�ª�¬Ë¬®ß

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß ©�¨¹ß:©«Ý8¬®°è�¯�âá¬®�Ý

çPÝ�ª
T
Ù

³±Ùh��� ñ�ì = ()

·�Ù
i = 1

ãòÙ
T1 = T

êáÙkò è æó é F (Ti) 6= ∅ å â
��Ù

Ai = f(F (Ti))

�òÙ
ki = |Ai|

¶�Ù ¯±ª�âá¬®ßX¨
Ai

Þ�Ý��¯±ßáâá¯
≺
¯¹©�©«Ý�ßáÝ�ßáâá¯´¬Ú°p�:Ý ©«©«¯±ª�Ý

(a1
i , . . . , a

ki

i )

¸òÙ Þ�¬²¨
(aj

i , b
j
i )
°32 óáßá¬®�¯
¨¹ª��¯ºâá¬

Ti

¬®ßá�¬®âáÝ�ß ©«Ý�Þ�ó
aj

i ∀ j ∈ [1..ki]

�òÙ ¨¹çáçPÝ�ßáâá¬
(b1

i , . . . , b
ki

i )
¨X��� ñ�ì

³+µòÙ
i = i + 1

³±³±Ù
Ti = Ti−1−Ai−1

³�



� Ô��ÍÕ�Ñ Ö Ë�Õ�ÙÍÕ�ÎPÖgÉ.Õ ×�ÏI×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ
ÚÛ�Ü�Ý�Þ�ßnN5ßB�:Ýî©�©«¯±ª�Ý8��� ñ�ì = (b1, . . . , bn−1)

âá¬Ë¬®ß ©«Ý�ª�¬Ë¬®ß
[1..n]

XPóáßX¨��¡óáßáà�¬®¯¹ßáÝ0âá¬
Þ��Ý�°Ú©�¨

f
XáóáßX¨
ª�Ý�°²¨¹à�¬®¯±ßáÝKâE2 ¯±ª�âá¬®ßáÝ

≺
Ù

à Ý�ÞrÜ�Ý�Þ�ßjN5ß�¨¹°®ñPÝ�ª�¯
T
âá¬

n
ßá¯�âá¬�ª«¨¹âá¬®�¨�©«¯ Ýî©«¬®�ðáÝî©�©�¨�©«¯�Þ�ó

[1..n]
Xò¬®°��óá¬��¯�âá¬®�Ý

O	��� ñ�ì Ù
³±Ù

n =
��� ñ�ìûð�ë&ì ôN���o� + 1

·�Ù
i = 0

ãòÙ
s0 = 0

êáÙ
A0 = ∅

��Ùkò è æó é si < n − 1 å â
�òÙ

i = i + 1

¶�Ù
Fi = {v ∈ [1..n] r

⋃i−1
k=1 Ak : @ bj = v per si−1 < j < n}

¸òÙ
Ai = f(Fi)

�òÙ
si = si−1 + |Ai|

³+µòÙ ¯±ª�âá¬®ßX¨
Ai

Þ�Ý��¯±ßáâá¯
≺
¯¹©�©«Ý�ßáÝ�ßáâá¯´¬Ú°p�:Ý ©«©«¯±ª�Ý

(asi−1+1, . . . , asi
)

³±³±Ù
T = ([1..n], {(ai, bi) : 1 ≤ i < n})

�*2 Ý�Vº�¬®Ý�ßáà�¨´âáÝ�°®°®Ý)¬®éºçá°®Ý�é
Ý�ß ©�¨¹à�¬Ú¯±ßá¬ËâáÝc�±°®¬<¨¹°	�±¯±ª�¬Ú©«é
¬èâá¬3�¯ âá¬�
X�¨ºÝ8âá¬<âáÝ��¯�âá¬S�

X�¨8âá¬®ç%Ý�ßáâáÝKâX¨¹°®°²¨��¡óáßáà�¬®¯±ßáÝ

f
XòâX¨¹°®°²¨0ª�Ý�°²¨¹à�¬®¯±ßáÝ

≺
ÝKâX¨¹°®°®Ý5Þ ©«ª�óò©�©«óáª�ÝKâX¨�©«¬%âX¨ Ý�Þ�Þ�Ý

óò©«¬®°®¬Úà�à�¨�©«Ý¹Ù
å5Ý�¬áÞ�óá��Ý�Þ«Þ�¬���¬PçX¨¹ª«¨��±ª«¨R

Þ«¨¹ª«¨¹ßáßá¯)çáª�Ý�Þ�Ý�ß:©�¨�©«Ý5¨¹°®�óáßáÝUâáÝ�°®°®Ý`�¯ âá¬�
X ðáÝUçá¬	Y�ßá¯¹©«Ý

Ý½Þ�¬	�±ßá¬�
X�¨�©«¬��±Ý�X Þ�¬.éº¯±Þ ©«ª�Ý�ª«¨¹ßáßá¯�¬®ßá¯±°Ú©«ª�Ý&°®Ý½Þ��Ý�°Ú©«Ý�âáÝ�°®°®¨_�¡óáßáà�¬®¯±ßáÝ
f
Ý½âáÝ�°®°²¨�ª�Ý��

°²¨¹à�¬®¯±ßáÝºâE2 ¯±ª�âá¬®ßáÝ
≺
ßáÝ��Ý�Þ�Þ�¨¹ª�¬®Ý�¨¹â�¯¹©�©«Ý�ßáÝ�ª�Ý´©�¨¹°®¬ �¯ âá¬®�¬âX¨¹°®°®¯�Þ� ðáÝ�é´¨_�±Ý�ßáÝ�ª«¨¹°®Ý

çáª�¯±çP¯±Þ ©«¯áÙ

³�¶



�ò¨¹ª«¨¹ßáßá¯5¨¹ßá�ðáÝAª�¬®ç%¯¹ª�©�¨�©«¬�Ý�Þ�çá°®¬®�¬Ú©�¨¹éºÝîß ©«Ýo�±°®¬±¨�°	�±¯±ª�¬Ú©«é
¬�âá¬±�¯�âá¬�
X�¨UÝ[âá¬±âáÝ��¯±âá¬S�

X�¨)¯¹©�©«Ý�ß óò©«¬P¨¹âX¨�©�©�¨¹ßáâá¯ e óáÝ�°Ú°®¬8�±Ý�ßáÝ�ª«¨¹°®¬X¨¹°®°®Ý`Ý�Þ�¬	�±Ý�ßáà�Ý5âáÝ�¬W�¹¨¹ª�¬X�¯ âá¬®�¬�Ùo�ËÝ.âá¬®Þ��óáÞ¾�
Þ�¬®¯±ßá¬�Þ�óá¬è�¯±Þ ©«¬è�¯±éºçáóò©�¨¹à�¬®¯±ßX¨¹°®¬%ÝKÞ�óá°®°®ÝKç%¯±Þ�Þ�¬®ñá¬®°®¬%¯¹©�©«¬®éº¬Úà�à�¨¹à�¬®¯±ßá¬PÞ�¯±ßá¯
ª�¬®é´¨¹ßáâX¨�©«Ý
¨¹°èÞ�óá��Ý�Þ�Þ«¬��±¯´�¨¹çá¬Ú©«¯±°®¯áÙ

��ub� �>���Q�&%����Q��vxw,�X�Ry�w

ÛV¨¹ª ©«Ý�ßáâá¯�âX¨Ãóáß ¨¹°®ñ%Ý�ª�¯Ãßá¯¹ß ª«¨¹âá¬®�¨�©«¯ÃÝî©«¬®�ðáÝî©�©�¨�©«¯ÃÞ«ó
[1..n]

X.Û[ª����¡Ý�ª´âáÝ�
Xßá¬®Þ��Ý
¬®° Þ�óá¯��¯�âá¬®�Ý´©«ª«¨¹éº¬Ú©«Ý´°²¨-Þ�Ýc�±óáÝ�ß:©«Ý½çáª�¯��Ý�âáóáª«¨�¬Ú©«Ý�ª«¨�©«¬��¹¨�T
Þ�¬`Þ�Ý�°®Ý�à�¬®¯±ßX¨�°²¨I�¡¯��±°®¬²¨
âá¬VÝî©«¬®�ðáÝî©�©�¨´éº¬®ßá¬®éº¨

u
XèÞ�¬V�¯±ßá�¨�©«Ý�ßX¨�¨¹°V�¯�âá¬®îÝ °32 Ýî©«¬® ðáÝî©�©�¨ºâáÝ�°�Þ�óá¯�óáßá¬®�¯&ßá¯�âá¯

¨¹âá¬²¨¹�Ý�ß:©«Ý
v
ÝºçP¯±¬[Þ�¬AÝ�°®¬®éº¬ÚßX¨¹ßá¯�âX¨¹°®°32 ¨¹°Úñ%Ý�ª�¯�°²¨��¡¯��±°®¬²¨

u
Ý
°32 ¨¹ª��¯

(u, v)
�.
Xßá¯-¨¹â

¯¹©�©«Ý�ßáÝ�ª�Ý)óáß��¯�âá¬®îÝ)âá¬Ë°®óáßW�±ðáÝ�à�à�¨
n − 2

Ù

10

7

1 3

62

5

9

4

8

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝKâáÝc�±°®¬Ë¨¹ª��ðá¬3T
�PT ã ê �(�i¸ ³ ·$� ¶

� � ����������� �
 sT�� ³+µ$�i¶ ³ · ¶i¶ ³+µ

ì¯ âá¬®�Ý�T5��Xè³+µ�X#��XP¶!Xè³�X%·!XP¶!XP¶

SV¬	�±óáª«¨
·�ÙÚ³�TAô[Þ�Ý�éºçá¬®¯
âá¬Ë�¯ âá¬®�Ý)âá¬<Û[ª����¡Ý�ª�Ù

�<¨uSV¬	�±óáª«¨�·�ÙÚ³
éº¯±Þ ©«ª«¨�óáß�Ý�Þ�Ý�éºçá¬®¯½âá¬A¨¹°®ñ%Ý�ª�¯WXË°32 ¯±ª�âá¬®ßáÝ�âá¬[Ý�°®¬®é
¬ÚßX¨¹à�¬®¯±ßáÝ âáÝ�¬
Þ�óá¯±¬<¨¹ª��ðá¬ËÝ)¬®°�Þ�óá¯º�¯�âá¬®�Ý)âá¬ËÛ[ª����¡Ý�ª�Ù

³+¸



��������� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

Û3Ý�ªKª�¬®�¯±ßáâáóáª�ª�Ý0©�¨¹°®Ý0�¯ âá¬®�Ý�¨¹°®°®¯
Þ� ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý8âá¬3�¯�âá¬�
X�¨´çáª�Ý��Ý�âáÝ�ß:©«Ý�éºÝ�ß:©�Ý
çáª�¯±çP¯±Þ ©«¯�O�Þ�ó�Vº�¬®Ý�ß:©«Ý�óò©«¬®°®¬Úà�à�¨¹ª�Ý´�¯±éºÝ��¡óáßáà�¬®¯±ßáÝ&âá¬Þ��Ý�°Ú©�¨

f(F ) = {min{v ∈

F}}
Ý�ª«¨¹âá¬®�¨¹ª�Ý�°32 ¨¹°®ñPÝ�ª�¯�ßáÝ�°[ßá¯ âá¯½âá¬[Ýî©«¬®�ðáÝî©�©�¨�é´¨¹Þ�Þ�¬®é´¨

r = n
XËßá¯�âá¯½�ðáÝ
ç%Ý�ª

�Ý�ª ©«¯�ßá¯±ßÿ�±Ý�ª�ªbaÃé´¨¹¬.Ý�°®¬®éº¬ÚßX¨�©«¯�âX¨¹°Ú°²¨�çáª�¯��Ý�âáóáª«¨Ãçáª�¯±ç%¯±Þ ©�¨ÃâX¨�Û[ª����¡Ý�ª�Ù q âX¨
ßá¯¹©�¨¹ª�Ý��ðáÝ)°²¨ ª�Ý�°²¨¹à�¬®¯±ßáÝKâE2 ¯±ª�âá¬®ßáÝ

≺
O�¬®ª�ª�¬®°ÚÝ��¹¨¹ß:©«ÝK¬®ß e óX¨¹ß:©«¯��±°®¬�¬®ßáÞ�¬®Ý�éº¬ Ai

Þ�¯±ßá¯
©«óò©�©«¬.âá¬5�¨¹ª�âá¬®ßX¨¹°®¬ ©/a¤³¹ÙÒ�Cßá¯±°Ú©«ª�Ý�XÝ�Þ�Þ�Ý�ßáâá¯

bn−1 = r = n
Þ�Ý�éºçáª�Ý�X�O-ç%¯±Þ�Þ�¬®ñá¬®°®Ý

¯±éºÝî©�©«Ý�ª�Ý e óáÝ�Þ ©�¨º¬®ß��¡¯±ª�é´¨�à�¬®¯±ßáÝK¯¹©�©«Ý�ßáÝ�ßáâá¯º�¯±ÞVUVóáß��¯�âá¬®�Ý�âá¬Ë°®óáßW�±ðáÝ�à�à�¨ n − 2
Ù

iF¬�Þ�Ýc�±óá¬Ú©«¯sOª�¬®ç%¯±ª ©�¨�©«¯5°32 ¨¹°	�±¯±ª ¬Ú©�éº¯.ç%Ý�ªV�¨¹°®�¯±°²¨¹ª�ÝA¬®° �¯ âá¬®�Ýâá¬òÛ[ª����¡Ý�ªV¯¹©�©«Ý�ß�óò©«¯
âX¨¹°®°®¯ Þ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý)¯±çáçP¯±ª ©«óáßX¨¹éºÝ�ß:©«Ý)Þ�Ý�éºçá°®¬�
X�¨�©«¯áÙ
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨§ ÎH©8�*Õ�Î
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß-ª«¨¹âá¬®�¨�©«¯ºÝî©«¬® ðáÝî©�©�¨�©«¯´Þ�ó

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß!�

©�¨�©«¯ ©«ª�¨�éº¬Ú©«ÝK°®¬®Þ ©«Ý�âá¬Ë¨¹âá¬²¨¹�Ý�ßáà�¨òÙ
à Ý�ÞrÜ�Ý�Þ�ßjN5ß��:Ýî©�©«¯±ª�Ý � ��� ñ�ì âá¬ n− 2

¬®ß ©«Ý�ª�¬P¬®ß
[1..n]

ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹ß ©«ÝK¬®°X�¯�âá¬®�Ý
âá¬ËÛ[ª����¡Ý�ª.âá¬

T
Ù

³±Ùsá%âoã
i = 1 ä â n − 2 å â

·�Ù
u = min{v ∈ F (T )}

ãòÙ � ��� ñ�ì [ i \,ª v : (u, v) ∈ E(T )

êáÙ
T = T−{u}

��������� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�<¨ âáÝ��¯�âá¬�
X�¨�çáª�¯±çP¯±Þ ©�¨�¯±ª�¬	�±¬®ßX¨¹ª�¬®¨�éºÝ�ß:©«ÝKâX¨�Û[ª����¡Ý�ª�O�Þ�¯±Þ ©�¨¹ßáà�¬²¨¹°®éºÝ�ß ©«ÝF¬®âáÝ�ß ©«¬®�¨
¨ e óáÝ�°Ú°²¨ºçáª«¯¹ç%¯±Þ ©�¨´ßáÝ�°®°®¯´Þ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý�X��¯±ß�°®Ý8Þ�Ý�éºçá°®¬�
X�¨¹à�¬®¯±ßá¬Ë�ðáÝ âáÝ�ª�¬��¹¨¹ßá¯
âX¨¹°®°²¨8çX¨¹ª ©«¬®�¯±°²¨¹ª�Ýs�¡óáßáà�¬®¯±ßáÝ

f
¬®éºçá¬®Ýc�:¨�©�¨�Ù

³�



ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ«§ ÎH©8�ûÕ�Î
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý � ��� ñ�ì = (b1, . . . , bn−2)

âá¬è¬®ß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯8Þ«ó

[1..n]
�¯¹ª«ª�¬®Þ�çP¯±ßáâáÝ�ß:©�ÝK¨ � ��� ñ�ì Ù

³±Ù
n =

� ��� ñ�ìûð�ë&ì ôN�o��� + 2

·�Ù � ��� ñ�ì [ n − 1
\?ª

n
�

ãòÙsá%âoã
i = 1 ä â n − 1 å â

êáÙ
ai = min{u ∈ [1..n] r {aj : 1 ≤ j < i} r {bj : i ≤ j < n}}

��Ù
T = ([1..n], {(ai, bi) : 1 ≤ i < n})

��u�# �Íy %��P|B�Q�¬%��Í�Q�&%�y �Q�f�Ky/������cy

ì¯±éºÝ)âáÝî©�©«¯º¬®ß�çáª�Ý��Ý�âáÝ�ßáà�¨�Xèå5Ý���¬®°Ú°®Ý�ßáÝ�°<Þ«óá¯´¨¹ª ©«¬®�¯±°®¯�âáÝ�°A³�&�¹ãI[ ·��\3çáª�¯±çP¯±Þ�Ý)©«ª�Ý
�¯ âá¬®�¬3X�¬®°±çáª�¬®éº¯.âáÝ�¬ e óX¨¹°®¬:óW�±óX¨¹°®Ý ¨ e óáÝ�°®°®¯.çáª�¯±ç%¯±Þ ©«¯5âX¨FÛ[ª����¡Ý�ª�Ùr�C°:Þ�Ý��¯±ßáâá¯K�¯ âá¬®�Ý
çáª�¯±çP¯±Þ ©«¯0Þ�¬Pâá¬®Þ ©«¬®ßW�±óáÝUâX¨¹°Xçáª�¬®éº¯�ç%Ý�ª��ð5�K¨¹â
¯��±ßá¬XçX¨¹Þ�Þ�¯WX�¬®ß&�±Ý��Ý5âá¬XÝ�°®¬®éº¬ÚßX¨¹ª�Ý`óáßX¨
Þ�¯±°²¨j�¡¯��±°®¬®¨�X Ýî°®¬®éº¬ÚßX¨�©«óò©�©«ÝF°®Ým�¡¯��±°®¬ÚÝ5âáÝ�°Ú°32 ¨¹°®ñ%Ý�ª�¯WX ¬®ß´¯±ª�âá¬®ßáÝ5âá¬%Ýî©«¬® ðáÝî©�©«ÝF�ª�Ý�Þ��Ý�ß:©«Ý±Ù
�FßX¨¹°®¯��:¨¹é
Ý�ß ©«Ý�¨¹°®°32 ¨¹° ©«ª�¯�¨¹â�¯��±ßá¬.Ý�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßáÝ�¨����±¬®óáßW�±Ý-¨¹°.�¯�âá¬®�Ý�°32 Ýî©«¬®�ðáÝî©�© ¨
âáÝ�°®°32 óáßá¬®�¯�ßá¯ âá¯´¨¹âá¬²¨¹�Ý�ß:©«Ý)¨¹°®°²¨P�¡¯��±°®¬®¨8ª�¬®éº¯±Þ�Þ«¨òÙ
q ¬®ß ©«Ý�ª�Ý�Þ�Þ«¨¹ß:©«Ý.ßá¯¹©�¨¹ª�Ý`�¯±éºÝU°32 óá°Ú©«¬Úéº¯Fßá¯�âá¯)�ðáÝ.ª�¬®é´¨¹ª�ªba5ßáÝ�°®°32 ¨¹°®ñ%Ý�ª�¯Kßá¯±ß
Þ«¨¹ªba

çá¬	Y�ßáÝ��Ý�Þ�Þ�¨¹ª�¬²¨¹é
Ý�ß ©«Ý e óáÝ�°®°®¯Ãâá¬5Ýî©«¬® ðáÝî©�©�¨Ãé´¨¹Þ�Þ�¬®é´¨�Xé´¨Ã¬Ú°5�Ý�ß:©«ª�¯�âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯áÙ
�KóX¨¹°®¯±ª«¨�°32 ¨¹°®ñPÝ�ª�¯�¨��±Ý�Þ�Þ�ÝÃâáóáÝ��Ýîß ©«ª�¬)¨¤ª�¬®é´¨¹ßáÝ�ª�Ý�Þ«¨¹ª�Ý�ñáñPÝ e óáÝ�°®°Ú¯¤âá¬�Ýî©«¬® ðáÝî©�©�¨
é´¨����±¬Ú¯±ª�Ý¹Ù
�<¨uSV¬	�±óáª«¨�·�Ùä·&éº¯±Þ ©«ª«¨�óáß�Ý�Þ�Ý�éºçá¬®¯½âá¬A¨¹°®ñ%Ý�ª�¯WXË°32 ¯±ª�âá¬®ßáÝ�âá¬[Ý�°®¬®é
¬ÚßX¨¹à�¬®¯±ßáÝ âáÝ�¬

Þ�óá¯±¬<¨¹ª��ðá¬ËÝ)¬®°�Þ�óá¯ºÞ�Ý��¯±ßáâá¯´�¯�âá¬Ú�Ý)âá¬<å5Ý���¬®°®°®Ý¹Ù

·¹µ



10

7

1

3

9
2

56

4

8

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝKâáÝc�±°®¬Ë¨¹ª��ðá¬3T
�PT ã ê �æ¸$� ³ � ³+µ ·

� � ����� ��� � �
 sT�� ³+µ�� ³ ¶ · ¶ ¶ ¶

ì¯ âá¬®�Ý�T5��Xè³+µ�X8��XË³�XP¶!XP·!X%¶!XP¶!X%¶

SV¬	�±óáª«¨
·�Ùä·%T ô[Þ�Ý�éºçá¬®¯
âá¬èÞ�Ý��¯±ßáâá¯´�¯�âá¬®�Ý�âá¬<å5Ý���¬®°®°®Ý¹Ù
���Dr ��� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

Û3Ý�ªFª�¬®�¯±ßáâáóáª�ª�Ý0©�¨¹°®Ý)�¯�âá¬®�Ý ¨¹°®°Ú¯ºÞ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý0âá¬3�¯�âá¬�
X�¨ºÞ�¬3âáÝ��:Ý8óò©«¬®°®¬®à�à�¨¹ª�Ý
�¯±éºÝ��¡óáßáà�¬®¯±ßáÝ0âá¬<Þ��Ý�°Ú©�¨º°²¨��¡óáßáà�¬®¯±ßáÝ)¬®âáÝ�ß ©«¬Ú©/a�âX¨�©«¯´�ðáÝ0©«óò©�©«Ý0°®Ý��¡¯��±°®¬®Ýç�±Ý�ßW�±¯±ßá¯
Þ��Ý�°Ú©«Ý)¨¹â½¯��±ßá¬èçX¨¹Þ�Þ�¯áÙ5�<¨�ª�Ý�°²¨¹à�¬®¯±ßáÝKâE2 ¯±ª�âá¬®ßáÝ

≺
âáÝ��±Ý0Ý�Þ�Þ�Ý�ª�Ý0¬®ß:©«Ý�ª�çáª�Ýî©�¨�©�¨ �¯±ß�°²¨

�¯±ßáÞ�óáÝî©�¨
ª�Ý�°²¨¹à�¬®¯±ßáÝ�âá¬èéº¬®ßá¯±ª�ÝKÞ�óá¬<ßX¨�©«óáª«¨¹°®¬�Ù
iK¨�©«¯��ðáÝ�°®¯ Þ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®ÝsO�âáÝ�
Xßá¬Ú©«¯ ç%Ý�ª.¨¹°®ñPÝ�ª�¬�ª«¨¹âá¬®�¨�©«¬@OK¬®ßá¯±°Ú©«ª�Ý5ßáÝ��Ý�Þ¾�

Þ«¨¹ª�¬®¯ ©«ª�¯]��¨¹ª�Ý)¬®°��Ý�ß ©«ª�¯ºâáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯�âá¬ËÝî©«¬®�ðáÝî©�©�¨�é´¨����±¬®¯±ª�ÝFÝ�â-¬S��¬Ëª«¨¹âá¬®�¨¹ª�Ý¹Ù
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨® Õ�¯�ÏbÉ.É.Õ±°�°
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß-ª«¨¹âá¬®�¨�©«¯ºÝî©«¬® ðáÝî©�©�¨�©«¯´Þ�ó

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß!�

©�¨�©«¯ ©«ª�¨�éº¬Ú©«ÝK°®¬®Þ ©«Ý�âá¬Ë¨¹âá¬²¨¹�Ý�ßáà�¨òÙ
à Ý�ÞrÜ�Ý�Þ�ßjN5ßÍ�±Ýî©�©«¯±ª�Ýk��� ñ�ì âá¬ n−1

¬®ß:©«Ý�ª�¬X¬®ß
[1..n]

ª«¨¹çáçáª�Ý�Þ�Ý�ß:© ¨�ß ©«ÝF¬®°áÞ�Ý��¯±ßáâá¯
�¯ âá¬®�Ý)âá¬<å5Ý���¬®°®°®ÝKâá¬

T
Ù

³±Ù
r
ªI�Ý�ª��¨
¬®°è�Ý�ß:©«ª�¯ºâá¬

T
âá¬ËÝî©«¬®�ðáÝî©�©�¨
é´¨����±¬Ú¯±ª�Ý

·�Ù.ª«¨¹âá¬®�¨
T
¬®ß

r

ãòÙh��� ñ�ì = ()

·�³



êáÙ
i = 1

��Ù
T1 = T

�òÙkò è æó é F (Ti) 6= ∅ å â
¶�Ù

Ai = F (Ti)

¸òÙ
ki = |Ai|

�òÙ ¯±ª�âá¬®ßX¨
Ai

¬®ß½¯±ª�âá¬®ßáÝ��ª�Ý�Þ��Ý�ß:©«Ý8¯¹©�©«Ý�ßáÝ�ßáâá¯º¬®°p�±Ýî©�©«¯±ª�Ý
(a1

i , . . . , a
ki

i )

³+µòÙ Þ�¬²¨
(aj

i , b
j
i )
°32 óáßá¬®�¯
¨¹ª��¯ºâá¬

Ti

¬®ßá�¬®âáÝ�ß ©«Ý�Þ�ó
aj

i ∀ j ∈ [1..ki]

³±³±Ù ¨¹çáçPÝ�ßáâá¬
(b1

i , . . . , b
ki

i )
¨X��� ñ�ì

³�·�Ù
i = i + 1

³+ãòÙ
Ti = Ti−1−Ai−1

���Dr ��� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�<¨�âáÝ��¯�âá¬S
X�¨
çáª�¯��Ý�âáÝ0Ý�Þ«¨�©�©�¨¹éºÝ�ß:©«Ý)�¯±éºÝ�ßáÝ�°®°®¯�Þ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý¹Ù
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ«® Õ�¯�ÏbÉ.É.Õ±°x°
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì = (b1, . . . , bn−1)

âá¬Ë¬®ß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì Ù

³±Ù
n =

��� ñ�ìûð�ë&ì ôN���o� + 1

·�Ù
i = 0

ãòÙ
s0 = 0

êáÙ
A0 = ∅

��Ùkò è æó é si < n − 1 å â
�òÙ ¬�ª ¬³² ³
¶�Ù

Fi = {v ∈ [1..n] r {aj : 1 ≤ j < si−1} r {bj : si−1 ≤ j < n}}

¸òÙ
Ai = Fi

·±·



�òÙ
si = si−1 + |Ai|

³+µòÙ ¯±ª�âá¬®ßX¨
Ai

¬®ßº¯±ª�âá¬®ßáÝ.�ª�Ý�Þ��Ý�ß:©«ÝK¯¹©�©�ÝîßáÝ�ßáâá¯ ¬®°W�±Ýî©�©«¯±ª�Ý
(asi−1+1, . . . , asi

)

³±³±Ù
T = ([1..n], {(ai, bi) : 1 ≤ i < n})

��uV´ $ y�wr���¨%����Q�&%�y �Q���Ky/������cy

�*2 óá°Ú©«¬®é
¯-�¯�âá¬®�Ý&çáª�¯±ç%¯¹Þ�©«¯�âX¨�å5Ý���¬®°®°®Ý�O&óáßX¨��¹¨¹ª�¬²¨¹ß:©«Ý&âáÝ�°çáª�¬®éº¯-Ý�¬®éºçP¯±ßáÝ´âá¬
Ý�°®¬®é
¬®ßX¨�ª�ÝU¬®°Xßá¯ âá¯

v
¨¹âá¬²¨¹�Ý�ß:©«ÝF¨�°®°²¨ç�¡¯��±°®¬®¨

u
¨¹°XçX¨¹Þ�Þ�¯8Þ�óáñá¬Ú©«¯0Þ�óá��Ý�Þ«Þ�¬��±¯�¨¹°®°32 Ý�°Ú¬®é
¬ �

ßX¨¹à�¬®¯±ßáÝ�âá¬
u
Xáçáóáª� ð5�

v
Þ ©«Ý�Þ�Þ�¯´Þ�¬²¨ âá¬��:Ý�ß óò©«¯ºóáßX¨g�¡¯��±°®¬®¨òÙo�Cß�©«óò©�©«¬Ë¬è�¨¹Þ�¬Ë¬®ß½�óá¬Ë°²¨

ª�Ýc�±¯±°²¨�Þ�¯±çáª«¨
Ý�Þ�çP¯±Þ ©�¨´ßá¯¹ß-çáóWhºÝ�Þ�Þ�Ý�ª�Ý ¨¹çáçá°®¬®�¨�©�¨ Þ�¬<Þ��Ýc�±°®¬®Ý)°²¨g�¡¯��±°®¬®¨ âá¬ËÝî©«¬® ðáÝî©�©�¨
éº¬®ßá¬Úé´¨�Ù

10

7

1

3

9
2

56

4

8

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝKâáÝc�±°®¬Ë¨¹ª� ðá¬3T
�PT ã ê ³+µ �(� ¸ ³r· ¶

� � � ��� �������
 sT � ³+µ ¶ �i¶ ³ ·i¶(�

ì¯�âá¬®�Ý�Tû��XË³+µ�XP¶!X8��X%¶%XË³�XP·!X%¶

SV¬	�±óáª«¨
·�Ù ã�TAô[Þ�Ý�éºçá¬®¯
âá¬è©«Ý�ª�à�¯º�¯�âá¬®�Ý�âá¬<å5Ý���¬®°®°®Ý¹Ù

�<¨uSV¬	�±óáª«¨�·�Ù ã�éº¯±Þ ©«ª«¨�óáß�Ý�Þ�Ý�éºçá¬®¯½âá¬A¨¹°®ñ%Ý�ª�¯WXË°32 ¯±ª�âá¬®ßáÝ�âá¬[Ý�°®¬®é
¬ÚßX¨¹à�¬®¯±ßáÝ âáÝ�¬
Þ�óá¯±¬�¨¹ª� ðá¬VÝ�¬®°3Þ�óá¯�©«Ý�ª�à�¯��¯�âá¬®�Ý âá¬[å5Ý���¬®°®°®Ý¹Ù��Cß�
8�±óáª«¨&Þ�¯±ßá¯�¬®ßá¯±°Ú©«ª�Ý8Ý���¬®âáÝ�ßáà�¬²¨�©«¬
âáÝ�¬áñá°®¯���ðá¬á�¬²¨¹Þ��óáßá¯)�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý.¨¹°®°²¨F�¨�©«Ý�ßX¨��ðáÝ���¬®Ý�ßáÝUÝ�°®¬®éº¬ÚßX¨�©�¨5âá¯±ç%¯)¨�±Ý�ª
Þ��Ý�°Ú©«¯ÃóáßX¨��¡¯��±°®¬®¨�âá¬5Ýî©«¬®�ðáÝî©�©�¨�éº¬®ßá¬®éº¨òÙ\*.¬®�¯±ª�âá¬²¨¹é
¯��¯±é óáß e óáÝ- ðáÝ�¨¹â�¯��±ßá¬
¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝKóáß�Þ�¯±°®¯�ßá¯�âá¯���¬®Ý�ßáÝ�Ý�°®¬®éº¬ÚßX¨�©«¯áÙ

·¹ã



Û3Ý�ª5�¯¹éºçáª�Ý�ßáâáÝ�ª�Ý e óX¨¹°®Ý�Þ�¬²¨�¬®°èßá¯�âá¯
 ðáÝ)ª�¬®é´¨¹ª�ªba ¨¹°è©«Ý�ª�éº¬®ßáÝKâáÝ�°®°32 Ý�Þ�Ý��óáà�¬®¯±ßáÝ
âáÝ�°®°32 ¨¹°��±¯±ª�¬ ©«é
¯�O8¬®éºç%¯±ª ©�¨¹ß:©«Ý)ßá¯¹©�¨¹ª�Ý0�ðáÝ�X�¯��±ßá¬{�:¯±°Ú©�¨
�ðáÝ óáß�ßá¯ âá¯&¬®ßá¬®àî¬²¨¹°Úé
Ý�ß ©«Ý
¬®ß:©«Ý�ª�ßá¯8âá¬���¬®Ý�ßáÝ5Ý�Þ ©«Ý�ª�ßá¯WX e óáÝ�Þ ©«¯g��¬®ÝîßáÝKÝ�°®¬®é
¬®ßX¨�©«¯8¨¹°PçX¨¹Þ�Þ�¯�Þ�óá��Ý�Þ�Þ�¬��:¯áÙAå5Ý�¬�çX¨¹Þ�Þ�¬
¬®ß��óá¬VÞ�¬�Þ��Ýc�±°®¬®Ý8óáßX¨��¡¯��±°®¬²¨
âá¬VÝî©«¬® ðáÝî©�©�¨´éº¬®ßá¬®éº¨ e óá¬®ßáâá¬3X�°®¯&Þ�¬.��¨´�¯±ßáÞ�¬®âáÝ�ª«¨¹ßáâá¯
Þ�¯±°®¯&óáß�Þ�¯¹©�©«¯±¬®ßáÞ�¬®Ý�éºÝ8âáÝ�°®°®Ýn�¡¯��±°®¬ÚÝ8âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯&¬Úßá¬®à�¬²¨¹°ÚÝ¹Ùç�Lß�çX¨¹ª ©«¬®�¯±°²¨¹ª�Ý0çáª�¬®é´¨ºâá¬
¬®ßá¬®à�¬®¨¹ª�Ý ¨¹â8Ý�°®¬®é
¬®ßX¨�ª�ÝA°32 óá°Ú©«¬Úé´¨U�¨�©«Ý�ßX¨5Þ�¬�âá¯��ªba5Þ��Ýc�±°®¬®Ý�ª�ÝA©«ª«¨5°²¨��¡¯��±°®¬®¨Uâá¬ Ýî©«¬® ðáÝî©�©�¨
é´¨¹Þ�Þ�¬®é´¨&Ý e óáÝî°®°²¨½Þ�óáñá¬Ú©«¯½éº¬®ßá¯±ª�Ý¹Ù��C°Aßá¯�âá¯��ðáÝºª�¬®é´¨¹ª�ªba&Þ«¨¹ªba e óá¬®ßáâá¬[°32 Ý�Þ ©«ª�Ý�éº¯
âáÝ�°®°32 óá°Ú©«¬Úéº¨0�¨�©«Ý�ßX¨  ðáÝ�ßá¯±ß�Ý�2òÞ ©�¨�©«¯�Þ��Ý�°Ú©«¯��¯±éºÝs�¡¯��±°®¬²¨0âá¬�Ýî©«¬®�ðáÝî©�©�¨ éº¬®ßá¯±ª�Ý5©«ª«¨
e óáÝ�Þ ©«Ý âáóáÝ�X e óá¬®ßáâá¬<°²¨��¡¯��±°®¬²¨ âá¬3Ýî©«¬®�ðáÝî©�©�¨ºé´¨¹Þ�Þ�¬®é´¨ ©«ª«¨
©«óò©�©«Ý e óáÝ�°®°®Ý0âáÝ�°®°32 ¨¹°®ñPÝ�ª�¯
¬®ßá¬®à�¬®¨¹°ÚÝ¹Ù

���¶µi��� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

N5Þ«¨¹ßáâá¯º�¯±éºÝç�¡óáßáà�¬®¯±ßáÝ�âá¬ËÞ��Ý�°Ú©�¨�T

f(Fi) =

{

{bi−1}
Þ�Ý

bi−1
O�¯±ª«¨�óáßX¨��¡¯��±°®¬²¨!�

{min{Fi}}
¨¹°Ú©«ª�¬®é
Ý�ß:©«¬�Ù

Ý8ª«¨¹âá¬®�¨¹ßáâá¯&¬®ß
r = max{F (T )}

�¬3Þ�¬VçáóWh&ª�¬®�¯±ßáâáóáª�ª�Ý ¨¹°®°®¯ºÞ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý8âá¬
�¯ âá¬�
X�¨òÙ*�Fßá�ðáÝK¬®ß e óáÝ�Þ ©«¯��¨¹Þ�¯�°²¨)ª�Ý�°²¨¹à�¬®¯±ßáÝ5âE2 ¯±ª�âá¬®ßáÝ ≺ OF¬®ª�ª�¬®°ÚÝ��¹¨¹ß:©«Ý5¬®ß e óX¨¹ß:©«¯
�±°®¬�¬®ßáÞ�¬®Ý�éº¬

Ai

Þ�¯±ßá¯
©«óò©�©«¬èâá¬Ë�¨¹ª�âá¬®ßX¨¹°®¬ ©/a&³±Ù
ì¯±éºÝ`ßáÝ�°ò�¨¹Þ�¯�âáÝ�¬ò�¯�âá¬®�¬�âá¬áÛ[ªb���¡Ýîª[°32 ¨¹°	�¹¯±ª�¬ ©«é
¯Fª�¬®Þ�óá°Ú©�¨5Þ�Ý�éºçá°®¬�
X�¨�©«¯Fª�¬®Þ�ç%Ýî©�©«¯

¨¹°®°®¯ Þ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý¹Ù
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨® Õ�¯�ÏbÉ.É.Õ±°�°x°
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß-ª«¨¹âá¬®�¨�©«¯ºÝî©«¬® ðáÝî©�©�¨�©«¯´Þ�ó

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß!�

©�¨�©«¯ ©«ª�¨�éº¬Ú©«ÝK°®¬®Þ ©«Ý�âá¬Ë¨¹âá¬²¨¹�Ý�ßáà�¨òÙ
à Ý�ÞrÜ�Ý�Þ�ßjN5ßZ�±Ýî©�©«¯±ª�ÝX��� ñ�ì âá¬ n − 1

¬®ß:©«Ý�ª�¬[¬®ß
[1..n]

ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹ß:©«Ý´¬®°V©«Ý�ª�à�¯
�¯ âá¬®�Ý)âá¬<å5Ý���¬®°®°®ÝKâá¬

T
Ù

·�ê



³±Ùsá%âoã
i = 1 ä â n − 1 å â

·�Ù æá�^
i = 1

�`� ��� ñ�ì [ i − 1
\
∈/ F (T )

` ä�è.é#ê
ãòÙ

u = min{v ∈ F (T )}

êáÙ é óZ· é
��Ù

u
ª¤��� ñ�ì [ i − 1

\
�òÙ ��� ñ�ì [ i \,ª v : (u, v) ∈ E(T )

¶�Ù
T = T−{u}

��¬ ßá¯¹©«¬:�ðáÝ`¨�ßá ðáÝ ¬®ß e óáÝ�Þ ©«¯F�¨¹Þ�¯sO çP¯±Þ�Þ�¬®ñá¬®°®Ý[ª�¬®âáóáª�ª�ÝA¬®°:�¯ âá¬®�Ý�X¹¬®ß���¨�©�©«¬±°®Ý*�¡¯��±°®¬ÚÝ
âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯º¬®ßá¬®àî¬²¨¹°ÚÝ)Þ�¯±ßá¯º©«óò©�©«¬3Ý0Þ�¯±°®¬<¬<ßá¯�âá¬3�ðáÝ8ßá¯±ß��¯±éºçX¨¹¬®¯¹ßá¯ºßáÝ�°3�¯�âá¬®�Ý�X�¨¹â
Ý���Ý�à�¬®¯±ßáÝ5âá¬

r
�ðáÝ5ßáÝ5¯���óáçPÝ�ªba0°32 óá°Ú©«¬®éº¨Kç%¯±Þ�¬®à�¬®¯±ßáÝ¹Ù,*.¬®âáóá�Ý�ßáâá¯ e óá¬®ßáâá¬X¬®°X�¯ âá¬®�Ý

¨¹¬�çáª�¬®éº¬
n − 2

Ý�°®Ý�é
Ý�ß ©«¬oO
çP¯±Þ�Þ�¬®ñá¬®°®Ý ª�¬®�¨��¨¹ª�Ý
bn−1

�¯±éºÝ�¬®°�é´¨¹Þ�Þ�¬®éº¯&ßá¯�âá¯½ ðáÝ
ßá¯±ß½�¯±éºçX¨¹ª�Ý�ßáÝ�°<�¯ âá¬®�Ý¹Ù

���¶µi��� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�<¨´âáÝ��¯�âá¬�
X�¨�O Þ�¯±Þ ©�¨¹ßáà�¬²¨¹°®éºÝ�ß:©«Ý8¬®âáÝ�ß:©«¬®�¨&¨ e óáÝ�°®°²¨´çáª�¯±ç%¯±Þ ©�¨´ßáÝ�°®°®¯&Þ��ðáÝ�é´¨��±Ý��
ßáÝ�ª«¨¹°®Ý�Xá�¯±ß-¨¹°®�óáßáÝ�Þ�Ý�éºçá°®¬�
X�¨¹à�¬®¯±ßá¬�Ù
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ«® Õ�¯�ÏbÉ.É.Õ±°x°x°
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì = (b1, . . . , bn−2)

âá¬Ë¬®ß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì Ù

³±Ù
n =

��� ñ�ìûð�ë&ì ôN���o� + 2

·�Ù
bn−1 = maxv∈[1..n]{v : v ∈/ {b1, . . . , bn−2}}

ãòÙ
b0 = 0

êáÙsá%âoã
i = 1 ä â n − 1 å â

��Ù
Fi = {v ∈ [1..n] r {aj : 1 ≤ j < i} r {bj : i ≤ j < n}}

·��



�òÙ æá�^
bi−1 ∈ Fi

` ä�è.é#ê
¶�Ù

ai = bi−1

¸òÙ é óZ· é
�òÙ

ai = min{Fi}

³+µòÙ
T = ([1..n], {(ai, bi) : 1 ≤ i < n})

��u�¸ �>���Q�&%����Q�º¹0���P|

�A©«ª�Ý��¯�âá¬®�¬è¨¹çáç%Ý�ßX¨�çáª�¯±ç%¯±Þ ©«¬èÞ�¯±ßá¯
Þ ©�¨�©«¬è©«óò©�©«¬è¯¹ª«¬��±¬®ßX¨¹ª�¬®¨¹é
Ý�ß:©«ÝKâáÝ�
Xßá¬Ú©«¬èâX¨¹¬è°®¯±ª�¯
�ª�Ý�¨�©«¯±ª�¬`çPÝ�ª
¨¹°®ñ%Ý�ª�¬ßá¯±ß¤ª«¨¹âá¬®�¨�©«¬3X�é´¨�âX¨¹°®°²¨-°®¯±ª�¯��¡óáßáà�¬®¯±ßáÝ�âá¬`Þ��Ý�°Ú©�¨�Þ«¬`ç%¯�©�Ý��¹¨
�ðá¬²¨¹ª«¨¹éºÝ�ß:©«Ý0âáÝ�âáóáª�ª�Ý e óX¨¹°®Ýj�¡¯±Þ�Þ�Ý ¬Ú°<ßá¯�âá¯´ ðáÝ8é´¨¹¬{�±Ý�ßá¬��¹¨´Ý�°®¬®é
¬®ßX¨�©«¯W�#�±°®¬<¨¹°®ñ%Ý�ª�¬
�±Ý�ßW�±¯±ßá¯ e óá¬®ßáâá¬U¬®éºçá°Ú¬Ú�¬Ú©�¨�éºÝ�ß:©«Ý&ª«¨¹âá¬®�¨�©«¬�Ù�§�¯�¯±ßÒ[ ·�êR\UâáÝ�
Xßá¬®Þ��Ý½âáÝ�°®°®Ý��¹¨¹ª�¬²¨¹ß:©«¬
âá¬[©�¨¹°®¬[�¯�âá¬®�¬ ¨¹éºéºÝî©�©«Ý�ßáâá¯� ðáÝ´°32 ¨¹°®ñPÝ�ª�¯�¯±ª�¬	�±¬ÚßX¨¹ª�¬Ú¯½Þ�¬²¨�ª«¨¹âá¬®�¨�©«¯�¬®ß�óáß�ßá¯�âá¯

r

¨¹ª�ñá¬Ú©«ª«¨¹ª�¬Ú¯WX±©�¨¹°ÚÝ.ßá¯�âá¯0ßá¯±ß´Þ«¨¹ªba e óá¬®ßáâá¬Pé´¨¹¬X�¯±ßáÞ�¬®âáÝ�ª«¨�©«¯0ßáÝ�°®°32 ¬®ßáÞ�¬®Ý�é
ÝUâáÝ�°®°®Ý��¡¯��±°®¬ÚÝ
Ý e óá¬®ßáâá¬èé´¨¹¬èÝ�°®¬®éº¬ÚßX¨�©«¯òÙ
��¬.ßá¯¹©«¬.�ðáÝ-ßá¯±ßU��¨¹°®Ý�çá¬	Y�°32 ¯±Þ�Þ�Ý�ª��¹¨¹à�¬®¯±ßáÝB��¨�©�©�¨�çPÝ�ª´¬.�¯ âá¬®�¬.âá¬5Û[ª����¡Ý�ªº ðáÝ

bn−1 = n
X�Ý&ßáÝ�çáçáóáª�Ý&°²¨�âáÝ�âáóáà�¬®¯±ßáÝ& ðáÝ&ßáÝ�°A©«Ý�ª�à�¯��¯�âá¬®�Ý´âá¬å5Ý���¬®°®°®Ý

bn−1
O&°²¨

é´¨¹Þ�Þ�¬®é´¨k�¡¯��±°®¬²¨�ÙVå5¯±ß�Þ«¨¹ªba e óá¬®ßáâá¬òç%¯±Þ�Þ�¬®ñá¬®°®Ý¯±éºÝî©�©«Ý�ª�Ý`©�¨¹°®¬�¬®ß��¡¯±ª�é´¨¹à�¬Ú¯±ßá¬"T<¬ò�¯�âá¬®�¬
¨���ª«¨¹ßáßá¯
©«óò©�©«¬è°®óáßW�±ðáÝ�à�à�¨

n − 1
Ù

Û3¯��ðá¬®Þ�Þ�¬®éºÝ½éº¯�âá¬�
X�ðáÝ½âáÝ��:¯±ßá¯ÃÝ�Þ�Þ�Ý�ª�Ý�¨¹çáç%¯±ª ©�¨�©«Ý-¨R�±°®¬.¨¹°	�±¯±ª�¬ ©«é
¬`çáª�Ý�Þ�Ý�ß:©�¨�©«¬
çPÝ�ª5¨¹éºéºÝî©�©«Ý�ª�Ý�°²¨P�¹¨¹ª�¬²¨¹ß:©«Ý�¬®ß:©�ª�¯ âá¯¹©�©�¨ âX¨´§�¯ ¯±ßèÙ

����»���� ¡\��¢�
�5�m£5�¤�8���>¥q
����V¦H¥q�

��°®¬ ¨¹°	�±¯±ª�¬ ©«éº¬±çáª�¯±ç%¯±Þ ©«¬�ç%Ý�ªV¬ �¯�âá¬®�¬�âá¬�Û[ª����¡Ý�ª�ÝçPÝ�ªV¬®°:©«Ý�ª�à�¯K�¯�âá¬®�Ý âá¬òå5Ý���¬®°®°®ÝAßá¯±ß
ª�¬®�ðá¬®Ý�âá¯±ßá¯.¨¹°®�óáßX¨`éº¯ âá¬�
X�¨�X+Þ�Ý�éºçá°®¬®�Ý�éºÝ�ß:©«Ý[Þ«¨¹ªba`ßáÝ��Ý�Þ�Þ�¨�ª«¬Ú¯5óò©«¬®°®¬Úà�à�¨¹ª�Ý�Þ ©«ª�óò©�©«óáª�Ý

·��



âX¨�©«¬ò©�¨¹°®¬áâX¨0¨¹Þ�Þ�¬®�óáª«¨¹ª�ÝU ðáÝ.°²¨�ª«¨¹âá¬®�ÝUâáÝ�°®°32 ¨¹°®ñPÝ�ª�¯�ßá¯±ßº�¯±éºçX¨¹¬²¨Ké´¨¹¬áßáÝc�±°®¬á¬®ßáÞ�¬®Ý�éº¬
âáÝ�°®°®Ýs�¡¯��±°®¬®Ý¹Ù
Û3Ý�ª ¬®° Þ�Ý��¯±ßáâá¯��¯�âá¬®�Ý´âá¬`å5Ý���¬®°®°®Ý�XV¯±°Ú©«ª�Ý´¨�©�¨¹°®Ý&¨¹��¯±ª��±¬®éºÝ�ß:©«¯WXVÞ�¬âá¯��ª«¨¹ßáßá¯

¯±éºÝî©�©«Ý�ª�Ý ¬�çX¨¹Þ�Þ�¬òßáÝ��Ý�Þ�Þ«¨¹ª�¬á¨F�Ý�ª��¨¹ª�Ý¬®° �Ý�ß:©�ª�¯Kâá¬�Ýî©«¬®�ðáÝî©�©�¨5é´¨����±¬®¯±ª�ÝAÝ`¨5ª«¨¹âá¬®�¨¹ª�Ý
°32 ¨¹°®ñPÝ�ª�¯áÙ

����»���� ¡\��¢�
�5�m£5�¤�8���>����¥q
����V¦H¥q�

�*2 óáßá¬®�¨�éº¯�âá¬�
X�¨�âX¨ ¨¹çáç%¯±ª ©�¨¹ª�Ý�X)�¯±é óáßáÝ�¨�©«óò©�©«¬n�±°®¬8¨¹°��±¯±ª�¬Ú©«é
¬"X�O e óáÝ�°®°²¨�âá¬
¨����±¬®óáßW�±Ý�ª�Ý�¨¹°U©«Ý�ª�éº¬®ßáÝ½óáß�çX¨¹Þ�Þ�¯�ç%Ý�ªºª«¨¹âá¬®�¨¹ª�Ý½°32 ¨¹°®ñ%Ý�ª�¯

T
¯¹©�©«Ý�ß óò©«¯ÃßáÝ�°5ßá¯�âá¯

¨¹°®°32 óá° ©«¬Úéº¨ çP¯±Þ�¬®à�¬®¯±ßáÝ�âáÝ�°Ë�¯�âá¬®�Ý�T
r = bn−1

Ù

��u�¼ �>���Q�&%��\��}.~c%,½>¾�¿ÁÀQy ÀQy

�*2 óá°Ú©«¬®é
¯ �¯�âá¬®�Ý��ðáÝ���¬®Ý�ßáÝ�çáª�Ý�Þ�Ý�ß:©�¨�©«¯ÍO�Þ ©�¨�©«¯
çáª�¯±ç%¯±Þ ©«¯�âX¨�iFÝ�¯ºÝ0§�¬®�¬	�¹Ý���¬®�¬®óáÞ
[ ³�·\@�¡¯¹ª«ßáÝîßáâá¯ âá¬®ª�Ýî©�©�¨¹éºÝ�ß:©«Ýk�±°®¬P¨¹°	�±¯±ª�¬Ú©«é
¬á¯¹©�©«¬®éº¬áç%Ý�ª°²¨)�¯ âá¬�
X�¨0ÝF°²¨)âáÝ��¯ âá¬�
X�¨��
¬®°Ëçáª�¬®éº¯g��¨ºóáÞ�¯´âá¬<óáßX¨º�¯ âX¨ºéºÝ�ß:©«ª�Ý0¬®°ËÞ�Ý��¯±ßáâá¯&âá¬<óáßX¨
çá¬®°²¨�TAâX¨º�óá¬<¬®°Ëßá¯±éºÝ)âá¬
�¯ âá¬®�¬.� ©�¨¹/�����KóáÝ�óáÝ¹Ù
ÛV¨¹ª ©«Ý�ßáâá¯�âX¨�óáß ¨¹°®ñ%Ý�ª�¯�ßá¯±ß ª«¨¹âá¬®�¨�©«¯�çáª�¬®é´¨_�:Ý�ßW�±¯±ßá¯�Ýî°®¬®éº¬ÚßX¨�©«Ý½°®ÝB�¡¯��±°®¬ÚÝ

âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯½¬®ßá¬Úà�¬²¨¹°ÚÝ�¬®ß�¯±ª�âá¬®ßáÝ
�ª�Ý�Þ��Ý�ß:©«Ý�XVç%¯±¬[¬Aª�Ý�Þ ©�¨¹ß:©«¬Aßá¯ âá¬AßáÝ�°®°32 ¯±ª�âá¬®ßáÝ ¬®ß��óá¬
âá¬��±Ý�ß:©�¨¹ßá¯��¡¯��±°®¬ÚÝ¹Ù

�AÝ�âáª�Ý�éº¯)¬®ß�Þ�Ýc�±óá¬Ú©«¯)�ðáÝ�X �¯±éºÝUç%Ý�ªA¬á�¯ âá¬®�¬áâá¬PÛ[ª����¡Ý�ªcX%OUç%¯±Þ�Þ�¬®ñá¬®°®Ý`ª�¬®�¯±Þ ©«ª�óá¬®ª�Ý
°32 ¨¹°®ñPÝ�ª�¯8¨¹ßá�ðáÝFÞ�Ý5Þ�¬%Ý�°®¬®é
¬®ßX¨KâX¨¹°P�¯�âá¬®�Ý5°32 óá°Ú©«¬Úéº¯�Ý�°®Ý�éºÝ�ß ©«¯WX çPÝ�ª�éºÝî©�©«Ý�ßáâá¯ �¯±ÞVUèâá¬
ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹ª�Ý0°32 ¨¹°®ñPÝ�ª�¯��¯±ß�óáß��¯�âá¬®�Ý�âá¬Ë°®óáßW�±ðáÝ�à�à�¨

n − 2
Ù

�<¨uSV¬	�±óáª«¨�·�Ù ê½éº¯±Þ ©«ª«¨�óáß�Ý�Þ�Ý�éºçá¬®¯½âá¬A¨¹°®ñ%Ý�ª�¯WXË°32 ¯±ª�âá¬®ßáÝ�âá¬[Ý�°®¬®é
¬ÚßX¨¹à�¬®¯±ßáÝ âáÝ�¬
Þ�óá¯±¬<¨¹ª��ðá¬ËÝ)¬®°�Þ�óá¯º�¯�âá¬®�ÝP� ©�¨¹/�����KóáÝ�óáÝ¹Ù

·±¶



10

7

1

3

9
2

56

4

8

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝKâáÝc�±°®¬Ë¨¹ª��ðá¬3T
�PT ã ê �æ¸$� ³+µ$� ³r¶

� � ����� � �����
 sT�� ³+µ�� ³ ¶ ¶ ¶ ·i·

ì¯ âá¬®�Ý�T5��Xè³+µ�X#��Xè³�XP¶!X%¶!XP¶!XP·

SV¬	�±óáª«¨
·�Ù êWTAô[Þ�Ý�éºçá¬®¯
âá¬Ë�¯�âá¬®�Ýn� ©�¨¹������KóáÝ�óáÝ¹Ù

l ��óáçá¬²¨¹éº¯��¬A¯±ª«¨�âá¬ �¯±éºÝºª�¬®�¯±ßáâáóáª�ª�Ýº©�¨¹°®Ýº�¯ âá¬�
X�¨�¨¹°®°®¯½Þ� ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý�X
ª�¬®é´¨¹ßáâX¨¹ßáâá¯�¨¹°�Þ�óá��Ý�Þ�Þ«¬��±¯ �¨¹çá¬Ú©«¯±°®¯�°²¨¤çáª�Ý�Þ�Ý�ß:©�¨¹à�¬®¯±ßáÝÃâá¬)¨¹°	�±¯±ª�¬Ú©«é
¬K¯¹©�©«¬®éº¬Fâá¬
�¯ âá¬�
X�¨
Ý�âá¬ËâáÝ��¯�âá¬�
X�¨òÙ

���DÂ ��� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

iF¯�±Ý�ßáâá¯�Ý�°®¬®é
¬ÚßX¨¹ª�Ý8¬Vßá¯�âá¬V¬®ß:©«Ý�ª�ßá¬VßáÝ�°®°32 ¯±ª�âá¬®ßáÝ0¬®ß��óá¬Vâá¬��:Ý�ß:©�¨¹ßá¯��¡¯��±°®¬ÚÝPO ßáÝ��Ý�Þ¾�
Þ«¨¹ª�¬®¯�éº¨¹ß ©«Ý�ßáÝ�ª�Ý�©�¨¹°®Ý�¬®ß��¡¯±ª�é´¨¹à�¬Ú¯±ßáÝ´©«ª«¨¹éº¬Ú©«Ý&óáß��:Ýî©�©«¯±ª�Ý�¨¹óáÞ�¬®°®¬²¨¹ª�¬Ú¯�� �%ñ T�Þ�Ý-¨¹°
çX¨¹Þ�Þ�¯

i
�CÝ�Þ�¬®éº¯ ¬®°%ßá¯�âá¯

v
âá¬��±Ý�ß:©�¨g�¡¯��¹°®¬²¨0Þ�¬Ë¨¹Þ�Þ�Ýc�±ßX¨
¨�� �%ñ [ v \<¬®°#�¹¨¹°®¯±ª�Ý i

Ù[ë3óò©�©«Ý�°®Ý
�¡¯��±°®¬ÚÝKâáÝ�°®°32 ¨¹°®ñPÝ�ª�¯�¬®ßá¬®à�¬²¨¹°ÚÝ�¨���ª«¨¹ßáßá¯T� �%ñ çX¨¹ª�¬Ë¨ 0

Ù
�<¨Í�¡óáßáà�¬®¯±ßáÝ8âá¬3Þ��Ý�°Ú©�¨´Þ�¬V°®¬®é
¬ ©«Ý�ªba e óá¬®ßáâá¬�¨ºÞ«Ýî°®Ý�à�¬®¯±ßX¨¹ª�Ý8°²¨��¡¯��±°®¬²¨�âá¬�� �%ñ éº¬S�

ßá¬®éº¯�Ý�X e óX¨¹°®¯±ª«¨��¬<Þ�¬²¨¹ßá¯º¨¹ßá�¯±ª«¨�âáóáÝ0¯ºçá¬	YQ�¡¯��±°®¬ÚÝ�âá¬[� �%ñ 0
X e óáÝ�°®°²¨�âá¬ËÝî©«¬® ðáÝî©�©�¨

éº¬®ßá¬Úé´¨�Ù

·¹¸



ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ � Ð{ÖPÔ�Ã	Ä�ÅÇÆ�Õ@Æ�Õ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß-ª«¨¹âá¬®�¨�©«¯ºÝî©«¬® ðáÝî©�©�¨�©«¯´Þ�ó

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß!�

©�¨�©«¯ ©«ª�¨�éº¬Ú©«ÝK°®¬®Þ ©«Ý�âá¬Ë¨¹âá¬²¨¹�Ý�ßáà�¨òÙ
à Ý�ÞrÜ�Ý�Þ�ßjN5ßI�±Ýî©�©«¯±ª�Ý8��� ñ�ì âá¬ n − 1

¬®ß ©«Ý�ª�¬Ë¬®ß
[1..n]

ª«¨¹çáçáª�Ý�Þ�Ý�ß ©�¨¹ß:©«Ý8¬®°è�¯�âá¬®�Ý
� ©�¨¹/�����KóáÝ�óáÝ)âá¬

T
Ù

³±Ùsá%âoã
v = 1 ä â n å â

·�Ù æá�^
v ∈ F (T )

` ä�è.é#ê
ãòÙ � �%ñ [ v \,ª 0

êáÙ é óZ· é
��Ù � �%ñ [ v \,ª ∞

�òÙsá%âoã
i = 1 ä â n − 1 å â

¶�Ù æá�^
∃ v ∈ F (T ) :

� �%ñ [ v \[ª 0
` ä�è.é#ê

¸òÙ
u = min{v ∈ F (T ) :

� �%ñ [ v \ = 0}

�òÙ é óZ· é
³+µòÙ

u ∈ F (T ) :
� �%ñ [ u \[ª min{

� �%ñ [ v \ : v ∈ F (T )}

³±³±Ù ��� ñ�ì [ i \,ª v : (u, v) ∈ E(T )

³�·�Ù
T = T−{u}

³+ãòÙ æá�^
v ∈ F (T )

` ä�è.é#ê � �%ñ [ v \[ª i

ì¯±éºÝ��±¬ a ¨¹��Ý�ßáßX¨�©«¯
¬®ß�çáª�Ý��Ý�âáÝ�ßáà�¨ºÞ�¬èçáóWhº¨¹ñáñáª�Ý���¬²¨¹ª�ÝK¬®°��¯�âá¬®�Ý�¯±éºÝî©�©«Ý�ßáâá¯
°32 óá°Ú©«¬Úé
¯�Ý�°®Ý�éºÝ�ß:©«¯WT[¬®°%©«Ý�¯±ª�Ý�é´¨� ðáÝ)Þ�Ýc�±óáÝ0â8a�ª«¨��±¬®¯±ßáÝKâá¬è©�¨¹°®Ý)¨R��Ý�ª�é´¨¹à�¬®¯±ßáÝ¹Ù
ù Ø ÓPÒ�Ø!�Ãù�õE�	7E��Í8� ��� ñ�ì [ n − 1

\[ª¤��� ñ�ì [ n − 2
\ ¨ ¥�« ° ¦b¥�´

� © «�� ¨ �"¦��µ © �R¢p¥�´ ��¬²¨¹ßá¯ u
Ý

v
¬AâáóáÝºßá¯ âá¬Aª�¬®é´¨¹Þ ©«¬�ßáÝ�°®°32 ¨¹°®ñ%Ýîª«¯½¨¹°®°32

(n − 1)
�CÝ�Þ�¬®éº¯

çX¨¹Þ�Þ�¯�Ý&Þ�óáçáç%¯±ßá¬²¨¹éº¯WX�Þ�Ý�ßáà�¨�ç%Ý�ª�âá¬Ú©�¨-âá¬��±Ý�ßáÝ�ª«¨¹°®¬Ú©/a�XV ðáÝ1��� ñ�ì [ n − 1
\ ª

v
X[�¬	h

¬®éºçá°Ú¬Ú�¨��ðáÝ
u
O�âá¬��±Ý�ß:©�¨�©«¯U�¡¯��±°®¬®¨�çáª«¬Úé´¨�âá¬

v
TÇ� �%ñ [ u \ <

� �%ñ [ v \�Ù �F°)çX¨¹Þ�Þ�¯
·��



(n − 2)
�CÝ�Þ�¬®éº¯WX e óá¬®ßáâá¬3X�¬®°3ßá¯ âá¯�Ý�°®¬®éº¬ÚßX¨�©«¯ºÝ�ª«¨&âá¬V�Ý�ª ©«¯½¨¹âá¬²¨¹�Ý�ß:©«Ý�¨ v

ç%Ý�ª ©�¨¹ß:©«¯
��� ñ�ì [ n − 2

\[ª
v
ª¤��� ñ�ì [ n − 1

\�Ù

q e óá¬®ßáâá¬ËÞ�ó�Vº�¬®Ý�ß:©«Ý0Ý�Þ�Ýc�¹óá¬®ª�Ý0¬®°��¬®�°®¯�âá¬Ëª�¬	�:¨���âX¨ 1
¨

n − 2
Ù

ì¯±ßá�°®óáâá¬²¨¹éº¯´âáÝî©«Ý�ª�éº¬®ßX¨¹ßáâá¯ e óX¨¹°®Ý ßá¯�âá¯�âáÝ�ñáñX¨�Ý�Þ�Þ�Ý�ª�Ý
óáÞ«¨�©«¯��¯±éºÝ ª«¨¹âá¬®�Ý�X
¨¹ßá�ðáÝ�Þ�Ý�ßáÝ�°®°32 ¨¹°	�±¯¹ª�¬ ©«éº¯�çáª�¯±çP¯±Þ ©«¯�°²¨�ßáÝ��Ý�Þ�Þ�¬Ú©/a�âá¬)ª«¨¹âá¬®�¨¹ª�Ý�°32 ¨¹°®ñ%Ý�ª�¯¤âá¬ç��¨�©�©«¯
âáÝ��¨¹âáÝ¹Ù¸�*2 ¯±ª�âá¬®ßáÝ�âá¬FÝ�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßáÝ-âáÝ�¬Kßá¯�âá¬F�ðáÝ e óáÝ�Þ ©«¯��¯ âá¬®�Ý�ª�Ý�¨¹°®¬®à�à�¨ÃçáóWh
Ý�Þ�Þ�Ý�ª�ÝF�¯±ÞVUèª�Ý�¬®ß:©«Ý�ª�çáª�Ýî©�¨�©«¯WTVçáª�¬®é´¨ç�±Ý�ßW�±¯±ßá¯0©«¯±°Ú©«Ý`©«óò©�©«Ý5°®Ý��¡¯��±°®¬ÚÝ�X:çP¯±¬X©«óò©�©«¬X¬Pßá¯ âá¬
âá¬��±Ý�ß óò©«¬o�¡¯��±°®¬®Ý�¨�Þ�Ýc�±óá¬Ú©«¯½âáÝ�°®°®Ý Ý�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßá¬Vçáª�Ý��Ý�âáÝ�ß:©«¬3X3Ý
�¯±ÞVU5��¬²¨òÙ��<¨�ª«¨¹âá¬®�Ý
Þ«¨¹ªba e óá¬®ßáâá¬Ëóáßá¯ºâáÝî¬<�Ý�ß:©«ª�¬5^"iFÝ�
Xßá¬®à�¬®¯±ßáÝ
³±Ùä·�Ùä·�` Ù
��Ý)°32 ¨¹°®ñ%Ý�ª�¯�ðX¨
âáóáÝ)�Ý�ß ©«ª�¬ e óáÝ�Þ ©«¬3Þ«¨¹ª«¨¹ßáßá¯º¬èßá¯�âá¬Ëâá¬Ë°®¬��:Ýî°®°®¯ é´¨¹Þ�Þ�¬®éº¯WX e óá¬®ßáâá¬

âá¯±çP¯�¨��:Ý�ªÝ�°®¬®éº¬ÚßX¨�©«¯n�±°®¬%¨¹° ©�ª�¬
n− 2

ßá¯ âá¬%Þ�¯±°Ú©�¨¹ß ©«¯0¬%âáóáÝF�Ý�ß ©«ª�¬%Þ«¨¹ª«¨¹ßáßá¯ ª�¬®é´¨¹Þ ©«¬"�
é´¨ ¨��±Ý�ßáâá¯
¬®°%�¯�âá¬®�ÝK°®óáßW�±ðáÝ�à�à�¨

n− 2
ßáÝ�Þ�Þ�óáßá¯ºâáÝ�¬�âáóáÝç�±Ý�ª�ªba Ý�°®¬®éº¬ÚßX¨�©«¯WX e óá¬®ßáâá¬

O)âá¬p��¨�©�©«¯
¬®ª�ª�¬®°ÚÝ��¹¨¹ß:©«Ý e óX¨¹°®Ý�âáÝ�¬ËâáóáÝ)�Ý�ß ©«ª�¬ËÞ�¬²¨�Þ ©�¨�©«¯
Þ��Ý�°Ú©«¯º�¯¹éºÝ)ª«¨¹âá¬®�Ý¹Ù
Û3Ý�ª e óáÝ�Þ ©«¯´�¯�âá¬®�Ý�°²¨�ª«¨¹âá¬®�Ý�O)âáóáß e óáÝ0Þ�Ý�éºçá°®¬®�Ý�éºÝ�ß:©«Ý�óáßá¯
âáÝ�¬<�Ý�ß:©«ª�¬�Ù

���DÂ ��� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�F°�
XßáÝ�âá¬.ç%¯¹©«Ý�ªº¨¹çáçá°®¬®�¨¹ª�Ý�°²¨_�¡óáßáà�¬®¯±ßáÝ½âá¬.Þ��Ý�°Ú©�¨
f
O�ßáÝ��Ý�Þ�Þ«¨¹ª�¬®¯ÃâáÝ�âáóáª�ª�Ý�âX¨¹°

�¯ âá¬®�Ý e óX¨¹°®Ý Þ�¬²¨.¬®° çX¨¹Þ�Þ�¯K¬®ß0�óá¬��¬²¨¹Þ��óáß ßá¯�âá¯F¬®ß:©«Ý�ª�ßá¯Fâá¬��±Ý�ß:©�¨m�¡¯��±°®¬®¨òÙ q ç%¯±Þ�Þ�¬®ñá¬®°®Ý
ª�¬®�¯±Þ ©«ª�óá¬®ª�Ý.¬®°W�±Ýî©�©«¯±ª�Ýh� �%ñ ßá¯¹©�¨¹ßáâá¯8�ðáÝ�X e óX¨¹ßáâá¯8°32 ¨¹°	�±¯±ª ¬Ú©�éº¯�âá¬%�¯ âá¬�
X�¨8¨¹Þ�Þ�Ýc�±ßX¨
� �%ñ [ v \@ª i

XËÞ�¬�ðX¨P��� ñ�ì [ ¬�\"ª v
Xè¬®ßá¯±°Ú©«ª�Ý�X

v
ßá¯±ß�ç%¯¹©«ªba&�¯±éºçX¨¹ª�¬®ª�Ý çá¬	Y�¨��¹¨¹ß:©«¬�ßáÝ�°

�¯ âá¬®�Ý¹Ù5�Kóá¬®ßáâá¬�� �%ñ [ v \EOK°32 ¬®ßáâá¬®�Ý5âáÝ�°®°32 óá°Ú©«¬Úéº¨8¨¹çáçX¨¹ª�¬®à�¬®¯±ßáÝ5âá¬ v ßáÝ�°��¯�âá¬Ú�ÝK¯ 0
Þ�Ý

v
ßá¯±ß��¯±é
çX¨¹ª�Ý�XX�¬®¯%O�Þ«Ý)Ý�ª«¨�óáßX¨��¡¯��±°®¬®¨ âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯�¬®ßá¬®à�¬²¨�°®Ý�Ù

ã±µ



ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ � Ð�ÖnÔ�Ã>Ä�ÅÇÆ�Õ@Æ�Õ
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì = (b1, . . . , bn−2)

âá¬Ë¬®ß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì Ù

³±Ù
n =

��� ñ�ìûð�ë&ì ôN���o� + 2
·�Ù

bn−1 = bn−2ãòÙsá%âoã
v = 1 ä â n å âÈ� �%ñ [ v \[ª 0

êáÙsá%âoã
i = n − 1 å â{ò ê�ä â 1 å â�æáZ^m� �%ñ [ bi

\?ª µ&` � �%ñ [ bi

\?ª
i

��Ùsá%âoã
i = 1 ä â n − 1 å â

�òÙ
Fi = {v ∈ [1..n] r {aj : 1 ≤ j < i} r {bj : i ≤ j < n}}

¶�Ù æá�^
∃ v ∈ Fi :

� �%ñ [ v \,ª 0
` ä�è.é#ê

¸òÙ
ai = min{v ∈ Fi :

� �%ñ [ v \[ª 0}
�òÙ é óZ· é
³+µòÙ

ai ∈ Fi :
� �%ñ [ ai

\[ª
min{

� �%ñ [ v \ : v ∈ Fi}³±³±Ù
T = ([1..n], {(ai, bi) : 1 ≤ i < n})

��u�É �>�P|u%��&ÀBz{���g|Q�

�\�¯±ßá�°®óáÞ�¬®¯±ßáÝ-âáÝ�°K�¨¹çá¬Ú©«¯±°®¯ÃÞ�¬Fª�¬®ç%¯±ª ©�¨¹ßá¯WXUßáÝ�°®°²¨�ëV¨¹ñ%Ýî°®°²¨�·�ÙÚ³�X.°®Ý-¬®ß��¡¯±ª�é´¨¹à�¬Ú¯±ßá¬
Þ«¨¹°®¬®Ý�ß:©«¬KâáÝ�°®°®¯¤Þ��ðáÝ�é´¨�âá¬)�¯ âá¬�
X�¨¤Ý�âá¬)�¬²¨¹Þ��óáßz�¯�âá¬®�Ý�çáª�Ý�Þ�Ý�ß ©�¨�©«¯�¬®ß e óáÝ�Þ ©«¯
�¨¹çá¬Ú©«¯±°®¯WT`¬®°3ßá¯±éºÝ�X�°32 ¨¹ßáßá¯&¬®ß��óá¬rO Þ ©�¨�©«¯�¬®ß:©«ª�¯�âá¯¹©�©«¯WX%Þ�Ý °32 ¨¹óò©«¯±ª�Ý8°®¯´ðX¨&âáÝ�
Xßá¬Ú©«¯
çPÝ�ª ¨¹°®ñ%Ý�ª�¬Aª«¨¹âá¬®�¨�©«¬[¯-ßá¯±ß�ª«¨¹âá¬®�¨�©«¬3X<°²¨½°®óáßW�±ðáÝ�à�à�¨-âáÝ�°®°²¨½Þ ©«ª�¬®ßW�:¨B�±Ý�ßáÝ�ª«¨�©�¨�Ý�â�¬®°
ª�¬��¡Ý�ª�¬®é
Ý�ß:©«¯�ñá¬®ñá°®¬®¯��¹ª«¨R
X�¯áÙ
q ¬®ßá¯±°Ú©«ª�Ý8¬®ß ©«Ý�ª�Ý�Þ�Þ«¨¹ß:©«Ý
ª�¬®ç%¯¹ª�©�¨¹ª�Ý8°²¨��¡óáßáà�¬®¯±ßáÝ

f
Ý�°²¨&ª�Ý�°²¨¹à�¬®¯±ßáÝ âE2 ¯±ª�âá¬®ßáÝ  ðáÝ

çPÝ�ª�éºÝî©�©«¯±ßá¯ âá¬0ª�¬®�¯±ßáâáóáª�ª�Ý��¬²¨¹Þ��óáß!�¯�âá¬®�ÝÃ¨¹°®°®¯�Þ��ðáÝ�é´¨ÿ�±Ý�ßáÝ�ª«¨¹°®Ý�âá¬0�¯�âá¬�
X�¨
^¡ëV¨¹ñPÝ�°®°²¨Ã·�Ùä·�`�X`çPÝ�ª´¬.�¯�âá¬®î¬.âáÝ�
Xßá¬Ú©«¬5çPÝ�ª&¨¹°®ñPÝ�ª�¬.ßá¯±ß�ª«¨¹âá¬®�¨�©«¬���¬®Ý�ßáÝ-¬®ßá¯±°Ú©«ª�Ý�ª�¬S�
çP¯±ª ©�¨�©«¯ e óX¨¹°®Ý)Þ�¬²¨ ¬®°èßá¯�âá¯
ßáÝ�° e óX¨¹°®Ý)ª«¨¹âá¬®�¨¹ª�Ý¹Ù

ãò³



å5¯±éºÝ �Fßáßá¯ ÛVÝ�ª5¨¹°®ñPÝ�ª�¬ �ËóáßW�±ðáÝ�à�à�¨ *.¬��¡Ý�ª�¬®éºÝ�ß:©«¯
Û[ª����¡Ý�ª ³�ò³+¸ ßá¯±ß�ª«¨¹âá¬®�¨�©«¬

n − 2
[ ·��R\

å5Ý���¬®°®°®Ýç��� ³�&�¹ã ßá¯±ß�ª«¨¹âá¬®�¨�©«¬
n − 1

[ ·��]\
å5Ý���¬®°®°®Ýç����� ³�&�¹ã ßá¯±ß�ª«¨¹âá¬®�¨�©«¬

n − 2
[ ·��]\

§�¯�¯±ß ³�:¶¹µ ª«¨¹âá¬®�¨�©«¬
n − 1

[ ·�ê�\
� ©�¨¹/�����KóáÝ�óáÝ ·¹µ±µ:· ßá¯±ß�ª«¨¹âá¬®�¨�©«¬

n − 2
[ ³�·]\

���ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý ·¹µ±µ±ã ª«¨¹âá¬®�¨�©«¬
n − 1

�KóáÝ�Þ ©�¨�©«Ý�Þ�¬
ëV¨¹ñ%Ý�°®°²¨
·�ÙÚ³�T�*.¬®Ý�çá¬®°®¯��±¯ âáÝ�°®°®Ý��¨¹ª«¨�©�©«Ý�ª�¬®Þ ©«¬®�ðáÝ�âáÝ�¬Ë�¯�âá¬®�¬�Ù

ì¯�âá¬®�Ý
f(Fi) ≺

*5¨¹âá¬®�Ý
Û[ª����¡Ý�ª

{min{v ∈ Fi}}
�

n

å5Ý���¬®°®°®Ýç���
Fi ≤

¬®°�é´¨����±¬®¯±ª�Ý
âáÝ�¬Ë�Ý�ß ©«ª�¬

å5Ý���¬®°®°®Ýç����� {

{bi−1}
Þ�Ý

bi−1

O��¡¯��±°®¬®¨
{min{Fi}}

¨¹°Ú©«ª�¬®é
Ý�ß:©«¬ � °²¨ é´¨¹Þ�Þ�¬®é´¨
�¡¯��±°®¬²¨

§�¯�¯±ß �¯±éºÝ�¬®ß½óáßá¯ºâáÝ�¬Ë�¯ âá¬®�¬Ëçáª�Ý��Ý�âáÝ�ß:©«¬ �

� ©�¨¹������FóáÝ�óáÝ {min{u ∈ Fi :
� �%ñ [u] =

min{
� �%ñ [v] : v ∈ Fi}}

� óáßá¯ºâáÝ�¬
�Ý�ß:©«ª�¬

ëV¨¹ñPÝ�°®°²¨
·�Ùä·!T"Sáóáßáà�¬®¯±ßá¬èâá¬ËÞ��Ý�°Ú©�¨
Ý�ª�Ý�°²¨¹à�¬®¯±ßá¬èâE2 ¯±ª�âá¬®ßáÝ�âáÝ�¬Ë�¯�âá¬®�¬�Ù

ã:·
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å5Ý�°Ëçáª�Ý�Þ�Ý�ß ©«Ý0�¨¹çá¬Ú©«¯±°®¯�Þ«¨¹ª«¨¹ßáßá¯��¹¨¹°®óò©�¨�©«¬è¬Ë�¯±Þ ©«¬<�¯±éºçáóò©�¨¹à�¬®¯±ßX¨�°®¬�âáÝc�±°®¬<¨¹°	�±¯±ª�¬ ©«é
¬
çáª�¯±çP¯±Þ ©«¬�ßáÝ�°Aì¨¹çá¬Ú©«¯±°®¯½·!Xèéº¯¹Þ�©«ª«¨¹ßáâá¯&�¯±éºÝ�XèßáÝ�°®°²¨ºé´¨����±¬®¯±ª5çX¨¹ª ©«Ý âáÝ�¬��¨¹Þ�¬3X�óáßX¨
âá¬®ª�Ýî©�©�¨ ¬®éºçá°®Ý�éºÝ�ß:©�¨¹à�¬®¯¹ßáÝKâáÝ�°®°®Ý�âáÝ�
Xßá¬®à�¬®¯±ßá¬èâáÝ�¬Ë�¯�âá¬®�¬èßá¯±ß��¯±ßáÞ�Ý�ß:©«Ý0âá¬Ë¯¹©�©«Ý�ßáÝ�ª�Ý
¨¹°	�±¯±ª�¬ ©«é
¬�Ý�Vº�¬®Ý�ß:©«¬�Ù
�FßX¨¹°®¬®à�à�¨¹ßáâá¯)çá¬	Y´¬ÚßºâáÝî©�©�¨��±°®¬®¯)¬P�¯ âá¬®�¬PÝ5°32 ¯±ª�âá¬®ßáÝUâá¬PÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝUâáÝ�°®°®Ý��¡¯��±°®¬ÚÝ

âX¨5Ý�Þ�Þ�¬òª�Ý�¨¹°®¬®à�à�¨�©«¯WX�Þ�¬�ª�¬®óáÞ��¬®ª«¨¹ßáßá¯K¨¹â8¯¹©�©«Ý�ßáÝ�ª�Ý�X±ç%Ý�ªV�¬²¨¹Þ��óáßá¯Kâá¬�Ý�Þ�Þ�¬3X��±°®¬�¨¹°	�±¯±ª�¬ ©«é
¬
âá¬è�¯�âá¬�
X�¨�Ý)âáÝ��¯�âá¬�
X�¨
¯¹©�©«¬®éº¬�Ù

#�uct �>���Q�&%����Q��vxw,�X�Ry�w

r ������� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

å5Ý�°®°32 ¬Úéºçá°ÚÝ�éºÝ�ß:©�¨¹à�¬®¯¹ßáÝKçáª�¯±çP¯±Þ ©�¨�ßáÝ�°Ë�¨¹çá¬Ú©«¯±°®¯ çáª�Ý�îÝ�âáÝ�ß ©«Ý0°²¨8ª�¬®�Ý�ª��¨�âáÝ�°®°²¨n�¡¯��±°®¬²¨
âá¬�Ýî©«¬®�ðáÝî©�©�¨�éº¬®ßá¬®éº¨�Xè¨¹â�¯��±ßá¬�çX¨¹Þ�Þ�¯½âáÝ�°[�¬®�°®¯WXèª�¬®�ðá¬®Ý�âáÝ�°²¨&Þ��¨¹ßáÞ�¬®¯¹ßáÝ
âá¬V©«óò©�©«¬[¬
ßá¯ âá¬AâáÝ�°®°32 ¨¹°®ñ%Ý�ª�¯WXË�¬®¯!O

O(n)
©«Ý�éºçP¯áÙ&ÛVÝ�ª0âá¬®éº¬®ß óá¬Úª�Ý�°²¨½�¯±éºçá°®Ý�Þ�Þ�¬Ú©/a&©«Ý�éºç%¯±ª«¨¹°®Ý

Þ�¬çáóWh�ç%Ý�ßáÞ«¨¹ª�Ý�âá¬é´¨¹ß ©«Ý�ßáÝ�ª�Ý&óáßE2 ¯±çáç%¯±ª ©«óáßX¨�Þ ©«ª�óò©�©«óáª«¨�âX¨�©«¬ç%Ý�ª °²¨-°®¬®Þ ©�¨-âáÝî°®°®Ý
�¡¯��±°®¬ÚÝ�X�¬®°3�ðáÝ
çPÝ�ª�éºÝî©�©«Ý�ª�Ý�ñáñ%Ý�âá¬�ª�¬®âáóáª�ª�Ý ¬®°<©«Ý�éºç%¯�ßáÝ��Ý�Þ�Þ«¨¹ª�¬®¯½çPÝ�ª�°²¨´ª�¬®�Ý�ª��¨&âáÝ�°

ã±ã



éº¬®ßá¬Úéº¯�¨
O(log n)

Ù*�Cß�âáÝ�
Xßá¬Ú©«¬��¹¨8©�¨¹°®Ý)¨¹°	�±¯±ª�¬ ©«éº¯ ª�¬®�ðá¬®Ý�âáÝ
O(n log n)

©«Ý�éºç%¯áÙ
q ¬®ß%�±Ý��ÝFç%¯±Þ�Þ�¬®ñá¬®°®Ý.¯�©«©«Ý�ßáÝîª«Ý5¬®°P�¯ âá¬®�ÝFâá¬%Û[ª����¡Ý�ªâá¬Póáß�¨¹°®ñPÝ�ª�¯0¬®ßº©«Ý�éºç%¯

O(n)

[ ³�!X3¸]\3X3°32 ¨¹çáçáª�¯���¬®¯ e óá¬Aª�¬®çP¯±ª ©�¨�©«¯½Þ�Ýc�±óáÝ e óáÝ�°®°®¯½çáª�¯±ç%¯±Þ ©«¯�âX¨-ìðáÝ�ß�Ý>+�¨¹ßW��¬®ß
[ ¸R\3�ðáÝ�Xè¨¹ßá�ðáÝ8Þ�Ý8çá¬	Y��¯±éºçá°®Ý�Þ�Þ�¯WX%ðX¨º¬®°E�¹¨¹ß:©�¨����±¬®¯ºâá¬<ç%¯¹©«Ý�ª5Ý�Þ�Þ�Ý�ª�Ý�¨¹âX¨�©�©�¨�©«¯ºç%Ý�ª
¯¹©�©«Ý�ßáÝ�ª�Ý °32 ¨¹°	�¹¯±ª�¬ ©«é
¯ºçX¨¹ª«¨¹°®°®Ý�°®¯º¯�©«©«¬®é
¯ºçáª�¯±ç%¯±Þ ©«¯&ßáÝ�°[ì`¨¹çá¬Ú©«¯±°®¯ºêáÙs�F°VéºÝ�âáÝ�Þ�¬®éº¯
Þ��¯±çP¯º¨¹ßá�ðáÝ�°²¨8�¯ âá¬�
X�¨ âáÝ�¬èª�Ý�Þ ©�¨¹ß:©«¬è�¯ âá¬®�¬@�±Ý�ª�ª/a8©«ª«¨�©�©�¨�©�¨8¬®ß&é´¨¹ßá¬®Ý�ª«¨8¨¹ßX¨¹°®¯��:¨òÙ
l Þ�Þ�Ý�ª���¬²¨¹éº¯��¯±Þ«¨�¨�%��¬®Ý�ßáÝ�âáóáª«¨¹ß:©«Ý�°32 Ý�Þ�Ý��óáà�¬®¯±ßáÝ�âáÝ�°®°32 ¨¹°��±¯±ª�¬ ©«é
¯8ª�¬®çáª�Ý�ßáâáÝ�ßáâá¯

°32 Ý�Þ�Ý�éºçá¬®¯�âá¬�SV¬	�±óáª«¨
· ÙÚ³0çáª�¯±çP¯±Þ ©«¯ºßáÝ�°Ë�¨¹çá¬Ú©«¯±°®¯ çáª�Ý��Ý�âáÝ�ß ©«Ý¹Ù
q Ý���¬ÚâáÝ�ß ©«Ý´�ðáÝ´çáª�¬®é´¨� ðáÝ´óáßÃßá¯�âá¯

v
�±Ý�ßW�:¨-Þ�Ý�°®Ý�à�¬®¯±ßX¨�©«¯IOºßáÝ��Ý�Þ�Þ�¨¹ª�¬®¯- ðáÝ

©«óò©�©«¯8¬®°PÞ�óá¯8Þ�¯¹©�©�¯±¨¹°®ñ%Ý�ª�¯8Þ�¬²¨j�±¬ a)Þ ©�¨�©«¯ Ý�°®¬®éº¬ÚßX¨�©«¯òÙr�Cßá¯±°Ú©«ª�Ý5Þ�ÝF¬®°Pßá¯ âá¯ âá¬PÝî©«¬® ðáÝî©�©�¨
é´¨¹Þ�Þ�¬®é´¨FßáÝî°XÞ�¯¹©�©«¯:¨¹°®ñPÝ�ª�¯�âá¬

v
O

u 6= v
X:ßáÝ�°áéº¯±éºÝ�ß:©«¯�¬®ß�îóá¬

u
��¬®Ý�ßáÝUÞ�Ý�°®Ý�à�¬®¯±ßX¨�©«¯WX

âá¬3©«óò©�©«¯&¬®°3Þ�¯¹©�©«¯:¨¹°®ñ%Ý�ª�¯´âá¬
v
ßá¯±ß�Þ«¨¹ªba&ª�¬®é´¨¹Þ ©«¯&¨¹°Ú©«ª�¯´�ðáÝ�óáßX¨&�¨�©«Ý�ßX¨&âX¨

u
¨

v
Ù

ëV¨¹°®Ýº�¨�©«Ý�ßX¨�Þ«¨¹ªba-�¯±éºç%¯±Þ ©�¨-âX¨�©«óò©�©«¬ ßá¯�âá¬ éº¬®ßá¯±ª�¬Aâá¬
u
Ý&�ðáÝ e óá¬®ßáâá¬Þ«¨¹ª«¨¹ßáßá¯

Þ�Ý�°®Ý�à�¬®¯±ßX¨�©«¬èßáÝ�¬ËçX¨¹Þ�Þ�¬ËÞ�óáñá¬Ú©«¯
Þ�óá��Ý�Þ«Þ�¬���¬3¨¹°®°²¨8Þ�Ý�°®Ý�à�¬®¯±ßáÝ)âá¬
u
Ù

10

7

1 3

62

5

9

4

8

(4, 0)

(8, 2)

(8, 1)

(8, 0)

(9, 1)

(10, 0)

(9, 0)

(3, 0)(5, 0)

(6, 0)

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®é
¬®ßX¨¹à�¬Ú¯±ßáÝKâáÝ�¬Ëßá¯�âá¬3T

(m,md)
ßá¯�âá¯ ¨¹ª��¯

^�ã�XPµ&` ã ãpÎ �
^¡êWXPµ&` ê ê	Î�³+µ
^3�!XPµ&` � �cÎ �
^"��XPµ&` � �pÎp¶
^�¸�XPµ&` ¸ ¸pÎ�³
^�¸�XË³]` ³ ³HÎp·
^�¸�X%·�` · ·cÎp¶
^"��XPµ&` � �pÎp¶

SV¬	�±óáª«¨�ãòÙÚ³�TAô[Þ�Ý�éºçá¬®¯
âá¬Ë¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯�âáÝ�¬Ëßá¯�âá¬èç%Ý�ª.¬®°è�¯ âá¬®�Ý)âá¬<Û[ª����¡Ý�ª�Ù

å5Ý�°®°²¨TSV¬	�±óáª«¨�ãòÙÚ³�°32 ¨¹°®ñ%Ý�ª�¯&âáÝ�°®°32 Ý�Þ�Ý�éºçá¬®¯&âáÝ�°[�¨¹çá¬Ú©«¯±°®¯&çáª�Ý��Ý�âáÝ�ß:©«ÝÍO�Þ ©�¨�©«¯½ª�¬S�
çP¯±ª ©�¨�©«¯KÞ�Ýc�±ßX¨¹ßáâá¯WX���¬®�¬®ßá¯�¨¹â�¯��±ßá¬�ßá¯�âá¯

v
X:¬®° ßá¯�âá¯�âá¬òÝî©«¬®�ðáÝî©�©�¨Ké´¨¹Þ�Þ�¬®é´¨5âáÝ�°òÞ�óá¯

ã¹ê



Þ�¯¹©�©«¯:¨¹°®ñPÝ�ª�¯�^¡âáÝ�ßá¯±éº¬®ßX¨�©«¯´�¯±ß
m(v)

`.Ý °²¨ºâá¬®Þ ©�¨¹ßáà�¨´©«ª«¨
v
Ý

m(v)
^¡âáÝ�ßá¯±é
¬®ßX¨�©�¨

�¯±ß
dm(v)

`��.ª�¬®Þ�óá°Ú©�¨�Ý���¬®âáÝ�ß:©«Ý� ðáÝ�°32 ¯±ª�âá¬®ßáÝ&âá¬.Ý�°®¬®é
¬ÚßX¨¹à�¬®¯±ßáÝ&âáÝ�¬.ßá¯�âá¬Uª�¬®Þ�ç%Ýî©�©�¨
°32 ¯±ª�âá¬®ßáÝK°®Ý�Þ�Þ�¬®�¯��±ª«¨R
X�¯
âáÝ�°®°²¨ �¯±çáçá¬²¨

(m(v), dm(v))
Ù

�Cß:©«ª�¯�âáóá�¬²¨¹éº¯.¬®ß�
XßáÝ °®ÝA°®¬®Þ ©«Ý
cj

ç%Ý�ª
j
âX¨

1
¨

n
X�¬®ß0�¬²¨¹Þ��óáßX¨.âá¬ Ý�Þ�Þ�Ý�¯±éºçX¨¹¬®¯±ßá¯

©«óò©�©«¬.¬5ßá¯ âá¬
v
ç%Ý�ª´¬ e óX¨¹°®¬ m(v) = j

¬®ß�¯±ª�âá¬®ßáÝ��ª�Ý�Þ��Ý�ß ©«Ý�ª�¬®Þ�ç%Ýî©�©«¯�¨
dm(v)

Ù
�Cß:©«óá¬Ú©«¬��¹¨¹éºÝ�ß:©«Ý.�¬²¨¹Þ��óáßX¨0âá¬ e óáÝ�Þ ©«ÝF°®¬®Þ ©«Ý.ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨8°²¨)�¨�©«Ý�ßX¨0�ðáÝm��¬®Ý�ßáÝ5Ý�°®¬®éº¬ �
ßX¨�©�¨ e óX¨¹ßáâá¯ j

âá¬���¬®Ý�ßáÝ
°²¨��¡¯��±°®¬²¨&âá¬AÝî©«¬®�ðáÝî©�© ¨½éº¬®ßá¬®éº¨òÙ
ë3¯±ª�ßX¨¹ßáâá¯�¨¹°®°32 Ý�Þ�Ý�éºçá¬®¯
çáª�Ý��Ý�âáÝ�ß:©«Ý8Þ�¬Ëª�¬®�¨��¹¨¹ßá¯�°®Ý�°®¬®Þ ©«Ý�T

c3
ª

3 → �
c4

ª
4 → �

c5
ª

5 → �
c6

ª
6 → �

c8

ª
8 → 1 → 2 → �

c9
ª

9 → 7 → �
c10

ª
10 → �

��¬K¨¹Þ�Þ�óáéºÝ�ªba�âá¬Kâá¬ÚÞ«çP¯±ª�ª�Ý�âá¬F°®¬®Þ ©«Ý1Sr��S l ¬®ß �±ª«¨¹âá¯�âá¬Fª�Ý�¨¹°®¬®à�à�¨¹ª�Ý-¬®ß�©«Ý�éºç%¯
�¯±Þ ©�¨¹ß:©«Ý °ÚÝA¯±çPÝ�ª«¨¹à�¬®¯±ßá¬:âá¬:¬®ßáÞ�Ý�ª�¬®éºÝ�ß:©«¯.¬®ß)�¯ âX¨�X�Ý�Þ ©«ª«¨¹à�¬®¯±ßáÝAâX¨¹°®°²¨©«Ý�Þ ©�¨.ÝA�¯±ß ©«ª�¯±°®°®¯
âá¬è°®¬®Þ ©�¨P��óá¯¹©�¨òÙìðá¬²¨¹ª�¬Ú©�¨ °32 ¬®âáÝ�¨�O�¯±ª«¨�ç%¯±Þ�Þ�¬®ñá¬®°®ÝKçáª�Ý�Þ�Ý�ß ©�¨¹ª�Ý0°32 ¨¹°	�¹¯±ª�¬ ©«é
¯WT
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨§ ÎH©8�*Õ�ÎØÌ�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß-ª«¨¹âá¬®�¨�©«¯ºÝî©«¬® ðáÝî©�©�¨�©«¯´Þ�ó

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß!�

©�¨�©«¯ ©«ª�¨�éº¬Ú©«ÝK°®¬®Þ ©«Ý�âá¬Ë¨¹âá¬²¨¹�Ý�ßáà�¨òÙ
à Ý�ÞrÜ�Ý�Þ�ßjN5ß��:Ýî©�©«¯±ª�Ý � ��� ñ�ì âá¬ n− 2

¬®ß ©«Ý�ª�¬P¬®ß
[1..n]

ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹ß ©«ÝK¬®°X�¯�âá¬®�Ý
âá¬ËÛ[ª����¡Ý�ª.âá¬

T
Ù

³±Ù.ª«¨¹âá¬®�¨
T
¬®ß

n
¯¹©�©«Ý�ßáÝ�ßáâá¯WX

∀ v
X
p(v)

Ý
children(v)

·�ÙFì¯±ß½óáßX¨���¬®Þ�¬Ú©�¨ ¬®ß½ç%¯±Þ ©��C¯±ª�âáÝ�ªU�¨¹°®�¯±°²¨�X
∀ v
X
m(v)

Ý
dm(v)

ãòÙFì¯±Þ ©«ª�óá¬®Þ��¬Ë°®Ý�°®¬®Þ ©«Ý
cj

êáÙ � ��� ñ�ì = ()

ã&�



��Ù
j = 0

�òÙkò è æó é ^ � ��� ñ�ìûð�ë&ì ôN�o��� < n − 2
` å â

¶�Ù
j ÏoÏ

¸òÙ ò è æó é ^mÐ	Ñ	Ò cj ð¾ìÔÓ � �ZÕ�` å â
�òÙ

v = cj ð � ì ��ÖØ×
³+µòÙ ¨¹çáçPÝ�ßáâá¬

p(v)
¨ � ��� ñ�ì

�5çX¨¹Þ�Þ�¬.³
Ýº·&ç%¯±Þ�Þ�¯±ßá¯�Ý�Þ�Þ�Ý�ª�ÝºÝ���¬®âáÝ�ß:©«Ý�éºÝ�ß:©«Ý
Ý�Þ�Ýc�±óá¬Ú©«¬[¬®ß�©«Ý�éºç%¯
O(n)

Ù�ÛVÝ�ª
�¯±Þ ©«ª�óá¬®ª�Ý`°®Ý`°®¬®Þ ©«Ý

cj

OUÞ�ó�Vº�¬®Ý�ß:©«Ý.�ðáÝUßáÝ�°áçX¨¹Þ�Þ�¯ ·!X e óX¨¹ßáâá¯ m(v)
��¬®Ý�ßáÝU¬®éºç%¯±Þ ©�¨�©«¯

¨
j
Þ�¬3¨����±¬®óáßW�:¨

v
¬®ß½�¯�âX¨º¨

cj

Ù
iK¨¹°Véº¯±éºÝ�ß:©«¯´�ðáÝ�ßáÝ�°®°²¨
©«¯¹©�¨¹°®¬ ©/a
âáÝ�°®°®Ý8°®¬®Þ ©«Ý0�¯±éºçX¨¹¬®¯±ßá¯´Ý�Þ«¨�©�©�¨¹éºÝ�ß:©«Ý

n
Ý�°®Ý��

éºÝ�ßò©«¬3X8°®Ý�¬®Þ ©�ª�óáà�¬Ú¯±ßá¬ âáÝ�°®°®Ý�ª�¬	�±ðáÝ�� Ýz³+µ �±Ý�ª�ª«¨¹ßáßá¯zÝ�Þ�Ýc�±óá¬Ú©«Ý
O(n)

�:¯±°Ú©«Ý�T�¬®ß
âáÝ�
Xßá¬Ú©«¬���¨�°32 ¨¹°	�±¯±ª ¬Ú©�éº¯ ª�¬®Þ�óá°Ú©�¨ °®¬®ßáÝ�¨¹ª�ÝKÝ)ç%Ý�ª ©�¨¹ß:©«¯º¯¹©�©«¬®éº¯òÙ

r ������� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�Fßá�ðáÝ5ç%Ý�ªA°32 ¨¹°	�±¯¹ª�¬ ©«éº¯Kâá¬XâáÝ��¯�âá¬�
X�¨)çáª�¯±çP¯±Þ ©«¯0ßáÝ�°�ì`¨¹çá¬Ú©«¯±°Ú¯0·!X%O.°32 ¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝ`âá¬
ª�¬®�Ý�ª��¨´âáÝ�°�éº¬®ßá¬Úé
¯&¨&âáÝî©«Ý�ª�éº¬ÚßX¨¹ª�Ý óáß��¯±Þ ©«¯��¯±éºçáóò©�¨¹à�¬®¯±ßX¨¹°ÚÝ8ßá¯¹ß�¬®ß��¡Ý�ª�¬®¯±ª�Ý ¨¹â
O(n log n)

X�Ý�â�¨¹ßá�ðáÝF¬®ß e óáÝ�Þ ©«¯ �¨¹Þ�¯gOFçP¯±Þ�Þ�¬®ñá¬®°®Ý.ª�¬®Þ�¯±°��±Ý�ª�Ý5¬®°Pçáª�¯±ñá°®Ý�é´¨�¬®ßº©«Ý�éºç%¯
°®¬®ßáÝ�¨¹ª�Ý�[ ³�R\�Ù
��¬3¯±Þ�Þ�Ý�ª���¬�¨¹ßáà�¬Ú©«óò©�©«¯º ðáÝ�X�ª�¬®�¯±ª�âX¨¹ßáâá¯º°²¨´Û[ª�¯±çP¯±Þ�¬®à�¬®¯±ßáÝ ·�ÙÚ³±ÙÚ³�X@O0ç%¯±Þ�Þ�¬®ñá¬®°®Ý)¯¹©��

©«Ý�ßáÝ�ª�Ý ¬®°&�±ª«¨¹âá¯5âá¬ �¬²¨¹Þ��óáß8ßá¯�âá¯FßáÝî°®°32 ¨¹°®ñ%Ý�ª�¯.�¯ âá¬�
X�¨�©«¯5Þ«Ýîéºçá°®¬®�Ý�éºÝ�ß ©«ÝAÞ��¯±ª�ª�Ý�ßáâá¯
¬®°*�:Ýî©�©«¯±ª�Ý � ��� ñ�ì XA¯¹©�©«Ý�ßáÝ�ßáâá¯��¯±ÞVU5¬®°*�:Ýî©�©«¯±ª�Ý ñ�ì � ��ì%ì Ù�ô[Þ�Þ�Ý�ßáâá¯�©�¨¹°®ÝºçX¨¹Þ�Þ�¯�ßáÝ��
�Ý�Þ�Þ«¨¹ª�¬®¯�©�¨¹ß:©«¯�ç%Ý�ª e óáÝ�Þ ©«¯ e óX¨¹ß:©«¯
ç%Ýîª.¬�Þ�Ýc�±óáÝ�ß ©«¬<¨¹°��±¯±ª�¬Ú©«é
¬%âá¬èâáÝ��¯ âá¬�
X�¨�XXÞ�Ý�ßáÝ
ª�¬®çP¯±ª ©�¨�Þ�Ý�çX¨�ª�¨�© ¨�éºÝ�ß ©«Ý)°"2 ¬®éºçá°ÚÝ�éºÝ�ß:©�¨¹à�¬®¯±ßáÝ�T

ã��



Ù Æ�ÙTÚ.Ï�Ì�ÙÍÕ ÔsÖgÉoÔ�Ì�ÉoÌ ×�Õ�ÉGË�ÎPÖg×ÍÌ
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì âá¬ n − 1

¬Úß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ß��C°p�:Ýî©�©«¯±ª�Ý ñ�ì � ��ì%ì �¯±ß ©«Ý�ßáÝ�ß:©«Ý)¬®°p�±ª«¨¹âá¯�âá¬Ëî¬²¨¹Þ��óáß�ßá¯ âá¯
ßáÝ�°®°32 ¨¹°®ñPÝ�ª�¯�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì
³±ÙiÛ í!ë �eÜ ë&í � ìÞÝWì � ��ì%ì ^V�o� ñ�ì `hß
·�Ù á%âoã

v = 1 ä â n − 1 å â
ãòÙ ñ�ì � ��ì%ì [ v \ªH³
êáÙ ñ�ì � ��ì%ì [à��� ñ�ì [ n − 1

\�\[ª µ
��Ù á%âoã

i = 1 ä â n − 1 å â
�òÙ ñ�ì � ��ì%ì [à��� ñ�ì [ i \�\ ÏoÏ
¶�Ùhá

Û3Ý�ªFÞ«¨¹ç%Ý�ª�Ý e óX¨¹°®Ý0Þ�¬²¨º°²¨��¡¯��±°®¬²¨�âá¬<Ýî©«¬® ðáÝî©�©�¨ºéº¬®ßá¬Úé´¨�O0Þ�ó�Vº�¬®Ý�ß ©«Ý8Þ��¯±ª�ª�Ý�ª�Ý8¬®°
�±Ýî©�©«¯±ª�Ý ñ�ì � ��ì%ì âX¨¹°®°32 ¬Úßá¬®à�¬Ú¯�
Xßá¯½¨´�ðáÝ ßá¯±ß�Þ�¬V¬®ßá�¯±ß:©«ª«¨´óáß�³±Ùç�<¨Í�¡¯��±°®¬²¨�©«ª�¯�¹¨�©�¨
Þ«¨¹ªba

a1

Ý�âá¯��ªba�Ý�Þ�Þ�Ý�ª�Ý��¯±ßáßáÝ�Þ�Þ«¨�¨�°Fßá¯�âá¯
b1 =

� ��� ñ�ì [ 1 \�Ù¸��Ý b1

ßá¯±ß ¨��±Ý��¹¨

8�±°®¬[¯±°Ú©«ª�Ýº¨�â

a1
ÝºÞ�Ý

b1 < a1
¨¹°®°Ú¯±ª«¨½¨¹°[Þ�Ý��¯±ßáâá¯�çX¨¹Þ�Þ�¯�°32 ¨¹°	�¹¯±ª�¬ ©«éº¯�âá¬A�¯�âá¬�
X�¨

ðX¨�Þ�¬®�óáª«¨¹éºÝ�ß ©«ÝºÝ�°®¬®éº¬ÚßX¨�©«¯
b1
e óá¬®ßáâá¬ a2 = b1

X[¨¹°Ú©«ª�¬ÚéºÝ�ß:©«¬[Þ�¬ âáÝ��:Ý&�Ý�ª��¨¹ª�Ý´óáßX¨
ß óá¯�¹¨��¡¯��±°®¬®¨-âá¬UÝî©«¬®�ðáÝî©�©�¨�éº¬®ßá¬®éº¨�X[é´¨��Ý�ª ©�¨¹éºÝ�ß:©«Ý½ßá¯±ß�éº¬®ßá¯±ª�Ý&âá¬

a1
X �¯±ßò©«¬S�

ß óX¨¹ßáâá¯´¨�Þ��¯±ª�ª�Ý�ª�Ý0¬®°@�:Ýî©�©«¯±ª�Ý ñ�ì � ��ì%ì Ù���Ý�ßáÝ�ª«¨¹°®¬®à�à�¨¹ßáâá¯ e óX¨¹ß:©«¯ºâáÝî©�©«¯ºÞ�¬Ë¯¹©�©«¬®Ý�ßáÝ
°32 ¨¹°	�¹¯±ª�¬ ©«é
¯áÙ
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ«§ ÎH©8�ûÕ�Î Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý � ��� ñ�ì âá¬ n − 2

¬®ß:©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯8Þ«ó

[1..n]
�¯¹ª«ª�¬®Þ�çP¯±ßáâáÝ�ß:©�ÝK¨ � ��� ñ�ì Ù

³±Ù
n =

� ��� ñ�ìûð�ë&ì ôN�o��� + 2

·�Ù � ��� ñ�ì [ n − 1
\?ª

n

ã:¶



ãòÙiÛ í!ë �eÜ ë&í � ìÞÝWì � ��ì%ì ^ � ��� ñ�ì `
êáÙ

T = ([1..n], ∅)

��Ù
a1 = 0

�òÙ
leafIndex = 1

¶�Ùsá%âoã
i = 1 ä â n − 1 å â

¸òÙ æá�^
ai = 0

` ä�è.é#ê
�òÙ ò è æó é ^ ñ�ì � ��ì%ì [ leafIndex

\
6= 1

` å â
³+µòÙ

leafIndex ÏoÏ
³±³±Ù

ai = leafIndex

³�·�Ù
E(T ) = E(T ) ∪ {(ai,

� ��� ñ�ì [ i \ )}
³+ãòÙ ñ�ì � ��ì%ì [ ai

\�âoâ
³�êáÙ ñ�ì � ��ì%ì [ � ��� ñ�ì [ i \�\�âoâ
³]��Ù æá�^ ñ�ì � ��ì%ì [ � ��� ñ�ì [ i \�\ = 1

`�ã>Ðpä ^ � ��� ñ�ì [ i \ < ai

` ä�è.é#ê
³�òÙ

ai+1 =
� ��� ñ�ì [ i \

³�¶�Ù é óZ· é
³+¸òÙ

ai+1 = 0

��Ý0¨¹°èçX¨¹Þ�Þ�¯
i
�CÝ�Þ�¬®éº¯WXò¬®ßáÞ�Ý�ª�Ý�ßáâá¯º°32 ¨¹ª��¯

(ai,
� ��� ñ�ì [ i \ ) XX¬®°E�±ª«¨¹âá¯�âá¬ � ��� ñ�ì [ i \3Þ�¬

ª�¬®âáóá�Ýº¨�â
1
¨¹°®°®¯¹ª«¨&�¬	h½Þ�¬	�±ßá¬�
X�¨& ðáÝº¨¹°[çX¨¹Þ�Þ�¯

i
�CÝ�Þ�¬®é
¯½âáÝ�°®°²¨&�¯�âá¬�
X�¨&©�¨¹°®Ý�ßá¯�âá¯

Ý�ª«¨�âá¬��:Ý�ß óò©«¯�óáßX¨I�¡¯��±°®¬®¨��VÞ�Ý&¬®ßá¯±°Ú©«ª�Ý
°²¨½Þ�óX¨�Ý ©�¬Ú ðáÝî©�©�¨�Ý�ª«¨-¬®ß��¡Ý�ª�¬®¯±ª�Ýº¨ e óáÝ�°®°²¨½âá¬
ai

¨¹°®°®¯±ª«¨�Þ�¬®�óáª«¨¹éºÝ�ß:©«Ý&Þ«¨¹ªba�Þ ©�¨�©«¯�Ý�°®¬®é
¬ÚßX¨�©«¯�¨¹°çX¨¹Þ�Þ�¯
(i + 1)

�CÝ�Þ�¬®éº¯áÙ��Cßf�¡¯±ª�à�¨
âá¬ e óáÝ�Þ ©�¨º¯±Þ�Þ�Ý�ª��¹¨¹à�¬®¯±ßáÝ0°32 ¬®Þ ©«ª�óáà�¬®¯±ßáÝ��¯±ßáâá¬®à�¬®¯±ßX¨¹°®Ý�âá¬<ª�¬	�:¨�³]��âáÝ��¬®âáÝ0Þ�Ý8Þ��Ýc�±°®¬®Ý�ª�Ý
� ��� ñ�ì [ i \F�¯±éºÝQ�¡¯��±°®¬®¨�ç%Ý�ªº¬®°`çX¨¹Þ�Þ�¯ÃÞ�óá��Ý�Þ«Þ�¬��±¯�¯�Þ�ÝB��¨¹ª
Þ�¬.�ðáÝ�X`�¯±ß�¬®°`�¬®�°®¯�âá¬
ª�¬	�:¨P��XáÞ�¬è�Ý�ª��ðá¬ËóáßX¨ ß óá¯�¹¨g�¡¯��±°®¬®¨0âá¬èÝî©«¬®�ðáÝî©�©�¨ éº¬®ßá¬®éº¨òÙ*��¬�¯±Þ�Þ�Ý�ª���¬3Xá¬®ßá¯±°Ú©«ª�Ý�X� ðáÝ

ã±¸



âáóáª«¨¹ß:©«Ý½©«óò©�©�¨�°32 Ý�Þ�Ý��óáà�¬®¯±ßáÝ�âáÝ�°®°32 ¨¹°��±¯±ª�¬ ©«é
¯�¬®°U�¬®�°®¯�âá¬Uª�¬	�:¨���Þ��¯±ª�ª�Ý�¬®°��±Ýî©�©«¯±ª�Ý
ñ�ì � ��ì%ì óáßX¨�Þ�¯±°²¨g�±¯±°Ú©�¨òÙ
iK¨¹°)éº¯±éºÝ�ß:©«¯¤�ðáÝ�©«óò©�©«¬��±°®¬�¨¹°Ú©«ª�¬��¬®�°®¬K�¯±ß:©�¨¹ßá¯

n − 1
¬Ú©«Ý�ª«¨¹à�¬®¯±ßá¬3X5Þ�¬)çáóWh

¨R��Ý�ª�é´¨¹ª�ÝK ðáÝ)°32 ¨¹°	�±¯±ª�¬ ©«é
¯gO)°®¬®ßáÝ�¨¹ª�ÝKÝ)ç%Ý�ª ©�¨¹ß:©«¯º¯¹©�©«¬®éº¯òÙ

#�ub� �Íy %��P|B�Q�¬%��Í�Q�&%�y �Q�f�Ky/������cy

r ������� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

�<¨��¯±éºçá°®Ý�Þ�Þ�¬Ú©/a�âáÝ�°®°32 ¨�°	�±¯±ª�¬ ©«é
¯�çáª�¯±çP¯±Þ ©«¯ºßáÝ�°3ì`¨¹çá¬Ú©«¯±°®¯º·gO0çX¨¹ª�¬Ë¨¹°®°²¨ Þ�¯±éºé´¨ âáÝ�¬
©«Ý�éºçá¬ ¬®éºçá¬ÚÝc�:¨�©«¬±âX¨F¯��±ßá¬ ¬Ú©«Ý�ª«¨¹à�¬®¯¹ßáÝ âáÝ�° �¬®�°®¯áÙr�*2

i
�CÝ�Þ�¬®é´¨.¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝAÞ��±¯±°	�±Ý�X¹�¯±éºÝ

�¯±éºçá¬Ú©«¯.çá¬	Y0¯±ßáÝ�ª�¯±Þ�¯WX¹°32 ¯±ª�âá¬®ßX¨¹é
Ý�ß:©�¯.âá¬
ki

Ý�°®Ý�éºÝ�ß:©«¬3X e óá¬®ßáâá¬ ª�¬®�ðá¬®Ý�âáÝ O(ki log ki)

©«Ý�éºçP¯áÙ5��¯±éºé´¨¹ßáâá¯�¬Ë�¯±ß:©«ª�¬®ñáóò©«¬èâá¬Ë�¬²¨¹Þ��óáßX¨
âáÝ�°®°®Ý
m
¬Ú©«Ý�ª«¨¹à�¬®¯±ßá¬�Þ�¬Ë¯¹©�©«¬®Ý�ßáÝ�T

m
∑

i=1

O(ki log ki) = O

(

m
∑

i=1

ki log ki

)

≤ O

(

n log( max
i∈[1..m]

{ki})

)

å5Ý�°è�¨¹Þ�¯
ç%Ýc���±¬®¯±ª�Ý�X e óáÝ�°®°®¯�¬®ß��óá¬ max{ki} = O(n)
Xá°32 ¨¹°	�±¯±ª�¬ ©«é
¯ ¬®éºçá¬ÚÝc�:¨ e óá¬®ßáâá¬

O(n log n)
©«Ý�éºçP¯áÙ

�Fßá�ðáÝ�¬®ß e óáÝ�Þ ©«¯½�¨¹Þ�¯�Þ�¬VçáóWh&¯¹©�©«Ý�ßáÝ�ª�Ý óáß�¨¹°	�±¯±ª�¬ ©«é
¯´°®¬®ßáÝ�¨¹ª�Ý0ª�¬®�¯±ª�ª�Ý�ßáâá¯�¨¹â
óáß�¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯�âáÝ�¬ ßá¯�âá¬AâáÝ�°®°32 ¨¹°®ñ%Ý�ª�¯áÙQ�Cß:©«ª�¯�âáóá�¬²¨¹éº¯�¬®°Aî¯±ßá�Ýî©�©«¯�âá¬ °®¬S�:Ý�°®°Ú¯½âá¬
óáß�ßá¯ âá¯º¬®ß�óáß-¨¹°®ñ%Ý�ª�¯
ª«¨¹âá¬®�¨�©«¯WT

l(v) =

{

1
Þ�Ý

v
O)óáßX¨��¡¯��±°®¬®¨

1 + max{l(x)∀ x ∈ children(v)}
¨¹°Ú©«ª�¬®é
Ý�ß ©«¬

âá¯�±Ý
children(v)

O)°32 ¬®ßáÞ�¬®Ý�éºÝKâáÝ�¬E
8�±°®¬èâáÝ�°Ëßá¯ âá¯
v
Ù

�UâÃ¯��±ßá¬A¬Ú©«Ý�ª«¨¹à�¬Ú¯±ßáÝ
¬®°[�¯ âá¬®�ÝºÝ�°®¬®éº¬ÚßX¨&âX¨¹°®°32 ¨¹°Úñ%Ý�ª�¯�©«óò©�©«Ýº°®Ý��¡¯��±°®¬ÚÝ�X e óá¬®ßáâá¬ ¨¹°
çáª�¬®éº¯�çX¨¹Þ�Þ�¯�Þ«¨¹ª«¨¹ßáßá¯�Ý�°®¬®éº¬ÚßX¨�©«¬�©«óò©�©«¬ ¬ ßá¯�âá¬ âá¬ °®¬��:Ý�°®°Ú¯�³�X�¨¹° Þ�Ý��¯±ßáâá¯ e óáÝ�°®°®¬Aâá¬
°®¬��±Ý�°®°Ú¯�·�Ý��¯±ÞVU���¬²¨òÙÁ�*2 ¯±ª�âá¬®ßáÝ-âá¬5Ý�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßáÝ�ª�¬®Þ�óá°Ú©�¨ e óá¬®ßáâá¬FÝ�Þ�Þ�Ý�ª�Ý�Ý e óá¬��¹¨]�
°®Ý�ß:©«Ý�¨¹°®°32 ¯±ª âá¬®ßX¨¹é
Ý�ß:©«¯8°®Ý�Þ�Þ�¬®�¯��±ª«¨R
X�¯�âáÝ�¬�ßá¯�âá¬�ª�¬®Þ�ç%Ýî©�©«¯�¨¹°®°²¨0�¯±çáçá¬²¨

(l(v), v)
Ùû�<¨

ã��



SV¬	�±óáª«¨´ãòÙä·ºéº¯±Þ ©«ª«¨´¬.�¹¨¹°®¯±ª�¬3âá¬3©�¨¹°®Ý8�¯±çáçá¬²¨´ç%Ý�ªK°32 ¨¹°®ñ%Ý�ª�¯´âáÝ�°®°32 Ý�Þ�Ý�éºçá¬®¯´âá¬,SV¬	�±óáª«¨
·�Ùä·�Ù

7

2

8

41

9

3

610

5
(0, 3)

(1, 6)

(0, 4)(1, 1)

(0, 8)

(2, 2)

(7, 3)

(0, 9)(1, 10)

(0, 5)

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝKâáÝ�¬Ëßá¯�âá¬3T

(l, v)
ßá¯ âá¯ ¨¹ª��¯

^�µ�XPã&` ã ãpÎ �
^�µ�XXê%` ê ê	Î�³+µ
^�µ�X@��` � �cÎ �
^�µ�XP¸&` ¸ ¸pÎ�³
^�µ�X#�&` � �pÎp¶
^L³�XË³]` ³ ³HÎp·
^L³�X#�&` � �pÎp¶
^L³�Xè³+µ&` ³+µ ³+µpÎp¶
^�·!X%·�` · ·cÎp¶

SV¬	�±óáª«¨KãòÙä·!TVô[Þ�Ý�éºçá¬®¯�âá¬á¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯KâáÝ�¬áßá¯�âá¬áçPÝ�ª[¬®°òÞ�Ý��¯±ßáâá¯0�¯ âá¬®�ÝUâá¬Xå5Ý���¬®°®°®Ý¹Ù

iK¨ e óX¨¹ß ©«¯5éº¯±Þ ©«ª«¨�©«¯.âáÝ�ª�¬��¹¨.¬®°±Þ�Ýc�±óáÝ�ß:©«Ý`¨¹°	�±¯±ª�¬ ©«é
¯WX+ßáÝ�° e óX¨¹°®ÝA�¯±ß Li

Þ�¬ ¬®ßáâá¬®�¨
°²¨ °®¬®Þ ©�¨ âáÝ�¬Ëßá¯�âá¬Ëâá¬è°®¬��:Ý�°Ú°®¯

i
¬®ß½¯±ª�âá¬®ßáÝ�âá¬èÝî©«¬® ðáÝî©�©�¨��ª�Ý�Þ��Ý�ß:©«Ý�T

ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨® Õ�¯�ÏbÉ.É.Õ±°�° Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß-ª«¨¹âá¬®�¨�©«¯ºÝî©«¬® ðáÝî©�©�¨�©«¯´Þ�ó

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß!�

©�¨�©«¯ ©«ª�¨�éº¬Ú©«ÝK°®¬®Þ ©«Ý�âá¬Ë¨¹âá¬²¨¹�Ý�ßáà�¨òÙ
à Ý�ÞrÜ�Ý�Þ�ßjN5ßÍ�±Ýî©�©«¯±ª�Ýk��� ñ�ì âá¬ n−1

¬®ß:©«Ý�ª�¬X¬®ß
[1..n]

ª«¨¹çáçáª�Ý�Þ�Ý�ß:© ¨�ß ©«ÝF¬®°áÞ�Ý��¯±ßáâá¯
�¯ âá¬®�Ý)âá¬<å5Ý���¬®°®°®ÝKâá¬

T
Ù

³±Ù
r
ªI�Ý�ª��¨
¬®°è�Ý�ß:©«ª�¯ºâá¬

T
âá¬ËÝî©«¬®�ðáÝî©�©�¨
é´¨����±¬Ú¯±ª�Ý

·�Ù.ª«¨¹âá¬®�¨
T
¬®ß

r
¯¹©�©«Ý�ßáÝ�ßáâá¯WX

∀ v
X
p(v)

Ý
children(v)

ãòÙFì¯±ß½óáßX¨���¬®Þ�¬Ú©�¨ ¬®ß½ç%¯±Þ ©��C¯±ª�âáÝ�ªU�¨¹°®�¯±°²¨�X
∀ v
X
l(v)

êáÙsá%âoã
v = 1 ä â n å â

��Ù
Ll(v) ð � ÜZ� (v)

�òÙ
maxl = max{l(v) : v ∈ V (T )}

¶�Ùh��� ñ�ì = ()

ê:µ



¸òÙsá%âoã
l = 1 ä â maxl − 1 å â

�òÙ ò è æó é ^mÐ	Ñ	Ò Ll ð¾ìÔÓ � �ZÕ�` å â
³+µòÙ

v = Ll ð � ì ��ÖØ×
³±³±Ù ¨¹çáçPÝ�ßáâá¬

p(v)
¨T��� ñ�ì

�C°èë3Ý�¯±ª�Ý�é´¨&³±Ùä·�Ù ã
¨¹Þ�Þ�¬®�óáª«¨  ðáÝ�°²¨ ª�¬®�Ý�ª��¨ âáÝ�°Ë�Ý�ß:©«ª�¯
âáÝ�°®°32 ¨¹°®ñPÝ�ª�¯ âá¬èÝî©«¬® ðáÝî©�©�¨
é´¨����±¬Ú¯±ª�ÝKçáóWhºÝîÞ«Þ�Ý�ª�Ý0ª�Ý�¨¹°®¬®à�à�¨�©�¨ ¬®ß�©«Ý�éºçP¯
°®¬®ßáÝ�¨¹ª�Ý¹Ù
�C°��¬®�°®¯�âá¬�ª�¬	�:¨&¸��¹¨�âX¨

1
¨

maxl − 1
ç%Ý�ª��ð5�ºÞ�¯±°Ú©�¨¹ß:©«¯�°²¨&ª«¨¹âá¬®�Ý ðX¨�°®¬��±Ý�°®°®¯

çX¨¹ª�¬�¨
maxl

Ý e óáÝ�Þ ©�¨¤ßá¯±ß Þ«¨¹ªba�é´¨¹¬FÞ�Ý�°®Ý�à�¬®¯±ßX¨�©�¨��¯±éºÝ_�¡¯��±°®¬®¨ÃâX¨�Ý�°®¬®éº¬ÚßX¨¹ª�Ý¹Ù
ì¯±éºçá°®Ý�Þ�Þ�¬���¨¹éºÝ�ß:©«Ý½°®Ý�çáª�¬®éºÝ

maxl − 1
°®¬®Þ ©«Ý��¯±ß:©«Ý�ª�ª«¨¹ßáßá¯�Ý�Þ«¨�©�©�¨¹éºÝ�ß ©«Ý

n − 1

Ý�°®Ý�éºÝ�ß:©«¬ e óá¬®ßáâá¬P°®Ý.¬®Þ ©«ª�óáà�¬®¯±ßá¬PâáÝ�°®°®Ý.ª�¬	�±ðáÝ)³+µ0Ý0³±³m�±Ý�ª�ª«¨¹ßáßá¯ Ý�Þ�Ýc�±óá¬Ú©«Ý O(n)
�:¯±°Ú©«Ý�X

°32 ¨¹°	�¹¯±ª�¬ ©«é
¯�ª�¬®Þ�óá°Ú©�¨ e óá¬®ßáâá¬è°®¬®ßáÝ�¨¹ª�Ý�Ý)çPÝ�ª ©�¨¹ß ©«¯
¯¹©�©«¬®éº¯áÙ

r ������� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�*2 ¨¹°	�±¯±ª�¬ ©«é
¯�âá¬UâáÝ��¯�âá¬�
X�¨�çáª�¯±ç%¯±Þ ©«¯�ßáÝ�°5ì`¨¹çá¬Ú©«¯±°®¯�çáª�Ý��Ý�âáÝ�ß:©«Ý-ðX¨��¯±éºçá°®Ý�Þ�Þ�¬Ú©/a
¨¹ßX¨¹°®¯��:¨�¨ e óáÝ�°®°²¨�âáÝ�°®°32 ¨¹°	�¹¯±ª�¬ ©«é
¯�âá¬Ë�¯�âá¬�
X�¨�ç%Ý�ª���¬²¨�âáÝ�°®°32 ¯±ª�âá¬®ßX¨¹é
Ý�ß:©«¯
çáª�Ý�Þ�Ý�ß:©«Ý
¨¹°®°32 ¬Úß:©«Ý�ª�ßá¯�âá¬Ë¯��±ßá¬è¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝKâáÝ�°Ë�¬®�°®¯áÙ
Û3Ý�ª`¯¹©�©«Ý�ßáÝ�ª�ÝFóáß�¨¹°	�±¯±ª�¬ ©«é
¯0°®¬®ßáÝ�¨¹ª�ÝkOFßáÝ��Ý�Þ�Þ«¨¹ª�¬®¯ ª�¬®�ª�Ý�¨¹ª�ÝF°®Ý5°®¬®Þ ©«Ý.¯±ª�âá¬®ßX¨�©«Ý

Li

óáÞ«¨�©«Ý)ßáÝ�°®°32 ¨¹°��±¯±ª�¬ ©«é
¯�âá¬è�¯�âá¬�
X�¨�XáÞ�¬ËâáÝ��:Ý e óá¬®ßáâá¬è�¨¹°®�¯±°²¨¹ª�Ý�Xòç%Ý�ª.¯��±ßá¬ v X l(v)
Ù

iF¯±ç%¯-¨�±Ý�ª0�¨¹°®�¯±°²¨�©«¯�¬®°o�±Ýî©�©«¯±ª�Ý ñ�ì � ��ì%ì �¯±éºÝ���¨�©«©«¯½ç%Ý�ª0°32 ¨¹°	�±¯¹ª�¬ ©«é
¯½âá¬AâáÝ��
�¯ âá¬�
X�¨�¯¹©�©«¬®éº¯8âáÝ�¬è�¯�âá¬®�¬èâá¬èÛ[ª����¡Ý�ªcXXÞ�¬èçáóWh
Þ�óáñá¬Ú©«¯�Þ«¨¹ç%Ý�ª�Ý e óX¨�°®¬èÞ�¬²¨¹ßá¯�°®Ýs�¡¯��±°®¬ÚÝ
âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯�¬®ßá¬®à�¬²¨�°ÚÝ�Xò¯]�%�±Ý�ª�¯º¬Ëßá¯�âá¬èâá¬Ë°®¬��±Ý�°®°Ú¯�³�XáÞ�¬²¨

n1
¬®°è°®¯±ª�¯�ß óáéºÝ�ª�¯áÙ

�Vßá¯�âá¬Xâá¬X°®¬��:Ý�°®°Ú¯0·s�¹¨¹ßáßá¯0ª�¬®�Ý�ª��¨�©«¬á©«ª«¨ e óáÝ�°®°®¬á�¯±ßáßáÝ�Þ�Þ�¬�¨ e óáÝ�°®°®¬Xâá¬X°®¬��±Ý�°®°Ú¯�³�TV°®Ý
n1

�¡¯��±°®¬®ÝKÞ«¨¹ª«¨¹ßáßá¯º�¯±ßáßáÝ�Þ�Þ�Ý ¨¹¬Ëçáª�¬®é
¬
n1

ßá¯�âá¬ËÝ�°®Ý�ßá�¨�©«¬ËßáÝ�°<�¯ âá¬®�Ý¹Ù q Þ�ó�Vº�¬®Ý�ß:©«Ý
e óá¬®ßáâá¬�âáÝ��ª�Ý�éºÝ�ß ©�¨¹ª�Ý�âá¬�³�¬®°p�±ª«¨¹âá¯�âáÝ�¬èçáª�¬®éº¬ n1

ßá¯�âá¬�Ý�°®Ý�ßá�¨�©«¬èßáÝ�°è�¯�âá¬®�Ý�Xò©«óò©�©«¬
êá³



e óáÝ�°®°®¬�¬®°��óá¬E�±ª«¨¹âá¯�ª«¨����±¬®óáßW�±ÝK¬®°#�¹¨¹°®¯±ª�Ý ³)Þ«¨¹ª«¨¹ßáßá¯�°®Ý�ß óá¯�±Ý��¡¯��±°®¬®Ý�X e óá¬®ßáâá¬è¬èßá¯ âá¬
âá¬è°®¬��:Ý�°®°Ú¯
·�Ù
��Ý�ßáÝ�ª«¨¹°®¬®à�à�¨¹ßáâá¯ ©�¨¹°®Ý�çáª�¯��Ý�Þ�Þ�¯´çPÝ�ª.¬ËçX¨¹Þ�Þ�¬ËÞ�óá��Ý�Þ�Þ«¬���¬<Þ�¬Ë¯¹©�©«¬®Ý�ßáÝ�°32 ¨¹°	�±¯±ª�¬ ©«é
¯WT

ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ«® Õ�¯�ÏbÉ.É.Õ±°x° Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì âá¬ n − 1

¬Úß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì Ù

³±Ù
n =

��� ñ�ìûð�ë&ì ôN���o� + 1

·�ÙiÛ í!ë �eÜ ë&í � ìÞÝWì � ��ì%ì ^V�o� ñ�ì `
ãòÙ

n1 = 0

êáÙsá%âoã
v = 1 ä â n å â

��Ù æá�^ ñ�ì � ��ì%ì [ v \,ª ³]` ä�è.é#ê
�òÙ

l(v) = 1

¶�Ù
n1 ÏoÏ

¸òÙ
vcount = n1

�òÙ
l = 1

³+µòÙ
i = 0

³±³±Ùkò è æó é ^ vcount < n
` å â

³�·�Ù á%âoã
j = 1 ä â nl å â

³+ãòÙ
i ÏoÏ

³�êáÙ ñ�ì � ��ì%ì [à��� ñ�ì [ i \�\�âoâ
³]��Ù æá�^ ñ�ì � ��ì%ì [à��� ñ�ì [ i \�\ªH³]` ä�è.é#ê
³�òÙ

l(
��� ñ�ì [ i \ ) = l + 1

³�¶�Ù
nl+1 ÏoÏ

³+¸òÙ
vcount = vcount + nl+1

ê ·



³�òÙ
l ÏoÏ

·¹µòÙsá%âoã
v = 1 ä â n å â

·�³±Ù
Ll(v) ð � ÜZ� (v)

·±·�Ù
T = ([1..n], ∅)

·¹ãòÙ
i = 0

·�êáÙ
maxl = max{l(v) : v ∈ V (T )}

·���Ùsá%âoã
l = 1 ä â maxl − 1 å â

·��òÙ ò è æó é ^mÐ	Ñ	Ò Ll ð¾ìÔÓ � �ZÕ�` å â
·±¶�Ù

i ÏoÏ
·¹¸òÙ

ai = Ll ð � ì ��ÖØ×
·��òÙ

E(T ) = E(T ) ∪ {(ai,
��� ñ�ì [ i \ )}

�C°X�¬®î°®¯�âá¬Xª�¬	�:¨ ³±³���¬®ÝîßáÝ.Ý�Þ�Ýc�±óá¬Ú©«¯�
Xß ©�¨¹ß:©«¯��ð5�.ßá¯±ß�O.ßá¯¹©«¯)¬®°ò°®¬��±Ý�°®°®¯Kâá¬á�¬²¨¹Þ��óáß
ßá¯ âá¯WXPÝ)¬®°ËÞ�óá¯º�¬®�°®¯
¬®ß:©«Ý�ª�ßá¯ºÞ��¯±ª�ª�Ý�XPâáóáª«¨¹ß:©«Ý)©«óò©�©«¯º°32 ¨¹°	�±¯¹ª�¬ ©«é
¯WXá°32 ¬®ß:©«Ý�ª�¯��±Ýî©�©«¯±ª�Ý
âáÝ�°Ë�¯ âá¬®�Ý�X e óá¬®ßáâá¬Ë¬®ß�©«¯¹©�¨¹°®ÝKóáß��¯±Þ ©«¯ºâá¬ O(n)

Ù
�C°Aî¬®�°®¯½âá¬Aª�¬	�:¨�·¹µ��¯±Þ ©«ª�óá¬®Þ��Ý´°®Ý�°®¬®Þ ©«Ý�¯±ª�âá¬®ßX¨�©«Ý

Li

Ý e óáÝ�°®°®¬[âáÝ�°®°®Ý�ª�¬	�±ðáÝº·���Ý
·��8¨����±¬®óáßW�±¯±ßá¯8¨¹°®°32 ¨�°®ñPÝ�ª�¯0¬%Þ�óá¯±¬

n− 1
¨¹ª� ðá¬3X:©«óò©�©«¬%Ý�Þ�Ýc�±óá¯±ßá¯

O(n)
¬Ú©«Ý�ª«¨¹à�¬®¯±ßá¬3X:¬®ß

âáÝ�
Xßá¬Ú©«¬���¨�°32 ¨¹°	�±¯±ª ¬Ú©�éº¯ ª�¬®Þ�óá°Ú©�¨ °®¬®ßáÝ�¨¹ª�ÝKÝ)ç%Ý�ª ©�¨¹ß:©«¯º¯¹©�©«¬®éº¯òÙ

#�u�# $ y�wr���¨%����Q�&%�y �Q���Ky/������cy

r �Dr ��� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

�*2 óáßá¬®�¨�¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝ�¯±ßáÝ�ª�¯±Þ«¨�ßáÝ��Ý�Þ�Þ�¨¹ª�¬²¨¤¨¹°®°32 ¨¹°��±¯±ª�¬ ©«é
¯�çáª�¯±ç%¯±Þ ©«¯¤ßáÝ�°0ì`¨¹çá¬Ú©«¯±°Ú¯
·�O&°²¨-ª�¬®�Ý�ª��¨�âáÝ�°`éº¬®ßá¬®é
¯�©«ª«¨�°®Ý��¡¯��±°®¬ÚÝ´âáÝ�°®°32 ¨¹°®ñPÝ�ª�¯WX��¯±éºÝ��±¬ a-¯±Þ�Þ�Ý�ª��¹¨�©«¯�çPÝ�ª�h
©�¨¹°®Ý.ª�¬®�Ý�ª��¨j��¬®Ý�ßáÝ5¬®ß´ª�Ý�¨�°Ú©/a)Ý���Ýî©�©«óX¨�©�¨8Þ�¯±° © ¨�ß ©«¯)©«ª«¨)°®Ýk�¡¯��±°®¬ÚÝ.âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯)¬®ßá¬®à�¬²¨¹°ÚÝ�T

ê:ã



e óá¬®ßáâá¬rO�ç%¯±Þ�Þ�¬®ñá¬®°®Ý8�ª�Ý�¨¹ª�Ý
óáßX¨&°®¬®Þ ©�¨´¯±ª�âá¬®ßX¨�©�¨&âá¬3©�¨¹°®¬.�¡¯��±°®¬ÚÝ8çáª�¬®é´¨´âá¬�¬®ßá¬®à�¬²¨�ª�Ý8¬®°
�¬®�°®¯áÙo�Cß½©�¨¹°èéº¯�âá¯�°32 ¨¹°	�±¯±ª�¬ ©«é
¯ çáóWhºÝ�Þ�Þ�Ý�ª�Ý0ª�Ý�Þ�¯º°®¬®ßáÝ�¨¹ª�Ý¹Ù
ë3óò©�©�¨���¬²¨�óáß�¨¹çáçáª�¯ ��¬®¯��¯±ÞVUFÞ�Ý�éºçá°®¬®�Ý�ßáÝ�°UÞ�Ý�ª�¬²¨¹°®Ý�ßá¯±ß�Þ�¬.çáª�Ý�Þ ©�¨�¨¹â�Ý�Þ�Þ�Ý�ª�Ý

çX¨¹ª«¨¹°®°ÚÝ�°®¬Úà�à�¨�©«¯½¬®ß�é´¨¹ßá¬®Ý�ª«¨�Ý�Vº�¬®Ý�ß:©«Ý�X.�:Ý�âáª�Ý�éº¯ e óá¬®ßáâá¬A�¯±éºÝ
¯¹©�©«Ý�ßáÝ�ª�Ý´óáß�¨¹°	�±¯R�
ª�¬Ú©«éº¯)¯¹©�©«¬®éº¯0ç%Ýîª e óáÝ�Þ ©«¯ �¯�âá¬®�ÝF�¯±ß&°²¨�©«Ý��ßá¬®�¨8âáÝ�°®°32 ¯±ª�âá¬®ßX¨¹é
Ý�ß:©«¯0°®Ý�Þ�Þ�¬®�¯��±ª«¨R
X�¯
âá¬è�¯±çáçá¬®Ý)óáÞ«¨�©�¨
çPÝ�ª.¬ËâáóáÝ)�¯�âá¬®�¬èçáª�Ý��Ý�âáÝ�ß:©«¬�Ù
å5Ý�°á�¨¹Þ�¯0âáÝ�¬á�¯�âá¬®�¬òâá¬PÛ[ª����¡Ý�ª[¯��±ßá¬áßá¯ âá¯

v
�:Ý�ßá¬���¨��¯±°®°®¯��¨�©«¯KßáÝ�°®°²¨F�¨�©«Ý�ßX¨� ðáÝ

çX¨¹ª ©«¬���¨´âX¨¹°3ßá¯�âá¯&âá¬VÝî©«¬®�ðáÝî©�©�¨´é´¨¹Þ�Þ�¬®é´¨ºßáÝ�°3Þ�óá¯�Þ�¯¹©�©«¯:¨¹°®ñ%Ý�ª�¯
m(v)

�èçPÝ�ª e óáÝ�Þ ©«¯
�¯ âá¬®�ÝF¬®ß&�:Ý��ÝF°®Ý5�¨�©«Ý�ßáÝKçX¨¹ª ©«¯±ßá¯8Þ�Ý�éºçáª�ÝFâX¨¹°®°®Ýk�¡¯��±°®¬ÚÝ�X Þ�¬%âá¯��ªba e óá¬®ßáâá¬%�¨¹°®�¯±°²¨¹ª�Ý�X
çPÝ�ª ¯��±ßá¬áßá¯�âá¯

v
X °²¨�é´¨¹Þ�Þ�¬®é´¨s�¡¯��±°®¬®¨KßáÝ�°XÞ�óá¯0Þ«¯�©«©«¯:¨�°®ñ%Ý�ª�¯áÙ,*.¬®ç%¯±ª ©«¬®¨¹é
¯�¬®ß}SV¬	�±óáª«¨

ãòÙ ã�°32 Ý�Þ�Ý�éºçá¬®¯�âáÝ�°U�¨¹çá¬Ú©«¯±°®¯�çáª�Ý��Ý�âáÝ�ß:©«Ý-Þ�Ýc�±ßX¨¹ßáâá¯WXû��¬®�¬®ßá¯�¨��¬²¨¹Þ��óáß¤ßá¯�âá¯
v
XA¬

��¨¹°®¯±ª�¬[âá¬
f(v)

XVçX¨¹ª�¬ ¨¹°®°32 Ýî©«¬Ú�ðáÝî©�©�¨½âáÝ�°®°²¨½é´¨¹Þ�Þ�¬®é´¨��¡¯��±°®¬®¨�ßáÝ�° Þ�óá¯-Þ�¯¹©�©�¯±¨¹°®ñ%Ý�ª�¯WX3Ý
df(v)

¯�%�±Ý�ª�¯º°²¨�âá¬®Þ ©�¨¹ßáà�¨ ©«ª«¨
v
Ý

f(v)
Ù

7

2

8

41

9

3

610

5
(3, 0)

(5, 1)

(4, 0)(8, 1)

(8, 0)

(8, 2)

(8, 3)

(8, 4)

(4, 1)

(5, 0)

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®é
¬®ßX¨�à�¬®¯±ßáÝKâáÝ�¬Ëßá¯�âá¬"T

(f, fd)
ßá¯ âá¯ ¨¹ª��¯

^�ã�XPµ&` ã ãpÎ �
^¡êWXPµ&` ê ê	Î(³�µ
^¡êWXË³]` ³+µ ³+µpÎ ¶
^3�!XPµ&` � �cÎ �
^3�!XË³]` � ¸pÎ ¶
^�¸�XPµ&` ¸ ¸pÎ(³
^�¸�XË³]` ³ ³HÎ ·
^�¸�X%·�` · ·cÎ ¶

SV¬	�±óáª«¨�ãòÙ ã�TAô[Þ�Ý�éºçá¬®¯
âá¬Ë¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯�âáÝ�¬Ëßá¯�âá¬Ëç%Ý�ª.¬®°%©«Ý�ª�à�¯º�¯�âá¬®�Ý�âá¬<å5Ý���¬®°®°®Ý¹Ù

å5¯±ß�O8ßáÝ��Ý�Þ�Þ«¨¹ª�¬®¯�ª�¬®ç%¯±ª ©�¨¹ª�Ý0Ý�Þ�çá°®¬®�¬Ú©�¨¹éºÝ�ß:©«Ý0¬®°3�¯�âá¬®�Ý8âáÝ�°®°32 ¨¹°	�±¯¹ª�¬ ©«éº¯º¯¹©�©«¬®éº¯
âX¨8éº¯±éºÝ�ß:©«¯8�ðáÝKª�¬®Þ�óá°Ú©�¨0¬®âáÝ�ß:©«¬®�¯�¨ e óáÝ�°®°®¯ âáÝ�Þ��ª�¬Ú©�©«¯ ç%Ý�ª¬��¯ âá¬®�¬%âá¬èÛ[ª����¡Ý�ªcXò�¯±ß
âáóáÝ.éº¬®ßá¬®é
Ý���¨¹ª�¬²¨¹ß ©«¬3T<°32 ¨¹°®ñ%Ý�ª�¯s��¬®Ý�ßáÝ5ª«¨¹âá¬®�¨�©«¯)ßáÝ�°®°²¨s�¡¯��±°®¬®¨Kâá¬XÝî©«¬®�ðáÝî©�©�¨�é´¨¹Þ�Þ�¬®é´¨

ê±ê



Ý-¬®°��¹¨¹°®¯±ª�Ý��¨¹°®�¯±°²¨�©«¯�âX¨¹°®°²¨���¬®Þ�¬Ú©�¨�¬®ß çP¯±Þ ©��C¯±ª�âáÝ�ª´¯±ª«¨ O-°²¨�é´¨¹Þ�Þ�¬®é´¨��¡¯��±°®¬®¨�âáÝ�°
Þ�¯¹©�©«¯:¨¹°®ñPÝ�ª�¯
âá¬

v
Ù

r �Dr ��� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�FßX¨¹°®¯��:¨¹é
Ý�ß ©«ÝA¨ e óX¨¹ß:©«¯FâáÝî©�©«¯FçPÝ�ªV°32 ¨¹°��±¯±ª�¬ ©«é
¯.âá¬ �¯ âá¬�
X�¨�X±¨¹ßá�ðáÝ ¬®ß e óáÝ�Þ ©«¯K�¨¹Þ�¯
¯±ª�âá¬®ßX¨¹ßáâá¯�¨�çáª�¬®¯±ª�¬`°®ÝQ�¡¯��±°®¬®Ý�âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯�
XßX¨¹°®Ý½Þ�¬.çáóWhÃ¯¹©�©«Ý�ßáÝ�ª�Ý�óáß ¨¹°	�±¯±ª�¬Ú©�éº¯
°®¬®ßáÝ�¨¹ª�Ý¹Ù�ÛVÝ�ª
¬®ßáâá¬���¬ÚâáóX¨¹ª�Ý&°®Ý��¡¯��±°®¬®Ý´Þ�¬UçáóWh���¨¹ª ª�¬®�¯±ª�Þ�¯�¨¹°`�¨¹°®�¯±°®¯�âáÝ�°��±ª«¨¹âá¯�âá¬
�¬²¨¹Þ��óáß�ßá¯ âá¯áÙ
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ«® Õ�¯�ÏbÉ.É.Õ±°x°x° Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì âá¬ n − 2

¬Úß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì Ù

³±Ù
n =

��� ñ�ìûð�ë&ì ôN���o� + 2

·�Ùh��� ñ�ì [ n − 1
\
= maxv∈[1..n]{v : @ i

��� ñ�ì [ i \ = v}

ãòÙiÛ í!ë �eÜ ë&í � ìÞÝWì � ��ì%ì ^V�o� ñ�ì `
êáÙsá%âoã

v = 1 ä â n å â
��Ù æá

( ñ�ì � ��ì%ì [ v \ = 1) ä�è.é#ê
�òÙ

L ð � ÜZ� (v)

¶�Ù
T = ([1..n], ∅)

¸òÙ
i = 0

�òÙ
a1 = 0

³+µòÙsá%âoã
i = 1 ä â n − 1 å â

³±³±Ù æá
(ai = 0) ä�è.é#ê

³�·�Ù
ai = L ð � ì � ()

³+ãòÙ
E(T ) = E(T ) ∪ {(ai,

��� ñ�ì [ i \ )}
ê%�



³�êáÙ ñ�ì � ��ì%ì [ ai

\�âoâ
³]��Ù ñ�ì � ��ì%ì [à��� ñ�ì [ i \�\�âoâ
³�òÙ æá�^ ñ�ì � ��ì%ì [à��� ñWì [ i \�\ = 1

` ä�è.é#ê
³�¶�Ù

ai+1 =
��� ñ�ì [ i \

³+¸òÙ é óZ· é
³�òÙ

ai+1 = 0

#�uV´ �>���Q�&%��\��}.~c%,½>¾�¿ÁÀQy ÀQy

ì¯±éºÝZ�±¬ a¤âáÝî©�©«¯ ßáÝ�°0�¨¹çá¬Ú©«¯±°®¯¤çáª�Ý��Ý�âáÝ�ß:©«Ýf�±°®¬0¨¹óò©«¯±ª�¬)âá¬�©�¨¹°®¬)�¯ âá¬®�¬0°®¬�ðX¨¹ßáßá¯
çáª�¯±çP¯±Þ ©«¬8�¯±ßW�±¬®óáß:©�¨¹éºÝ�ß ©«Ý�¨�âáÝc�±°®¬8¨¹°	�±¯±ª�¬ ©«éº¬�âá¬8�¯�âá¬�
X�¨�Ý�âáÝ��¯�âá¬�
X�¨�¯¹©�©�¬Úéº¬
[ ³�·\3XVéºÝ�ß:©«ª�Ý e óáÝî°®°®¬[çáª�Ý�Þ�Ý�ß ©�¨�©«¬AßáÝ�¬`ì`¨¹çá¬Ú©«¯±°Ú¬ ·�Ù ��ÙÚ³´Ý´·�Ù �òÙä·½ª�¬®�ðá¬®Ý�âá¯±ßá¯½Ý�ß ©«ª«¨¹é ñá¬
O(n log n)

¨��¨¹óáÞ«¨
âáÝ�°®°²¨ ª�¬®�Ý�ª��¨�âá¬Ëéº¬®ßá¬®é
¯�¨¹°®°32 ¬Úß ©«Ý�ª�ßá¯ âáÝ�°<�¬Ú�°®¯áÙ

r �¶µi��� ¡\��¢�
�5�m£5�¤
¤���>¥q
����V¦H¥q�

ì¯±éºÝ çPÝ�ªV¬®°:�¯�âá¬®�Ý çáª�Ý��Ý�âáÝ�ß:©«ÝU¨¹ßá�ðáÝ¬®ß e óáÝ�Þ ©«¯K�¨¹Þ�¯FÞ�¬!O Þ��Ý�°Ú©«¯Fâá¬ çáª«ÝîÞ«Ýîß ©�¨¹ª�Ýóáß
¨¹°	�±¯±ª�¬ ©«é
¯&�ðáÝ
çáª�¯��Ý�âX¨�ç%Ý�ª�¯±ª�âá¬®ßX¨¹éºÝ�ß ©«¯&°®Ý�Þ�Þ�¬®�¯��±ª«¨R
X�¯�âá¬[�¯±çáçá¬®Ý�XËßá¯±ßá¯±Þ ©�¨¹ß:©«Ý
°32 ¨¹çáçáª�¯ ��¬®¯&çáª�¯±ç%¯±Þ ©«¯�âX¨��±°®¬V¨¹óò©«¯±ª�¬3¬®ß�[ ³�·\�ßáÝ�°�Þ�Ý�ª�¬²¨¹°®Ý8ª�¬®Þ�óá°Ú©«¬3çá¬	Y�Þ�Ý�éºçá°®¬®�Ý¹ÙjiK¬ �
�±Ý�ª�Þ«¨¹éºÝ�ß:©«Ý`âX¨¹°��¯�âá¬®�Ýçáª�Ý��Ý�âáÝ�ß:©«Ý.çPÝ�ª�hWX±ßá¯±ß Þ�¬òçX¨¹ª ©«¬®ªba.âX¨¹°®°32 ¨¹°��±¯±ª�¬ ©«é
¯5çáª�¯±ç%¯±Þ ©«¯
çPÝ�ª.¬Ë�¯�âá¬®�¬èâá¬<Û[ª����¡Ý�ª.ñ%ÝîßáÞ�UVâX¨ e óáÝ�°®°®¯�âáÝ�°ËÞ�Ý��¯±ßáâá¯´�¯�âá¬®�Ý�âá¬<å5Ý���¬®°®°®Ý¹Ù
�<¨KÞ�¯±Þ ©�¨¹ßáà�¬²¨¹°®Ý`âá¬���Ý�ª�Ý�ßáà�¨K©«ª«¨K¬òâáóáÝ.�¯ âá¬®�¬WOU�ðáÝU¬®ß e óáÝ�Þ ©«¯0�¨¹Þ�¯)¬òßá¯�âá¬áâá¬òóáßá¯

Þ ©«Ý�Þ�Þ�¯�°®¬��:Ý�°®°Ú¯WX�¨¹â�Ý���Ý�àî¬®¯±ßáÝUâá¬ e óáÝ�°®°®¬�âá¬�°®¬��:Ý�°®°Ú¯0³�X±ßá¯¹ß�âáÝ��±¯±ßá¯�Ý�Þ�Þ�Ý�ª�ÝU¯±ª�âá¬®ßX¨�©«¬ ç%Ý�ª
Ýî©«¬®�ðáÝî©�©«Ý.�ª�Ý�Þ��Ýîß ©«¬Pé´¨KÞ�Ý��¯±ßáâá¯0°32 ¯±ª�âá¬®ßáÝ`¬®ß��óá¬Xâá¬��±Ý�ß:©�¨¹ßá¯��¡¯��±°®¬®Ý¹Ù[*.¬®ç%¯±ª ©«¬®¨¹é
¯K¬®ß
SV¬	�±óáª«¨ ãòÙ ê
°32 Ý�Þ�Ý�éºçá¬®¯ âáÝ�°Ë�¨¹çá¬Ú©«¯±°®¯ çáª�Ý��Ý�âáÝ�ß:©«Ý0Þ�Ýc�±ßX¨¹ßáâá¯���¬®�¬®ßá¯
¨��¬²¨¹Þ��óáß½ßá¯�âá¯
¬®°�°®¬��:Ý�°®°Ú¯ Ý)¬®°èß óáéºÝ�ª�¯
âE2 ¯±ª�âá¬®ßáÝ)¨¹°®°32 ¬®ß:©«Ý�ª�ßá¯�âáÝ�°Ë°®¬��±Ý�°®°Ú¯áÙ

ê&�



2

7

4 3

610

5

9

1

8

(2, 3)

(2, 1)

(1, 2)

(1, 4)

(3, 1)

(4, 1)

(1, 5)

(1, 1)(1, 3)

(2, 2)

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝKâáÝ�¬Ëßá¯�âá¬3T

(l, ord)
ßá¯�âá¯ ¨¹ª��¯

^L³�Xè³]` ã ãpÎ �
^L³�XP·�` ê ê	Î�³+µ
^L³�XXã&` � �cÎ �
^L³�Xáê%` ¸ ¸pÎ�³
^L³�X#��` � �pÎp¶
^�·!Xè³]` ³+µ ³+µpÎp¶
^�·!XP·�` � �pÎp¶
^�·!XXã&` ³ ³HÎp·

SV¬	�±óáª«¨�ãòÙ êWTAô[Þ�Ý�éºçá¬®¯
âá¬Ë¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯�âáÝ�¬Ëßá¯�âá¬ËçPÝ�ª.¬®°è�¯�âá¬®�Ýn� ©�¨¹������KóáÝ�óáÝ¹Ù

iK¨ e óX¨¹ß:©«¯�âáÝî©�©«¯�Þ�¬á¯¹©�©«¬®Ý�ßáÝ¬®°�Þ�Ýc�±óáÝ�ß:©«Ý5¨¹°	�±¯¹ª«¬ ©«é
¯WX�ßáÝ�° e óX¨¹°ÚÝ`�¯±ß Li

Þ�¬ò¬®ßáâá¬®�¨
°²¨ °®¬®Þ ©�¨ âáÝ�¬Ëßá¯�âá¬Ëâá¬è°®¬��:Ý�°Ú°®¯

i
ßáÝ�°®°32 ¯±ª�âá¬ÚßáÝ�¬®ß��óá¬ËÞ«¯¹ßá¯ºâá¬��±Ý�ß�óò©«¬E�¡¯��±°®¬ÚÝ�T

ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ � Ð{ÖPÔ�Ã	Ä�ÅÇÆ�Õ@Æ�Õ Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß-ª«¨¹âá¬®�¨�©«¯ºÝî©«¬® ðáÝî©�©�¨�©«¯´Þ�ó

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß!�

©�¨�©«¯ ©«ª�¨�éº¬Ú©«ÝK°®¬®Þ ©«Ý�âá¬Ë¨¹âá¬²¨¹�Ý�ßáà�¨òÙ
à Ý�ÞrÜ�Ý�Þ�ßjN5ßI�±Ýî©�©«¯±ª�Ý8��� ñ�ì âá¬ n − 2

¬®ß ©«Ý�ª�¬Ë¬®ß
[1..n]

ª«¨¹çáçáª�Ý�Þ�Ý�ß ©�¨¹ß:©«Ý8¬®°è�¯�âá¬®�Ý
� ©�¨¹/�����KóáÝ�óáÝ)âá¬

T
Ù

³±Ùsá%âoã
v = 1 ä â n å â

·�Ù æáE^
v
O��¡¯��±°®¬®¨&` ä�è.é#ê

ãòÙ
L1 ð � ÜZ� (v)

êáÙ
l = 1

��Ùh��� ñ�ì = ()

�òÙkò è æó é ^V��� ñ�ìûð�ë&ì ôN���o� < n − 2
` å â

¶�Ù æá�^
Ll ð¾ìÔÓ � �ZÕ�` ä�è.é#ê

¸òÙ
l
²k²

�òÙ
v = Ll ð � ì �E^3`

³+µòÙ Þ�¬²¨
u
°32 óáßá¬®�¯
ßá¯ âá¯´¨¹âá¬²¨¹�Ý�ß:©«Ý0¨

v

ê ¶



³±³±Ù ¨¹çáçPÝ�ßáâá¬
v
¨T��� ñ�ì

³�·�Ù ª�¬®é óá¯��¬èâX¨
T
¬®ß½ßá¯�âá¯

u
Ý)°32 ¨¹ª��¯

(u, v)

³+ãòÙ æáE^
u
O��¡¯��±°®¬®¨&` ä�è.é#ê

³�êáÙ
Ll+1 ð � ÜZ� (v)

�*2 ¨¹°	�±¯±ª�¬ ©«éº¯)ª�¬®Þ�óá°Ú©�¨)çá¬®óò©�©«¯±Þ ©«¯8Þ�Ý�éºçá°®¬®�Ý5¬®ßÍ�¡¯±ª�à�¨8âáÝ�°#��¨�©�©«¯8�ðáÝK¬®°P�¬®�°®¯0ßáÝ��Ý�Þ¾�
Þ«¨¹ª�¬®¯´¨¹°®°²¨��ª�Ý�¨¹à�¬®¯±ßáÝ8âáÝ�°®°®Ý0°®¬®Þ ©«Ý

Ll+1
¨´çX¨¹ª ©«¬®ª�Ý)âX¨

Ll

X%çáóWh&Ý�Þ�Þ�Ý�ª�Ý óò©«¬®°®¬®à�à�¨�©«¯
ç%Ý�ª
�±Ý�ßáÝ�ª«¨¹ª�Ý8âá¬®ª�Ýî©�©�¨¹é´¨¹ß:©«Ý)¬®°Ë�¯�âá¬®�Ý�� e óáÝ�Þ ©«¯&ç%Ý�ª��ð5� °32 ¯±ª�âá¬®ßáÝ)âá¬<Ý�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßáÝ)âáÝc�±°®¬
Ý�°®Ý�éºÝ�ß:©«¬EO)Ý�Þ«¨�©�©�¨¹éºÝ�ß:©«Ý e óáÝ�°®°®¯�âá¬Ë�ª�Ý�¨¹à�¬®¯±ßáÝ)âáÝ�°®°²¨ °®¬®Þ ©�¨òÙ
ë3óò©�©«¯º°32 ¨¹°	�¹¯±ª�¬ ©«é
¯�O)�ðá¬²¨¹ª«¨¹éºÝ�ß:©«Ý�°®¬®ßáÝ�¨¹ª�ÝKÝ e óá¬®ßáâá¬Ë¯¹©�©«¬®éº¯òÙ

r �¶µi��� ¡\��¢�
�5�m£5�¤
¤���>����¥q
����V¦H¥q�

�*2 óá°Ú©«¬®éº¨
¨¹çáçX¨¹ª�¬®à�¬®¯±ßáÝ)âá¬<óáß-ßá¯�âá¯´ßáÝ�°<�¯�âá¬®�Ý0�¯±ª�ª�¬®Þ�ç%¯±ßáâáÝ8¨¹°<çX¨¹Þ�Þ�¯&¬®ß��óá¬�O8âá¬S�
�±Ý�ß óò©«¯��¡¯��±°®¬®¨�� e óá¬®ßáâá¬3X±Þ��¯±ª�ª�Ý�ßáâá¯)¬®°%�±Ýî©�©«¯±ª�ÝH��� ñ�ì âX¨¹°®°²¨�
XßáÝ.¨¹°®°32 ¬Úßá¬Úà�¬®¯WXRO`ç%¯±Þ�Þ�¬®ñá¬®°®Ý
ª�¬®�¯±Þ ©«ª�óá¬®ª�Ý0°32 ¯±ª�âá¬®ßáÝ0¬®ß��óá¬V¬3ßá¯�âá¬3¬®ß ©«Ý�ª�ßá¬3âáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯´Þ�¯±ßá¯&âá¬��:Ý�ß óò©«¬.�¡¯��±°®¬ÚÝ0Þ�Ý�é��
çá°®¬®�Ý�éºÝ�ß:©«Ý0éºÝ�éº¯±ª�¬Úà�à�¨¹ßáâá¯´¯��±ßá¬<ßá¯�âá¯&¬®ß-óáßX¨´çá¬®°²¨Í�{��S l

S
°²¨
çáª�¬®é´¨��:¯±°Ú©�¨
 ðáÝ

°®¯�Þ�¬Ë¬®ßá�¯±ß:©«ª«¨òÙ
ë3óò©�©«¬�¬�ßá¯ âá¬� ðáÝßá¯±ß �¯±éºçX¨¹¬®¯±ßá¯.ßáÝ�°ò�¯ âá¬®�ÝÞ�¯±ßá¯K°®Ýû�¡¯��±°®¬ÚÝAâáÝ�°®°32 ¨¹°®ñ%Ý�ª�¯5¬®ßá¬Úà�¬²¨¹°ÚÝ

Ý e óá¬®ßáâá¬�Þ«¨¹ª«¨¹ßáßá¯�Þ ©�¨�©«Ý�Ýî°®¬®éº¬ÚßX¨�©«Ý ¨¹°®°32 ¬Úßá¬Úà�¬®¯´âáÝ�°®°®¨´�¯�âá¬�
X�¨&¬®ß�¯±ª�âá¬®ßáÝ �ª�Ý�Þ��Ý�ß:©«Ý�X
��¨¹ßáßá¯ e óá¬®ßáâá¬Ë¬®éºçá¬Ú°²¨�©«ÝK¬®ß½¯±ª�âá¬®ßáÝ�¬®ß&�:Ýîª«Þ�¯áÙ
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ � Ð�ÖnÔ�Ã>Ä�ÅÇÆ�Õ@Æ�Õ Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì âá¬ n − 2

¬Úß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì Ù

³±Ù
n =

��� ñ�ìûð�ë&ì ôN���o� + 2

ê:¸



·�Ùh��� ñ�ì [ n − i
\
=
��� ñ�ì [ n − 2

\
ãòÙsá%âoã

v = 1 ä â n å â
êáÙ Ü ï�ì�ñ [ v \,ªæå í!ë!ï�ì
��Ùsá%âoã

i = n − 1 å â{ò ê�ä â 1 å â
�òÙ æá

(
Ð	Ñ	ÒFÜ ï�ì�ñ [à��� ñ�ì [ i \�\ ) ä�è.é#ê

¶�Ù Ü ï�ì�ñ [ v \,ªF� � Ü ì
¸òÙ

S ð � Ü ï � ( ��� ñ�ì [ i \ )
�òÙsá%âoã

v = n å â{ò ê�ä â 1 å â
³+µòÙ æá

(
Ð	Ñ	ÒFÜ ï�ì�ñ [ v \ ) ä�è.é@ê

³±³±Ù
S ð � Ü ï � (v)

³�·�Ù
T = ([1..n], ∅)

³+ãòÙsá%âoã
i = 1 ä â n − 1 å â

³�êáÙ
ai = S ð � � � ()

³]��Ù
E(T ) = E(T ) ∪ {(ai,

��� ñ�ì [ i \ )}
#�u�¸ �>�P|u%��&ÀBz{���g|Q�

*.¬®Ý�çá¬®°Ú¯��:¨¹ßáâá¯WX��±°®¬á¨¹°	�±¯¹ª«¬ ©«é
¬�âá¬á�¯�âá¬�
X�¨�ÝUâáÝ��¯ âá¬�
X�¨)âáÝî¬W�¹¨¹ª�¬á�¯ âá¬®�¬áçáª�¯±ç%¯±Þ ©«¬áßáÝ�°
�¨¹çá¬Ú©«¯±°®¯ çáª�Ý��Ý�âáÝ�ß:©«Ý0ª�¬® ðá¬®Ý�âá¯±ßá¯ ©«óò©�©«¬

O(n log n)
©«Ý�éºçP¯WXX¨¹â½Ý���Ý�à�¬®¯±ßáÝ)âá¬ e óáÝ�°®°®¬

çPÝ�ª
¬®° ©«Ý�ª�à�¯��¯�âá¬®�Ý�âá¬Uå5Ý���¬®°®°®Ý&¬®°�óá¬U�¯±Þ ©«¯�Þ�¬Uª�¬®âáóá�Ý½¨¹â
O(n)

Þ�Ý�éºçá°®¬®�Ý�éºÝ�ß:©«Ý
¯±ª�âá¬®ßX¨¹ßáâá¯
¨
çáª�¬®¯±ª�¬�°®Ýç�¡¯��±°®¬ÚÝKâáÝ�°®°32 ¨¹°®ñ%Ý�ª�¯ ¬®ßá¬®à�¬²¨¹°ÚÝ¹Ù
Û3Ý�ª�©�óò©�©«¬�¬[�¯ âá¬®�¬*O
çP¯±Þ�Þ�¬®ñá¬®°®Ý�ª�¬®�¯±ßáâáóáª�ª�Ý�¬®°�çáª�¯±ñá°®Ý�é´¨&âáÝ�°®°²¨&�¯ âá¬�
X�¨�¨¹â�óáß

¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯&âá¬��¯±çáçá¬®ÝRXË¯¹©�©«Ý�ßáÝ�ßáâá¯½¬®ß�©«óò©�©«¬V¬��¨¹Þ�¬[¨¹°	�±¯±ª�¬ ©«é
¬3âX¨¹°�î¯±Þ ©�¯�çX¨¹ª�¬[¨¹â
O(n)

óò©«¬®°®¬Úà�à�¨¹ßáâá¯´âáÝ�°®°®Ý0°®¬®Þ ©«ÝpSr��S l Ù%ÛVÝ�ªF¯¹©�©«Ý�ßáÝ�ª�Ý éºÝ�âáÝ�Þ�¬®éºÝ0çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬3ç%Ý�ªF°²¨
âáÝ��¯ âá¬�
X�¨�âáÝ�¬U�¯�âá¬®�¬U�¬UÞ�¬.çáóWh�ñX¨¹Þ«¨¹ª�Ý�Þ�óá°.�¨¹°Ú�¯±°®¯�âáÝ�°��±ª«¨¹âá¯WX5��¨�Ý���Ý�à�¬®¯±ßáÝ�¬®°

ê&�



�¯ âá¬®�Ý�� ©�¨¹������KóáÝîóáÝ�¬®°.�óá¬K¨¹°	�±¯±ª�¬ ©«é
¯�âá¬5âáÝ��¯ âá¬�
X�¨�¬®é
çá¬®Ýc�:¨�óáßX¨Ãçá¬®°²¨Z�{��S l Ù
å5Ý�°®°²¨ ëV¨¹ñ%Ý�°®°²¨
ãòÙÚ³)Þ«¯¹ßá¯´ª�¬®ç%¯±ª ©�¨�©«Ý�XáçPÝ�ª5�¬²¨¹Þ��óáß-�¯ âá¬®�Ý�XP°®Ý)âáÝ�
Xßá¬®à�¬®¯±ßá¬ËâáÝ�°®°²¨��¯±ç!�
çá¬²¨ óò©«¬®°®¬®à�à�¨�© ¨8ç%Ý�ª.°²¨ �¯�âá¬�
X�¨�Ý)¬®°èéºÝî©«¯ âá¯
âá¬ËâáÝ��¯�âá¬�
X�¨òÙ

ì¯�âá¬®�Ý ì¯±çáçá¬²¨�âá¬Ë�¯�âá¬�
X�¨ §�Ýî©«¯ âá¯ºâá¬ËâáÝ��¯�âá¬�
X�¨
Û[ª����¡Ý�ª

(m(v), dm(v))
ì`¨¹°®�¯±°®¯�âáÝ�°{�±ª«¨¹âá¯

å5Ý���¬®°®°®Ýç���
(l(v), v)

ì`¨¹°®�¯±°Ú¯�âáÝ�°��±ª«¨¹âá¯
å5Ý���¬®°®°®Ýç�����

(f(v), df(v))
ì`¨¹°®�¯±°®¯�âáÝ�°{�±ª«¨¹âá¯

� ©�¨¹������KóáÝ�óáÝ
(l(v), ord(v))

Û[¬®°²¨��{��S l
ëV¨¹ñPÝ�°®°²¨)ãòÙÚ³�T�ì`¨¹ª«¨�©�©«Ý�ª�¬®Þ ©«¬®�ðáÝ.âáÝc�±°®¬X¨¹°	�±¯±ª�¬ ©«é
¬òâá¬X�¯�âá¬�
X�¨�Ý.âáÝ��¯�âá¬�
X�¨)âáÝ�¬X�¯�âá¬®�¬�Ù

�¹µ



; <>= É@?BADCEA ç
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�Cß e óáÝ�Þ ©«¯Ã�¨¹çá¬Ú©«¯±°®¯�Þ�¬UÞ ©«óáâá¬®Ý�ªba�°²¨�çP¯±Þ�Þ�¬®ñá¬®°®¬Ú©/a-âá¬U�¯�âá¬�
X�¨¹ª�Ý½Ý½âáÝ��¯�âá¬�
X�¨¹ª�Ý�XÞ�ó
�¨¹°®�¯±°²¨�©«¯±ª ¬�çX¨¹ª«¨¹°Ú°®Ý�°®¬"X ©«óò©�©«¬è¬è�¯�âá¬®�¬p��¬®Þ ©«¬èßáÝ�°è�¨¹çá¬Ú©«¯±°®¯ çáª�Ý��Ý�âáÝ�ß:©«Ý±Ù5�C°èéº¯�âáÝ�°®°®¯8âá¬
é´¨¹��ðá¬®ßX¨&ç%Ý�ª)�óá¬*�±°®¬�¨¹°	�±¯±ª�¬ ©«é
¬VÞ«¨¹ª«¨¹ßáßá¯½çáª�¯±ç%¯±Þ ©«¬oO
°²¨�Û�*k��§ �ðáÝº�¯±Þ ©«¬Ú©«óá¬®Þ��Ý
óáßX¨���¨¹°®¬®âX¨
¨¹Þ ©«ª«¨¹à�¬®¯±ßáÝK©«Ý�¯±ª�¬®�¨�âáÝ�°®°®Ý�ª�Ý�¨¹°®¬Ëé´¨¹��ðá¬®ßáÝ�çX¨¹ª«¨¹°®°®Ý�°®Ý¹Ù*�Cß�çX¨¹ª ©«¬®�¯±°²¨¹ª�ÝK�¬
Þ�¬%ª�¬��¡Ý�ª�¬®ªba)¨¹°®°²¨)Û�*k��§>ô�*5ô,+ X�©�¨¹°®Ý.Þ��Ý�°Ú©�¨PO5âá¯]��óò©�¨8¨¹°#��¨�©�©«¯0 ðáÝ e óáÝ�Þ ©«¯�O5¬®°Pçá¬	Y
âáÝ�ñP¯±°®Ý)âáÝ�¬Ëéº¯�âáÝ�°®°Ú¬��¯±é óáßáÝ�éºÝ�ß:©«Ý�©«ª«¨�©�©�¨�©«¬è¬®ß½°®Ýî©�©«Ý�ª«¨�©«óáª«¨òÙ

�AÝ�ª�ª«¨¹ßáßá¯ çáª�¯±ç%¯±Þ ©«¬%âX¨¹çáçáª�¬®é´¨)©«óò©�©«¬@�±°®¬%¨¹°	�±¯±ª�¬ ©«é
¬Xâá¬��¯ âá¬�
X�¨�Xò¯¹©�©«Ý�ß óò©«¬�¨¹âX¨�©��
©�¨¹ßáâá¯ e óáÝ�°®°®¬Uçáª�Ý�Þ�Ý�ß:©�¨�©«¬.ßáÝ�°5ì`¨¹çá¬Ú©«¯±°®¯�ãòÙU�Cß�Þ�Ýc�±óá¬Ú©«¯��¬.Þ�¬U¯���óáçPÝ�ªba�âáÝ�°®°²¨�âáÝ��
�¯ âá¬�
X�¨Ãé´¨�°32 ¨¹çáçáª�¯ ��¬®¯Ãóò©«¬®°®¬Úà�à�¨�©«¯�ßáÝ�°5çáª�Ý��Ý�âáÝ�ß ©«Ý��¨�çá¬Ú©«¯±°®¯WXÞ�¯±Þ ©�¨¹ßáà�¬²¨¹°®éºÝ�ß:©�Ý
ñX¨¹Þ«¨�©«¯ Þ�óá°��¨¹°®�¯±°®¯8âáÝ�°p�±ª«¨¹âá¯ âá¬%¯��±ßá¬�ßá¯ âá¯
¨8çX¨¹ª ©«¬®ª�Ý5âX¨¹°��¯�âá¬®�ÝRXáÞ«¨¹ªba8Þ�¯±Þ ©«¬Ú©«óá¬Ú©«¯
âX¨º©«Ý��ßá¬®�ðáÝ �ðáÝ Þ�¯±ßá¯��¡¯±ßáâX¨�©«Ý8Þ�óá°®°²¨ºâáÝî©«Ý�ª�éº¬®ßX¨�à�¬®¯±ßáÝ0âáÝ�°®°32 óá°Ú©«¬®éº¨
¯ ��¯±ª�ª�Ý�ßáà�¨&âá¬
�¬²¨¹Þ��óáß�ßá¯ âá¯ºßáÝ�°Ë�¯�âá¬Ú�Ý¹Ù

´Quct è �Ø�n�jwr��}r�����Q�º%��Í�Q�êéP%�~

å5Ýc�±°®¬ ¨¹°	�±¯±ª�¬Ú©«é
¬0 ðáÝ¤Þ«¨¹ª«¨¹ßáßá¯ âá¬�Þ�Ýc�±óá¬Ú©«¯ çáª�¯±çP¯±Þ ©«¬�Þ�¬
¨¹Þ�Þ�óáéºÝ�ªba �ðáÝ�°32 ¨¹°®ñPÝ�ª�¯
¬®ß�¬®ßáçáóò©
Þ�¬²¨�ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨�©«¯�©«ª«¨¹éº¬Ú©«Ý´óáßX¨�Þ ©«ª�óò©�©«óáª«¨�âX¨�©«¬`¬®âá¯¹ßáÝ�¨�¨¹°`�¨¹°®�¯±°®¯�Ý�� �

��³




X�¬®Ý�ß:©«Ý.âáÝ�°Xë3¯±óáªAâá¬Pô[óá°®Ý�ª�¯W� Þ�¬W�±Ý�âX¨0¨�©�¨¹°ÚÝUª�¬	�±óX¨¹ª�âá¯�°²¨�âá¬®Þ��óáÞ�Þ�¬®¯±ßáÝ.çáª�¯±çP¯±Þ ©�¨)ßáÝ�°
çX¨¹ª«¨��±ª«¨R�¡¯�³±Ù ãòÙÚ³±Ù
�<¨Fª�¬®Þ�¯±°®óáà�¬®¯±ßáÝ âáÝ�°òçáª�¯±ñá°®Ý�é´¨5âáÝ�°®°®¨5�¯�âá¬�
X�¨FâáÝ�¬ò�¯�âá¬®�¬�âá¬áÛ[ª����¡Ý�ª�ßáÝ�°òçX¨¹ª«¨¹°®°ÚÝ�°®¯

Þ�¬<âáÝ��:Ý ¨���ª�Ý�Ý�ßá°²¨{zjXqëF¨�°®°®â5ì±ª�Þ�Þ�¯±ß�Ý Û3Ýî©«ª�Ý�Þ��ðá¬��ðáÝ8¬®ß [ ³�R\3ª«¨RVºßX¨¹ßá¯´°32 ¨¹°	�±¯±ª ¬Ú©�éº¯
çáª�Ý�Þ�Ý�ß:©�¨�©«¯ÃâX¨ ��ª�Ý�Ý�ßá°²¨{z Ý�ÛVÝî©«ª�Ý�Þ��ðá¬5¬®ßÊ[ ³+¶]\.Ý�°®¬®éº¬ÚßX¨¹ßáâá¯�¬®°U�¯±°®°®¯�âá¬Uñ%¯¹©�©«¬	�±°®¬®¨
ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨�©«¯FâX¨¹°®°32 ¯±ª�âá¬ÚßX¨¹éºÝ�ß:©«¯áÙVì¯±ß ¨¹°®�óáßáÝAÞ�Ý�éºçá°®¬®�¬:éº¯ âá¬�
X ðáÝAÞ«¨¹ªba.ç%¯±Þ�Þ�¬®ñá¬®°®Ý
¯¹©�©«Ý�ßáÝ�ª�Ý�âX¨ e óáÝ�Þ ©«¯�óáß�¨¹°	�±¯±ª�¬ ©«éº¯-¯¹©�©«¬®éº¯�çPÝ�ª
°®¨��¯�âá¬�
X�¨�âáÝ�°`©«Ý�ª�à�¯��¯ âá¬®�Ý�âá¬
å5Ý���¬®°®°®Ý¹Ù
Û3Ý�ª5�¬	h� ðáÝ)ª�¬	�±óX¨¹ª�âX¨�¬èª�Ý�Þ ©�¨¹ß ©«¬Ë�¯�âá¬®�¬3XWiFÝ�¯´Ý8§�¬®�¬	�¹Ý���¬®�¬®óáÞj[ ³±³c\ËðX¨¹ßáßá¯ºçáª�¯R�

çP¯±Þ ©«¯�âáÝc�±°®¬%¨¹°	�±¯±ª�¬Ú©«é
¬XÝ�Vº�¬®Ý�ß:©«¬3Xòé´¨0ßá¯±ß&¯¹©�©«¬®éº¬"X ç%Ý�ª¯¹©�©«Ý�ßáÝ�ª�ÝK¬®°%Þ�Ý��¯±ßáâá¯��¯ âá¬®�Ý
âá¬Ëå5Ý���¬®°®°®Ý�Ýîâ-¬®°��¯�âá¬®�ÝP� ©�¨¹/�����KóáÝ�óáÝ)âá¬ËóáßI�±Ý�ßáÝ�ª�¬®�¯º¨¹°®ñ%Ý�ª�¯áÙ

µi������� ��
�����¥q�8���>í1��îiïE���

iF¯±çP¯�¨��:Ý�ª�ª«¨¹âá¬Ú�¨�©«¯�°32 ¨¹°®ñPÝ�ª�¯WX�°32 ¨¹°	�±¯±ª�¬ ©«é
¯´çáª�¯��Ý�âáÝ��¨¹°®�¯±°²¨¹ßáâá¯&°²¨´é´¨¹Þ�Þ�¬®é´¨´Ýî©«¬S�
�ðáÝî©�©�¨�ßáÝ�°FÞ�¯¹©�©«¯:¨¹°®ñPÝ�ª�¯�âá¬5�¬²¨¹Þ��óáß ßá¯�âá¯

i
X Ó8í�ð ôx� ñ�ì [ i \�ÙF�[Ý�ßW�±¯±ßá¯�ç%¯±¬5�ª�Ý�¨�©«Ý

°®Ý��¨�©«Ý�ßáÝ��¯±°®°®Ýc�:¨¹ßáâá¯¤óáß ßá¯�âá¯ ¨¹°�çX¨¹âáª�Ý�Þ�ÝÃ�¯±ßáâá¬���¬®âáÝ��¯±ß Ý�Þ�Þ�¯ ¬®°ç��¨¹°®¯±ª�Ý�âá¬
Ó8í�ð ôx� ñ�ì Ùk�CßI
XßáÝj��¬®Ý�ßáÝ0âáÝî©«Ý�ª�éº¬®ßX¨�©«¯º°32 ¯±ª�âá¬®ßáÝ�âá¬<Ý�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßáÝ)âá¬<�¬²¨¹Þ��óáß-ßá¯�âá¯
i
X Þ�¯±éºé´¨¹ßáâá¯)°²¨)Þ�óX¨)ç%¯±Þ�¬®à�¬®¯±ßáÝ.ßáÝ�°®°²¨��¨�©«Ý�ßX¨)�¯±ß´°²¨�âá¬®éºÝ�ßáÞ�¬®¯±ßáÝ.âáÝ�°®°®ÝU�¨�©«Ý�ßáÝ5 ðáÝ
�±Ý�ª�ª«¨¹ßáßá¯ºÝ�°®¬®éº¬ÚßX¨�©«ÝKçáª�¬®é´¨8âá¬ e óáÝ�°®°²¨��óá¬ i ¨¹çáçX¨¹ª ©«¬®Ý�ßáÝ�Ù
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨§ ÎH©8�*Õ�ÎyñEÖgÎPÖgÉ.É.Õ�ÉoÌ�Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß½ª«¨¹âá¬®�¨�©«¯�Ýî©«¬® ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
Ù

à Ý�ÞrÜ�Ý�Þ�ß��C°@�±Ýî©�©«¯±ª�Ýp��� ñ�ì âá¬ n− 2
¬®ß ©«Ý�ª�¬P¬®ß

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹ß ©«ÝK¬®°P�¯�âá¬®�ÝFâá¬

Û[ª����¡Ý�ª.âá¬
T
Ù

�±·



³±Ù 9��&¬ © ±b�Í£�ª ��£�¤�¥�¦b� © ¢ n

³±ÙÚ³��¨¹°®�¯±°²¨ ¬®°èë<¯±óáª.âá¬<ô[óá°®Ý�ª�¯
âá¬
T³±Ùä·�ª«¨¹âá¬®�¨

T
¬®ß

n
¯¹©�©«Ý�ßáÝ�ßáâá¯WX

∀ i
X � í���ì ôZ�p[ i \

·�Ù jû��£	±/�R£���£���«Í� ¨/¨�© «Í��¥�� © ±/²8¥��"�ü�Q¬%¥ © ¢p�¬ © ¢p¥�£ ¨ �R�"� ����£�¤�¥�¦b��¬ © �b¯�¢ © ¢p��¬%�
·�ÙÚ³��¨¹°®�¯±°²¨ °32 ¨¹°®ñ%Ýîª«¯ ª�Ýc�±¯±°²¨¹ª�Ý

TR

�¯±ª�ª�¬®Þ�ç%¯±ßáâáÝ�ß:©«Ý0¨
T·�Ùä·�ç%Ý�ª5¯��±ßá¬<ßá¯ âá¯

i
�¨¹°®�¯±°²¨ Ó8í�ð ôx� ñ�ì [ i \3X�°²¨
é´¨¹Þ�Þ�¬®é´¨ Ýî©«¬® ðáÝî©�©�¨
âáÝ�¬3ßá¯ âá¬ßáÝ�°ËÞ�¯¹©�©«¯:¨¹°®ñ%Ý�ª�¯�âá¬

T
ª«¨¹âá¬®�¨�©«¯
¬®ß

i
Xáóò©«¬®°®¬®à�à�¨¹ßáâá¯�¬®°�*5¨��±Ý)Þ�ó

TR

ãòÙ �û¯�¢ © ¢p��¬%��£	¥ü¯¯%¥ © £5ò�óõôZöx÷�øNùQ¬%¥�£ ° �%¬�¦b¥
ãòÙÚ³dá%âoã

i = 1 ä â n úRö ã å âãòÙä· � í���ì ôZ� Ó8í�ð ôx� ñ�ì [ i \ = Ó8í�ð ôx� ñ�ì [ � í���ì ôZ�p[ i \�\
êáÙ jo¦b¥b�Í£	¥g±/��� ¥�¢p¥

êáÙÚ³dá%âoã
i = 1 ä â n úRö ã å âêáÙä· æáZ^ � í���ì ôZ� Ó8í�ð ôx� ñ�ì [ i \ = Ó8í�ð ôx� ñ�ì [ i \` ä�è.é#êêáÙ ã �e� í5û ôE[ i \[ª � í���ì ôZ�p[ i \êáÙ ê é óZ· éêáÙ�� �e� í5û ôE[ i \[ª ê.ø ó!óêáÙ �¤Ý�Þ�Ýc�±óá¬`¬®°��Ë¬®Þ ©>*5¨¹ßW� ¬®ßW��Þ�ó\�e� í5û ôE[ \.¯¹©�©«Ý�ßáÝ�ßáâá¯WXAç%Ý�ª ¯��±ßá¬ßá¯�âá¯ i

X[¬®°
�¹¨¹°®¯±ª�Ý � � ïZû � û �]ôqü�ô5ÛÞ� í5û ô{[ i \

��Ù jû��£	±/�R£�� © £{¢8¡!«�¥�¦b��¬ © ¥�£	¥�«�¥�¢8� ©@° ¦b¥ ¨ ¥�¢8� © ¢p¥�££	¥g±b��� ¥�¢p¥ ° ¦b¥/±�¥b¬%¥�¢8� ©
��ÙÚ³ jû��£	±/�R£��B£��_¬ © «�¥�¢ ¨�© �R¢p¥�¬ © �b¯�¢ © ±b��� ¥�¢@� § �ÔQeQ�¥�¦/� © £o¦���¢!¯%�I¬%¥�££�ª ¡!£ � © «��¢p��¬%�
��ÙÚ³±ÙÚ³fá%âoã

i = 1 ä â n úRö ã å â��ÙÚ³±Ùä· æá�^V�e� í5û ôE[ i \ = ê.ø ó!ó!` ä�è.é#ê��ÙÚ³±Ù ã �e� í5û ô ïZûõý�ì [ i \ =
� � ïZû � û �]ôqüô5ÛÞ� í�û ôE[ i \��ÙÚ³±Ù ê�çáª�¯±çX¨��:¨½¬®ßW ª�¯:¨¹âá�¨¹Þ ©8°²¨½âá¬®éºÝ�ßáÞ�¬®¯±ßáÝ
âá¬ ¯��±ßá¬A�¨�©«Ý�ßX¨-¨½©«óò©�©«¬ ¬

Þ�óá¯±¬ËÝ�°®Ý�éºÝ�ß:©«¬

�¹ã



��Ùä· jû��£	±/�R£�� §k° ¥�¦Q£��Z� ¥ ¨ �ü�f¬ © �b¯�¢ © ±b��� ¥�¢@� § £�� ¨ �R«�«Í�d¬%¥�££	¥I¬ © «�¥�¢ ¨�© �R¢ ©¬%¥�££	¥g±b��� ¥�¢p¥ ° ¦b¥/±/¥b¬%¥�¢8� ©��Ùä·�ÙÚ³fá%âoã
i = 1 ä â n úRö ã å â��Ùä·�Ùä· æá�^ � � ïZû � û �]ôqüô5ÛÞ� í�û ôE[ i \ = 1

` ä�è.é#ê��Ùä·�Ù ã � ��ì�î ÛÞ� í5û ô�þ ûÔý�ì [ i \ =
�e� í5û ô ïZûõý�ì [ i \��Ùä·�Ù ê é óZ· é � ��ì�î ÛÞ� í5û ôxþ ûõý�ì [ i \ = 0��Ùä·�Ù��¤Ý�Þ�Ýc�±óá¬ËÞ�¯±éºéºÝ�çáª�Ý�
XÞ�Þ�Ý0Þ�ó � ��ì�î ÛÞ� í5û ô�þ ûõýWì [ \��Ùä·�Ù � á%âoã

i = 1 ä â n úRö ã å â��Ùä·�Ùä¶ æá�^ � � ïZû � û �]ôqüô5ÛÞ� í�û ôE[ i \ = 1
` ä�è.é#ê��Ùä·�Ù ¸ � ��ì�î ÛÞ� í5û ô�þ ûÔý�ì [ i \ = � ��ì�î ÛÞ� í5û ô�þ ûõýWì [ i \&���e� í5û ô ïZûõý�ì [ i \��Ùä·�Ù � é óZ· é � ��ì�î ÛÞ� í5û ôxþ ûõý�ì [ i \ = 0��Ù ã¤çáª�¯±çX¨��:¨&¬®ßÿ ª�¯:¨¹âá�¨¹Þ ©�¬®°.�¹¨¹°®¯±ª�Ý8âá¬ � ��ì�î ÛÞ� í5û ô�þ ûõý�ì Þ�ó�¯��±ßá¬V�¨�©«Ý�ßX¨¨�çX¨¹ª ©«¬®ª�Ý�âX¨¹°®°²¨8©«Ý�Þ ©�¨

�òÙ jû��£	±/�R£���£�ª �R¦�¬ © ¢p¥P¬ © ¦ © «���µ © �R¢p¥
�òÙÚ³dá%âoã

i = 1 ä â n úRö ã å â�òÙä· ��ìÔÓ � îWí!ë [ i \ =
� ��ì�î ÛÞ� í5û ôxþ ûõý�ì [ i \ +

� � ïZû � û �]ôqü�ô5Û�� í5û ô{[ i \
¶�Ù jo¦b¥b� © £r±/��¬ © ±/¥

¶�ÙÚ³dá%âoã
i = 1 ä â n úRö ã å â¶�Ùä· æáZ^ ��ìÔÓ � îWí!ë [ i \ ≤ n − 2

` ä�è.é#ê¶�Ù ã ��� ñ�ì [ ��ìÔÓ � î8í!ë [ i \�\ =
� í���ì ôZ�p[ i \

Û3Ý�ª¬Pë3Ý�¯±ª�Ý�éº¬<³±Ù ãòÙÚ³±³FÝ0³±Ù ãòÙÚ³�·)¬®°XçX¨¹Þ�Þ�¯&³FçáóWh8Ý�Þ�Þ�Ý�ª�ÝKÝ�Þ�Ýc�±óá¬Ú©«¯8Þ�ó&óáßX¨8Û�*k��§
ô�*5ô,+ ¬®ß
©«Ý�é
ç%¯

O(log n)
�¯±ß

n/ log n
çáª�¯ �Ý�Þ�Þ�¯±ª�¬3�ò¨¹ßX¨¹°®¯��±ðáÝU°®ÝUçáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬XâáÝ�°

çX¨¹Þ�Þ�¯&· ¬®ßQ�¡¯±ª�à�¨�âáÝ�¬è©«Ý�¯±ª�Ý�éº¬�³±Ù ãòÙ�� Ý
³±Ù ãòÙ �òÙ
å5Ý�°Ëª�Ý�¨�°®¬®à�à�¨¹ª�ÝK¬®°��¬®�°®¯�âá¬è�óá¬<¨¹°èçX¨¹Þ�Þ�¯ºã�O�ßáÝ��Ý�Þ�Þ«¨¹ª�¬²¨
çX¨¹ª ©«¬®�¯±°²¨�ª�Ý�¨�©�©«Ý�ßáà�¬®¯±ßáÝ

çPÝ�ª3Ý���¬Ú©�¨¹ª�ÝA°®Ýî©�©«óáª�Ý �¯±ßá�¯±ª�ª�Ý�ß:©«¬3T<Þ��¡ª�óò©�©�¨¹ßáâá¯5°²¨UÞ ©«ª�óò©�©«óáª«¨5âá¬
TR

Þ�¬ çáóWhk��¨¹ª<°®Ýc���±Ý�ª�Ý
¬®°R�¹¨¹°®¯±ª�Ý[âáÝ�°:ßá¯�âá¯.çX¨¹âáª�Ý�X�çáª�¬®é´¨U¨`©«óò©�©«¬±¬�
8�±°®¬¹Þ�¬®ßá¬®Þ ©«ª�¬±ÝAÞ�¯±°Ú©�¨¹ß:©«¯.¬®ß�Þ�Ýc�±óá¬Ú©«¯5¨U©«óò©�©«¬
¬!
8�±°®¬�âáÝ�Þ ©«ª«¬�Ùo�C°òß�óáéºÝ�ª�¯K©«¯¹©�¨¹°®ÝâáÝ�°®°®Ý¯±ç%Ý�ª«¨¹à�¬®¯±ßá¬�Ý�Þ�Ýc�±óá¬Ú©«Ý�O e óá¬®ßáâá¬ O(|V (TR)|) =

O(n)
X.Ý��¯±ß óáß ¨�©�©«Ý�ß ©�¨�¨¹çáçá°®¬®�¨¹à�¬®¯±ßáÝ�âáÝ�°KÛ[ª�¬®ßá�¬®çá¬®¯Ãâá¬ç�� ðáÝ�âáóá°®¬®ßW��âá¬H ª�Ý�ß:©

��ê



^¡ë3Ý�¯±ª�Ý�é´¨&³±Ù ãòÙÚ³]`A°®ÝKÞ�¬èçáóWh�Ý�Þ�Ýc�±óá¬®ª�Ý��¯±ß
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬è¬®ß&©«Ý�éºç%¯
O(log n)

Ù
N5ßX¨)Þ�Ý�éºçá°Ú¬®�Ý.¨¹çáçá°®¬®�¨¹à�¬®¯±ßáÝ`âáÝ�°PéºÝ�âáÝ�Þ�¬®éº¯K©«Ý�¯±ª�Ý�é´¨�ç%Ý�ª�éºÝî©�©«Ý.âá¬X¯¹©�©«Ý�ßáÝ�ª�Ý5Þ ©«Ý�Þ�Þ�Ý
çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬ ¨¹ßá ðáÝ´ç%Ý�ª8¬®°A�¬®�°®¯�çáª�Ý�Þ�Ý�ß ©«Ý&ßáÝ�° çX¨¹Þ�Þ�¯�êWXV¬®ßá¯±°Ú©«ª�Ý
¬®°Aë3Ý�¯¹ª«Ýîé´¨Ã³±Ù ãòÙ ã
¨¹Þ�Þ�¬®�óáª«¨ ©�¨¹°®Ý�Ý�Vº�¬®Ý�ßáà�¨º¨¹ßá�ðáÝ0çPÝ�ª.°32 ¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝKâá¬��Ë¬®Þ ©i*5¨¹ßW� ¬®ßW�áÙ
å5Ý�°òçX¨¹Þ�Þ�¯n�FÞ�¯±ßá¯�çáª�Ý�Þ�Ý�ß:©«¬3X±¯±°Ú©«ª�Ý`¨¹¬�©«ª�Ý�¬®�°®¬%��¨¹�¬®°®é
Ý�ß:©«Ý ©«ª«¨�©�©�¨¹ñá¬®°Ú¬ �¯±ß
Û[ª�¬®ßá�¬S�

çá¬®¯.âá¬!���ðáÝ�âáóá°®¬®ßW�.âá¬o ª«Ýîß ©�^¡ë3Ý�¯±ª�Ý�é´¨)³¹Ù ãòÙÚ³]`�X�¯±çPÝ�ª«¨¹à�¬®¯±ßá¬:âá¬o ª�¯:¨¹âá�¨¹Þ ©�^¡ë3Ý�¯±ª�Ý�é´¨
³±Ù ãòÙ ê%`[ÝFÞ�¯±éºéºÝ5çáª�Ý�
XÞ�Þ�ÝÍ^¡ë3Ý�¯±ª�Ý�é´¨º³±Ù ãòÙä·�`��ò°32 ¬®ß:©«Ý�ª�¯0çX¨¹Þ�Þ�¯�çáóWh Ý�Þ�Þ�Ý�ª�Ý�ÝîÞ«Ý��±óá¬Ú©«¯ ¬®ß
©«Ý�éºçP¯

O(log n)
Þ�Ý�ßáà�¨
°®Ýî©�©«óáª�Ý�¯ºÞ��ª�¬Ú©�©«óáª�Ý��¯±ßá�¯±ª�ª�Ý�ß ©«¬Ë�¯±ß

n/ log n
çáª�¯��Ý�Þ�Þ�¯±ª�¬�Ù

�Fçáçá°®¬®�¨¹ßáâá¯�¨¹ßá�¯±ª«¨�¬®°Fë3Ý�¯±ª�Ý�é´¨ ³±Ù ãòÙÚ³�¨¹¬F�¬®�°®¬5âáÝ�¬KçX¨¹Þ�Þ�¬j��Ý�¶ÃÞ�¬Kéº¯±Þ ©«ª«¨�X
¬®ß�
XßáÝ�Xò�ðáÝ�°32 ¬®ß ©«Ý�ª�¯ ¨¹°	�±¯±ª�¬ ©«é
¯8çáóWh�Ý�Þ�Þ�Ý�ª�Ý)Ý�Þ�Ýc�±óá¬Ú©«¯�Þ�ó�Û�*k��§\ô�*5ô,+ ¬®ß´©«Ý�éºç%¯
O(log n)

�¯±ß
n/ log n

çáª�¯ �Ý�Þ�Þ�¯±ª�¬3XVðX¨ e óá¬®ßáâá¬AóáßÃ�¯±Þ ©«¯-�¯±éºçáóò©�¨¹à�¬®¯±ßX¨¹°®Ý�çX¨¹ª�¬ ¨
O(n)

Ý�âIO)ç%Ý�ª ©�¨¹ß:©«¯º¯¹©�©«¬®éº¯òÙ

µi������� �	����� 
 ¥q
�����¥q� �����w�����������

ì¯±éºÝ
ßáÝ�°AÞ�Ý�ª�¬²¨¹°®Ý�X3¨¹ßá�ðáÝ e óá¬5O
ç%¯±Þ�Þ�¬®ñá¬®°®Ý�¯¹©�©«Ý�ßáÝ�ª�Ýºóáß�¨¹°	�±¯±ª�¬ ©«éº¯�¯¹©�©«¬®éº¯�ç%Ýîª0¬®°
�¨¹°®�¯±°®¯
âáÝ�°Ë©«Ý�ª�à�¯´�¯�âá¬®�Ý0âá¬3å5Ý���¬®°®°®Ý)¨¹çáç%¯±ª ©�¨¹ßáâá¯´¨¹°®�óáßáÝ0éº¯�âá¬�
X�ðáÝ0¨ e óáÝ�°®°®¯
ç%Ý�ª
¬®°��¨¹°®�¯±°®¯�âáÝ�°Ë�¯�âá¬®�Ý)âá¬ËÛ[ª����¡Ý�ª�Ù
�<¨¤çáª�¬®é´¨�âá¬���Ý�ª�Ý�ßáà�¨��¯±ßáÞ�¬®Þ ©«Ý�ßáÝ�°®°²¨�ßáÝ��Ý�Þ�Þ�¬Ú©/a�âá¬)ª«¨¹âá¬®�¨¹ª�Ý�ßáÝ�°®°²¨d�¡¯��±°®¬®¨�âá¬

Ýî©«¬®�ðáÝî©�©�¨�é´¨¹Þ�Þ�¬®é´¨�X�°²¨ Þ�Ý��¯±ßáâX¨
âá¬���Ý�ª�Ý�ßáà�¨
Þ ©�¨�ßáÝ�°E��¨�©«©«¯��ðáÝ)°²¨ ª�¬®�Ý�ª��¨�âáÝ�°Ëé´¨¹Þ¾�
Þ�¬®éº¯
ßáÝ�°3Þ�¯¹©�©«¯:¨¹°Úñ%Ý�ª�¯ºâá¬<�¬²¨¹Þ��óáß-ßá¯�âá¯´Þ�¬<°®¬®é
¬ ©�¨
¨¹°®°32 ¨¹ßX¨¹°Ú¬ÚÞ�¬èâáÝ�°®°®Ý)Ýî©«¬®�ðáÝî©�©«Ý8âáÝî°®°®Ý
�¡¯��±°®¬ÚÝ¹Ù
Û3Ý�ª<�ðá¬²¨¹ª�Ý�à�à�¨kO[Þ ©�¨�©«¯.¯±éºÝ�Þ�Þ�¯5¬®°¹âáÝî©�©�¨��±°®¬®¯`âáÝ�¬:çX¨¹Þ�Þ�¬:�ðáÝAßá¯±ß0Þ�óáñá¬®Þ��¯±ßá¯5¨¹°®�óáßX¨

��¨¹ª�¬²¨¹à�¬®¯±ßáÝ�ª�¬®Þ�çPÝî©�©«¯º¨¹°®°32 ¨¹°��±¯±ª�¬ ©«é
¯ âá¬Ë�¯�âá¬�
X�¨�âáÝ�¬Ë�¯�âá¬®�¬èâá¬<Û[ª����¡Ý�ª�Ù

���



ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨® Õ�¯�ÏbÉ.É.Õ±°�°x°\ñEÖgÎPÖgÉ.É.Õ�ÉoÌ�Ì�ÐmÐmÏbÑÒÌ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß½ª«¨¹âá¬®�¨�©«¯�Ýî©«¬® ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
Ù

à Ý�ÞrÜ�Ý�Þ�ß��C°��:Ýî©�©«¯±ª�Ýÿ��� ñ�ì âá¬ n − 2
¬®ß:©«Ý�ª�¬U¬®ß

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß ©�¨¹ß:©«Ý-¬®°`©«Ý�ª�à�¯

�¯ âá¬®�Ý)âá¬<å5Ý���¬®°®°®ÝKâá¬
T
Ù

³±Ù 9��&¬ © ±b�Í¢p¥�££S�s®c�b¯�£ © ��¬ © ¥�� © ±/²8¥��"�ü��«Í� ¨/¨�© «Í�
³±ÙÚ³ ��¦�¬ © ¢@�Í£	¥5®c�b¯�£ © ¥ ° ¥�¦P¥�� © ±/²8¥��"� ¥�±�¦b¥ ¨ ±/¥�¢8� ©³±ÙÚ³±ÙÚ³fá%âoã

i = 1 ä â n úRö ã å â³±ÙÚ³±Ùä· æá�^
i
O��¡¯��±°®¬®¨&` ä�è.é#ê³±ÙÚ³±Ù ã ë&ì%í å@[ i \ = 1³±ÙÚ³±Ù ê é óZ· é_ë&ì%í å@[ i \ = 0³±ÙÚ³±Ù��¤Ý�Þ�Ýc�±óá¬ËÞ�¯±éºéºÝ�çáª�Ý�
XÞ�Þ�Ý0Þ�ó ë&ì%í å@[ \³±ÙÚ³±Ù � ë&ì%í å����õÜ%ôZ� = ë&ì%í å@[ n \³±ÙÚ³±Ùä¶ÿá%âoã

i = 1 ä â n úRö ã å â³±ÙÚ³±Ù ¸ æá�^
i
O��¡¯��±°®¬®¨&` ä�è.é#ê³±ÙÚ³±Ù � ë&ì%í%ì�î#ï [ ë&ì%í å@[ i \�\ = i³±Ùä·��¨¹°®�¯±°²¨ ¬®°èë<¯±óáª.âá¬<ô[óá°®Ý�ª�¯
âá¬

T³±Ù ã¤ª«¨¹âá¬®�¨
T
¬®ß ë&ì%í�îWì�ï [ ë&ì%í å��o�õÜ%ôZ�!\3¯¹©�©«Ý�ßáÝ�ßáâá¯WX ∀ i

X � í���ì ôZ�p[ i \
·�Ù jû��£	±/�R£���£�ª ¥�� © ±/²8¥��"�ü�Q¬%¥�££��Í«Í� ¨/¨�© «Í�k®c�b¯�£ © �Í¢p¥�£ ¨ �R�"� ����£�¤�¥�¦b��¬ © �b¯�¢ © ¢p��¬%�

·�ÙÚ³dá%âoã
i = 1 ä â n úRö ã å â·�Ùä· æáZ^

i
O��¡¯��¹°®¬²¨&` ä�è.é#ê·�Ù ã ë&í��8ì!ë [ i \ = i·�Ù ê é óZ· é·�Ù�� ë&í��8ì!ë [ i \ = 0·�Ù �¤�¨¹°®�¯±°²¨ °32 ¨¹°®ñ%Ýîª«¯ ª�Ýc�±¯±°²¨¹ª�Ý

TR

�¯±ª�ª�¬®Þ�ç%¯±ßáâáÝ�ß:©«Ý0¨
T·�Ùä¶�ç%Ý�ª¯��±ßá¬%ßá¯ âá¯

i
�¨¹°®�¯±°²¨ Ó8í�ðWë&ì%í å@[ i \3Xá¬®°Pé´¨¹Þ�Þ�¬®éº¯j�¹¨¹°®¯±ª�Ý5âá¬ ë&í��8ì!ë ßáÝ�°Þ�¯¹©�©«¯:¨¹°®ñ%Ý�ª�¯�âá¬

T
ª«¨¹âá¬®�¨�©«¯
¬®ß

i
Xáóò©«¬®°®¬®à�à�¨¹ßáâá¯
¬®°�*5¨��±Ý)Þ�ó

TR

ãòÙ �û¯�¢ © ¢p��¬%��£	¥ü¯¯%¥ © £5ò�óõô	�õù�ó�
f¬%¥�£ ° �%¬�¦b¥
ãòÙÚ³dá%âoã

i = 1 ä â n úRö ã å âãòÙä· � í���ì ôZ� Ó8í�ð8ë&ì%í åp[ i \ = Ó8í�ðWë&ì%í å@[ � í���ì ôZ�p[ i \�\

���



êáÙ jo¦b¥b�Í£	¥g±/��� ¥�¢p¥
êáÙÚ³dá%âoã

i = 1 ä â n úRö ã å âêáÙä· æáZ^ � í���ì ôZ� Ó8í�ðWë&ì!í å@[ i \ = Ó8í�ðWë&ì%í å@[ i \` ä�è.é#êêáÙ ã �e� í5û ôE[ i \[ª � í���ì ôZ�p[ i \êáÙ ê é óZ· éêáÙ�� �e� í5û ôE[ i \[ª ê.ø ó!óêáÙ �¤Ý�Þ�Ýc�±óáÝ&¬®°5�Ë¬®Þ ©	*5¨¹ßW� ¬®ßW�-Þ�ó\�e� í5û ôE[ \`¯¹©�©«Ý�ßáÝ�ßáâá¯WX�ç%Ý�ª8¯��±ßá¬Aßá¯�âá¯ i
XV¬®°

�¹¨¹°®¯±ª�Ý � � ïZû � û �]ôqü�ô5ÛÞ� í5û ô{[ i \
��Ù jû��£	±/�R£�� © £{¢8¡!«�¥�¦b��¬ © ¥�£	¥�«�¥�¢8� ©@° ¦b¥ ¨ ¥�¢8� © ¢p¥�££	¥g±b��� ¥�¢p¥ ° ¦b¥/±�¥b¬%¥�¢8� ©
�òÙ jû��£	±/�R£���£�ª �R¦�¬ © ¢p¥P¬ © ¦ © «���µ © �R¢p¥
¶�Ù jo¦b¥b� © £r±/��¬ © ±/¥

�ËÝ5¬®Þ ©«ª�óáà�¬®¯±ßá¬XâáÝ�¬PçX¨¹Þ�Þ�¬3³5Ý�·�Þ�¬Pâá¬���Ý�ª�Ý�ßáà�¬²¨¹ßá¯0âX¨ e óáÝ�°®°®Ý.âáÝ�°®°32 ¨¹°	�¹¯±ª�¬ ©«é
¯)âá¬P�¯R�
âá¬�
X�¨FâáÝ�¬ò�¯ âá¬®�¬òâá¬òÛ[ªb���¡Ýîª�ç%Ý�ª�°32 ¬®ß:©«ª�¯�âáóáà�¬®¯±ßáÝ âá¬ò¨¹°®�óáßá¬��¬®�°®¬�Ý`çPÝ�ª�°32 ¨¹çáçá°®¬®�¨¹à�¬Ú¯±ßáÝ
âáÝ�°®°²¨�©«Ý��ßá¬®�¨�âáÝ�°Ú°®Ý´Þ�¯±éºéºÝºçáª�Ý�
XÞ�Þ�Ý¹ÙZN.©«¬®°Ú¬®à�à�¨¹ßáâá¯-¬A©«Ý�¯±ª�Ý�éº¬5³±Ù ãòÙÚ³´Ý�³±Ù ãòÙä·!XV©�¨¹°®¬
¯±çPÝ�ª«¨¹à�¬®¯±ßá¬èç%¯±Þ�Þ�¯±ßá¯ºÝ�Þ�Þ�Ý�ª�Ý0Ý�Þ�Ýc�±óá¬Ú©«Ý)�¯±ß

n/ log n
çáª�¯��Ý�Þ�Þ�¯±ª�¬Ë¬®ß�©«Ý�éºç%¯

O(log n)

Þ�Ý�ßáà�¨
°®Ýî©�©«óáª�Ý)¯
Þ��ª�¬Ú©�©«óáª�Ý��¯±ßá�¯±ª�ª�Ý�ß ©«¬�Ù
�UçX¨¹Þ�Þ�¬Vã´Ý8ê´âá¬���Ý�ª�¬®Þ��¯±ßá¯´âX¨ e óáÝ�°®°®¬<âáÝ�°®°32 ¨¹°	�¹¯±ª�¬ ©«é
¯ºçáª�Ý��Ý�âáÝ�ß:©«Ý�Þ�¯±°Ú©�¨¹ß:©«¯ºç%Ý�ª

¬%ßá¯±éº¬%âá¬è¨¹°Ú�óáßáÝs��¨¹ª�¬²¨¹ñá¬®°®¬"X Ý�â�¬%ª�Ý�Þ ©�¨¹ß:©«¬�Þ�¯±ßá¯��¯±éºçá°®Ýî©�¨¹éºÝ�ß:©«Ý5¬®âáÝ�ß ©«¬®�¬3�&�¹¨¹°	�±¯±ßá¯
e óá¬®ßáâá¬è°®Ý)¨¹ßX¨¹°®¬®Þ�¬�çáª�¯±ç%¯±Þ ©«Ý)çáª�Ý��Ý�âáÝ�ß:©«Ý�éºÝîß ©«Ý¹Ù
�Cß�âáÝ�
Xßá¬Ú©«¬��¹¨�°32 ¬®ß:©«Ý�ª�¯�¨¹°	�±¯±ª�¬ ©«é
¯�çáóWh�Ý�Þ�Þ�Ý�ª�Ý´Ý�Þ�Ýc�±óá¬Ú©«¯�Þ�óÃÛ�*k��§ ô�*5ô,+l¬®ß

©«Ý�éºçP¯
O(log n)

�¯±ß
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬3X<ðX¨ e óá¬®ßáâá¬�óáß��¯±Þ ©«¯��¯±éºçáóò©�¨¹à�¬®¯±ßX¨¹°®Ý
çX¨¹ª�¬Ë¨

O(n)
Ý�âIO)ç%Ý�ª ©�¨¹ß:©«¯
¯¹©�©�¬Úéº¯áÙ

µi�����Dr ����¥q
����
¤¥q
�����¥q�F�����w�����������

iF¯±çP¯&¨��±Ý�ª5ª«¨¹âá¬®�¨�©«¯
°32 ¨¹°®ñPÝ�ª�¯
ßáÝ�°<�Ý�ß:©«ª�¯´âá¬ËÝî©«¬®�ðáÝî©�©�¨
é´¨¹Þ�Þ�¬®é´¨�°32 ¨�°	�±¯±ª�¬ ©«é
¯�çáª�¯R�
�Ý�âáÝ �¨¹°®�¯±°²¨¹ßáâá¯´ç%Ý�ªK�¬²¨¹Þ��óáß�ßá¯�âá¯

i
°²¨ºâá¬®Þ ©�¨¹ßáà�¨´âX¨¹°®°²¨ºª«¨¹âá¬®�Ý

d(i)
Xè¬®°<é´¨¹Þ�Þ�¬®éº¯

�±¶



��¨¹°®¯±ª�Ý0âá¬
d
ßáÝ�°3Þ�óá¯&Þ�¯¹©�©«¯:¨¹°®ñPÝ�ª�¯WXP¬®ßáâá¬®�¨�©«¯
�¯±ß

maxd(i)
Ý�â�¬®ß�
XßáÝ�X%¬®°Ë°®¬��:Ýî°®°®¯

l(i)

�¯±éºÝ�âá¬���Ý�ª�Ý�ßáà�¨�©«ª«¨
maxd(i)

Ý
d(i)

Ù
�*2 ¯±ª�âá¬®ßáÝ�âá¬<ª�¬®éº¯±à�¬Ú¯±ßáÝKâáÝ�¬<ßá¯�âá¬E��¬®Ý�ßáÝ)�¨¹°®�¯±°²¨�©«¯ ©«ª«¨¹éº¬Ú©«ÝK°32 ¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯�°®Ý�Þ¾�

Þ�¬®�¯��±ª«¨R
X�¯
âáÝ�°®°²¨ �¯±çáçá¬²¨
L(i) = (l(i), i)

Ù
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ¨® Õ�¯�ÏbÉ.É.Õ±°�°\ñ{ÖgÎPÖgÉ.É.Õ�ÉoÌ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß½ª«¨¹âá¬®�¨�©«¯�Ýî©«¬® ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
Ù

à Ý�ÞrÜ�Ý�Þ�ß��C°{�±Ýî©�©«¯±ª�Ý8��� ñ�ì âá¬ n − 1
¬®ß:©«Ý�ª�¬è¬®ß

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹ß:©«Ý8¬®°èÞ�Ý��¯±ßáâá¯

�¯ âá¬®�Ý)âá¬<å5Ý���¬®°®°®ÝKâá¬
T
Ù

³±Ù 9��&¬ © ±b�Í¢p¥�£.±/¥�¢8�"¦b��¬ © ¥�� © ±/²8¥��"�ü��«Í� ¨/¨�© «Í�
³±ÙÚ³��¨¹°®�¯±°²¨ ¬è�Ý�ß ©«ª�¬Ëâá¬

T³±Ùä·��¨¹°®�¯±°²¨ ¬®°èë<¯±óáª.âá¬<ô[óá°®Ý�ª�¯
âá¬
T³±Ù ã¤ª«¨¹âá¬®�¨

T
ßáÝ�°P�Ý�ß:©«ª�¯8âá¬XÝî©«¬®�ðáÝî©�©�¨0é´¨¹Þ�Þ�¬®é´¨K¯¹©�©«Ý�ßáÝ�ßáâá¯WX

∀ i
X � í���ì ôZ�p[ i \

·�Ù jû��£	±/�R£�� © £{£ © Q�¥�££	��¬ © ± © � ¨ ±�¡!¢_¢p��¬%�
·�ÙÚ³�ç%Ý�ª<¯��±ßá¬±ßá¯ âá¯

i
�¨¹°®�¯±°²¨ ñ [ i \3X�°²¨`âá¬®Þ © ¨�ßáà�¨Uâá¬ i âX¨¹°®°²¨`ª«¨¹âá¬®îÝ�X�óò©«¬®°®¬Úà�à�¨¹ßáâá¯¬®°èë3¯±óáª.âá¬Ëô[óá°®Ý�ª�¯ºçáª�Ý��Ý�âáÝîß ©«Ý�éºÝ�ß:©«Ý8�¨¹°®�¯±°²¨�©«¯

·�Ùä·��¨¹°®�¯±°²¨ °32 ¨¹°®ñ%Ýîª«¯ ª�Ýc�±¯±°²¨¹ª�Ý
TR

�¯±ª�ª�¬®Þ�ç%¯±ßáâáÝ�ß:©«Ý0¨
T·�Ù ã¤ç%Ý�ª`¯��±ßá¬%ßá¯�âá¯

i
�¨¹°®�¯±°²¨ Ó8í�ð%ñ [ i \3Xá¬®°%é´¨¹Þ�Þ�¬®éº¯j�¹¨¹°®¯±ª�ÝFâá¬ ñ ßáÝ�°�Þ�¯¹©�©«¯:¨¹°S�ñ%Ý�ª�¯ºâá¬

T
ª«¨¹âá¬®�¨�©«¯�¬®ß

i
Xáóò©�¬Ú°®¬®à�à�¨¹ßáâá¯�¬®°�*5¨��¹Ý)Þ�ó

TR·�Ù ê á%âoã
i = 1 ä â n úRö ã å â·�Ù�� ë [ i \ = Ó8í�ð%ñ [ i \ − ñ [ i \

ãòÙ ��¦�¬ © ¢@� © ¢p��¬ ©
ãòÙÚ³dá%âoã

i = 1 ä â n úRö ã å âãòÙä· �@[
i
\
=
^ ë [ i \3X i `ãòÙ ã¤�ª�Ý�¨ óáßÁ�±Ýî©�©«¯±ª�ÝÈþ âáÝ�°®°®Ý�Ýî©«¬®�ðáÝî©�©«Ý�âáÝ�¬ ßá¯�âá¬3X0¬®ß�¯±ª�âá¬®ßáÝ��ª�Ý�Þ��Ý�ß:©«Ý

ª�¬®Þ�ç%Ýî©�©«¯º¨¹°p�¹¨¹°®¯±ª�Ý�âá¬��

�¹¸



êáÙ jo¦b¥b� © £r±/��¬ © ±/¥
êáÙÚ³dá%âoã

i = 1 ä â n − 1 úRö ã å âêáÙä· ��� ñ�ì [ i \ = � í���ì ôZ�p[ þ8[ i \�\

�C°AçX¨¹Þ�Þ�¯Ã³ºçáóWh�Ý�Þ�Þ�Ý�ª�Ý&Ý�Þ�Ýc�¹óá¬Ú©«¯-Þ�ó�Û�*k��§ ô�*5ô,+Ï¬®ß�©«Ý�éºç%¯
O(log n)

�¯±ß
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬3X±âX¨¹°òéº¯±éºÝ�ß ©«¯F�ðáÝUç%Ý�ª�¬òë3Ý�¯±ª�Ý�éº¬�³±Ù ãòÙä¶!Xá³±Ù ãòÙÚ³±³UÝK³±Ù ãòÙÚ³�·.©«óò©�©«Ý
°®Ý�¯±çPÝ�ª«¨¹à�¬®¯±ßá¬è¬®ß½Ý�Þ�Þ�¯´�¯±¬®ß&�±¯±°Ú©«Ý�çP¯±Þ�Þ�¯±ßá¯´ÝîÞ«Þ�Ý�ª�Ý0Ý�Þ�Ýc�±óá¬Ú©«Ý)�¯±ß½©�¨¹°®¬�çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬�Ù
�Fçáçá°®¬®�¨¹ßáâá¯�¬[ë3Ý�¯±ª�Ý�éº¬.³±Ù ãòÙÚ³+ã�XA³±Ù ãòÙ��!X ³±Ù ãòÙ �½Ýº¬®°AÛ[ª�¬®ßáî¬®çá¬®¯½âá¬����ðáÝ�âáóá°®¬®ßW��âá¬

 ª�Ý�ß:©g^¡ë3Ý�¯±ª�Ý�é´¨½³±Ù ãòÙÚ³]`U¨¹°è�¬®�°®¯WXX¨¹ßá ðáÝ)¬®°ËçX¨¹Þ�Þ�¯&·�ª�¬®Þ�óá°Ú©�¨�¨¹°Ú©«ª�Ýî©�©�¨¹ß ©«¯�Ý�Vº�¬®Ý�ß ©«Ý¹Ù
�FßX¨¹°®¯��±ðáÝ�çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬AðX¨¹ßáßá¯�¬A�¬®�°®¬[çáª�Ý�Þ�Ý�ß:©«¬ ßáÝ�¬AçX¨¹Þ�Þ�¬ ã�Ý
êWX3Þ�Ý�éºçáª�Ýº¬®ß��¡¯±ª�à�¨
âáÝ�°Ëë3Ý�¯±ª�Ý�é´¨�³±Ù ãòÙÚ³±Ù
�*2 óáßá¬®�¨&¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝ �ðáÝ
ðX¨&óáß��¯±Þ ©«¯½çá¬	Y��ðáÝ
°®¬®ßáÝ�¨¹ª�ÝPO�°32 ¯±ª�âá¬®ßX¨¹éºÝîß ©«¯&çáª�Ý��

Þ�Ý�ß:©«Ý.¨¹°Ú°32 ¬®ß:©«Ý�ª�ßá¯FâáÝ�°òçX¨¹Þ�Þ�¯�ãK¬Ú° e óX¨¹°®Ýª�¬®�ðá¬®Ý�âáÝ O(log n)
Ý

n
çáª�¯��Ý�Þ�Þ�¯±ª�¬�^¡ë<Ý�¯±ª�Ý�é´¨

³±Ù ãòÙ ¸&` Ù*�C°è�¯±Þ ©«¯º�¯±éºçáóò©�¨¹à�¬®¯±ßX¨¹°®ÝçO e óá¬Úßáâá¬ËçX¨¹ª�¬<¨ O(n log n)
Ù

µi�����¶µ ��
�����¥q���@£N��¥������ºs���s��

ì¯±éºÝj��¨�©�©«¯ºßáÝ�°3Þ�Ý�ª�¬²¨¹°®Ý�X%¨¹ßá�ðáÝ ßáÝ�°3çX¨¹ª«¨¹°®°ÚÝ�°®¯�O8çP¯±Þ�Þ�¬®ñá¬®°®Ý)¯¹©�©«Ý�ßáÝ�ª�Ý óáß�¨¹°	�±¯±ª�¬Ú©�éº¯
çPÝ�ªV°²¨.�¯�âá¬�
X�¨5âáÝ�¬��¯�âá¬®�¬�� ©�¨¹/�����KóáÝ�óáÝU¨5çX¨¹ª ©«¬®ª�Ý âX¨ e óáÝ�°®°®¯5ç%Ý�ªV¬®°:Þ�Ý��¯±ßáâá¯��¯ âá¬®�Ý
âá¬Aå5Ý���¬®°®°®Ý¹Ù�iF¬��:Ý�ª�Þ«¨¹éºÝîß ©«Ý
âX¨¹°[Þ�Ý�ª�¬²¨¹°®Ý�XËç%Ý�ª�hWX<¬®ß e óáÝ�Þ ©«¯-�¯±ß:©«Ý�Þ ©«¯-ßá¯±ßZOº¨]�è¨�©�©�¯
Þ�Ý�éºçá°®¬®�Ýº¬®ßáâá¬���¬®âáóX¨¹ª�Ýº°32 ¯±ª�âá¬®ßáÝºâá¬Ý�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝºâáÝ�°®°®Ý��¡¯��±°®¬®Ý�XVâX¨¹° éº¯±éºÝ�ß:©«¯- ðáÝ
©�¨¹°®ÝKÝ�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßáÝKßá¯±ß-¨��%��¬®Ý�ßáÝ0Þ�Ý e óáÝ�ßáà�¬²¨¹°®éºÝ�ß:©«Ý)é´¨ çX¨¹ª«¨¹°®°®Ý�°®¨¹é
Ý�ß ©«Ý¹Ù
Û3Ý�ª e óáÝ�Þ ©«¯�éº¯¹©«¬��:¯-éº¯ âá¬�
X ðá¬²¨�éº¯�°²¨-âáÝ�
Xßá¬®à�¬®¯±ßáÝ´âáÝ�°®°®Ý´�¯±çáçá¬®Ý&¨¹Þ�Þ�¯��¬²¨�©«Ý�¨¹¬

ßá¯ âá¬û��¬®Þ ©�¨-ßáÝ�° �¨¹çá¬Ú©«¯±°®¯�çáª�Ý��Ý�âáÝ�ß:©«Ý�XAóò©«¬®°®¬Úà�à�¨¹ßáâá¯-�¯±éºÝºÞ�Ý��¯±ßáâá¯�Ý�°®Ý�éºÝ�ß:©«¯-ßá¯±ß
çá¬	Y�°32 ¯±ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬®¯¹ßáÝ�é´¨
°32 Ýî©«¬®�ðáÝî©�©�¨�âáÝ�°®°²¨g�¡¯��±°®¬²¨ çá¬	Y�âá¬®Þ ©�¨¹ß:©«Ý¹Ù��KóX¨¹°®¯±ª«¨

���



°®Ýç�¡¯��±°®¬®ÝKâá¬Ëé´¨¹Þ�Þ�¬®é´¨�âá¬®Þ ©�¨¹ßáà�¨�ßáÝ�°<Þ�¯¹©�©«¯:¨¹°®ñ%Ý�ª�¯
âá¬Ëóáß-ßá¯ âá¯ºÞ�¬²¨¹ßá¯ºçá¬	Y½âá¬<óáßX¨�XXÞ�¬
Þ��Ýc�±°®¬®Ý e óáÝ�°®°²¨ âá¬ËÝî©«¬®�ðáÝî©�©�¨
é´¨¹Þ�Þ�¬®é´¨�Ù
Û3Ý�ªF¯��±ßá¬3ßá¯ âá¯

i
°²¨º�¯±çáçá¬²¨º¨¹â�Ý�Þ�Þ�¯�¨¹Þ�Þ�¯��¬²¨�©�¨ºª�¬®Þ�óá°Ú©�¨ e óá¬®ßáâá¬<Ý�Þ�Þ�Ý�ª�Ý M(i) =

(l(i),m(i))
âá¯�±Ý

m(i)
O´¨¹çáçáóáß:©«¯-°²¨��¡¯��±°®¬²¨&âá¬Aé´¨¹Þ�Þ�¬®é´¨&Ýî©«¬®�ðáÝî©�©�¨½©«ª«¨ e óáÝ�°®°®Ýº¨

é´¨����±¬Ú¯±ªËâá¬®Þ ©�¨¹ßáà�¨.âX¨
i
ßáÝ�°�Þ�óá¯FÞ�¯¹©�©«¯:¨¹°®ñPÝ�ª�¯áÙ[*.¬®ç%¯±ª ©«¬®¨¹é
¯.¬®ßpSV¬	�±óáª«¨UêáÙÚ³ °32 Ý�Þ�Ý�éºçá¬®¯

âáÝ�°Ë�¨¹çá¬Ú©«¯±°®¯ çáª�Ý��Ý�âáÝ�ß ©«Ý0�¯±ß�¬E��¨¹°®¯±ª�¬èâáÝ�°®°²¨ �¯±çáçá¬²¨
¨¹çáçPÝ�ßX¨
âáÝ�
Xßá¬Ú©�¨òÙ

2

7

4 3

610

5

9

1

8

(2, 8)

(2, 4)

(1, 4)

(1, 8)

(3, 5)

(4, 5)

(1, 9)

(1, 3)(1, 5)

(2, 5)

l ª�âá¬®ßáÝ�âá¬ËÝ�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝKâáÝ�¬Ëßá¯�âá¬3T

(l,m)
ßá¯�âá¯ ¨¹ª��¯

^L³�XXã&` ã ã	Î �
^L³�Xáê%` ê ê>Î�³+µ
^L³�X#��` � �pÎ �
^L³�XX¸&` ¸ ¸	Î�³
^L³�X8�&` � �	Îp¶
^�·!Xáê%` ³+µ ³+µpÎp¶
^�·!X#��` � �	Îp¶
^�·!XX¸&` ³ ³hÎp·

SV¬	�±óáª«¨ êáÙÚ³�TAô[Þ�Ý�éºçá¬®¯
âá¬Ë¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯�âáÝ�¬Ëßá¯�âá¬ËçPÝ�ª.¬®°è�¯�âá¬®�Ýn� ©�¨¹������KóáÝ�óáÝ¹Ù

iF¬®éº¯±Þ ©«ª�¬²¨¹é
¯� ðáÝ&°32 ¯±ª�âá¬®ßáÝºâá¬Ý�°®¬®éº¬ÚßX¨¹à�¬Ú¯±ßáÝºâáÝ�¬ßá¯�âá¬ ª�Ý�¨¹°®¬®à�à�¨�©«¯-âX¨¹°�¯ âá¬®�Ý
ª�¬®Þ�çPÝî©�©�¨
°32 ¯±ª�âá¬®ßáÝK°®Ý�Þ�Þ�¬®�¯��±ª«¨R
X�¯
âáÝ�°®°²¨ �¯¹çáçá¬²¨
¨¹çáç%Ý�ßX¨
âáÝ�
Xßá¬Ú©�¨òÙ

� Ò�Ó#)[Ó%ý�×¡Ö ×¡Ó%Ð<ØB'���Í8��Í8�i6E¥
M(i) < M(j)

��££	�R¦��
i
Q © ¥�¢p¥g¥�£ © « © ¢@��� � ° ¦ © «Í��¬ © j ´

� © «�� ¨ �"¦��µ © �R¢p¥�´ ìðá¬²¨¹ª«¨¹éºÝ�ß ©«Ý`Þ�Ý l(i) < l(j)
ßáÝ�°á�¯�âá¬®�Ý

i
��¬®ÝîßáÝ.Ý�°®¬®é
¬ÚßX¨�©«¯Kçáª�¬®é´¨

âá¬
j
X�âá¬®éº¯±Þ ©«ª�¬²¨¹é
¯º�ðáÝ °²¨
©«Ý�Þ�¬r��¨¹°®Ý ¨¹ßá�ðáÝ e óX¨¹ßáâá¯ l(i) = l(j)

X�çáª�¯ �Ý�âáÝ�ßáâá¯½ç%Ý�ª
¬®ßáâáóáà�¬®¯±ßáÝ�Þ�óá°E��¨¹°®¯±ª�Ý�âáÝ�°Ë°®¬��:Ý�°®°Ú¯ âáÝ�¬ËâáóáÝ0ßá¯ âá¬�Ù
ÛV¨¹Þ�Þ�¯¤ñX¨¹Þ�Ý�T

l(i) = l(j) = 1
¨¹°®°®¯±ª«¨�¬5ßá¯�âá¬FÞ�¯±ßá¯�Ý�ß:©«ª«¨¹é ñá¬k�¡¯��±°®¬®Ý e óá¬®ßáâá¬

m(i) = i
Ý

m(j) = j
Ù[ô[Þ�Þ�Ý�ßáâá¯

M(i) < M(j)
âáÝ��±Ýs�¹¨¹°®Ý�ª�Ý

i < j
Ý e óá¬®ßáâá¬ i Þ«¨¹ªba

Ý�°®¬®é
¬®ßX¨�©«¯�çáª�¬®é´¨8âá¬
j
çPÝ�ª.âáÝ�
Xßá¬®à�¬®¯±ßáÝ)âáÝ�°Ë�¯ âá¬®�Ý¹Ù

�±µ



�Cßáâáóáà�¬®¯±ßáÝ�T ¨�Þ«Þ�óáéºÝîßáâá¯ ç%Ý�ª�¬®ç%¯¹©«Ý�Þ�¬�¬®ßáâáóò©�©«¬��¹¨� ðáÝ�°²¨�©«Ý�Þ�¬0Þ�¬²¨f�±Ý�ª«¨�çPÝ�ª-¬
ßá¯ âá¬5âá¬5°®¬��:Ý�°®°Ú¯

l − 1
X`âá¬®éº¯±Þ ©«ª�¬²¨¹é
¯±°®¨�çPÝ�ª

i
Ý

j
âá¬5°®¬��±Ý�°®°®¯

l
Ùx��¬²¨¹éº¯

M(i) =

(l, x)
Ý

M(j) = (l, y)
X

x
Ý�â

y
Þ«¨¹ª«¨¹ßáßá¯�âá¬5°®¬��±Ý�°®°Ú¯��Ý�ª ©�¨¹éºÝ�ß:©«Ý-¬®ß��¡Ý�ª�¬®¯±ª�Ý-¨¹â

i

Ý
j
Ù0å5Ý�°V�¨¹éºéº¬®ßá¯º©«ª«¨

i
Ý

x
Þ�¬®�óáª«¨¹éºÝ�ß:©«Ý �¯±éºçX¨¹ª�¬®ªbaºóáß�ßá¯�âá¯�âá¬V°®¬��±Ý�°®°Ú¯

l − 1
X

âáÝ�ßá¯±éº¬®ßá¬²¨¹é
¯±°Ú¯
i′
�
M(i′)

Þ«¨¹ªba5ßáÝ��Ý�Þ�Þ«¨¹ª�¬²¨¹éºÝ�ß:©«Ý
(l−1, x)

X¹¬®ß���¨�©�©«¬3X+Þ�ÝçPÝ�ªV¨¹Þ�Þ�óáª�âá¯
°²¨��¡¯��±°®¬®¨�âá¬Pé´¨¹Þ�Þ�¬®é´¨�Ýî©«¬® ðáÝî©�©�¨)©«ª«¨ e óáÝ�°®°®ÝF¨0é´¨����±¬®¯±ª[âá¬®Þ ©�¨¹ßáà�¨0âX¨ i′

�¡¯±Þ�Þ�Ý
x′ 6= x

¨¹°®°®¯¹ª«¨
x′
âá¬®Þ ©«Ý�ª�Ý�ñáñ%Ý�çá¬	Y âá¬

x
¨¹ßá ðáÝ�âX¨

i
¯ e óX¨¹ß ©«¯±éºÝ�ßá¯¤¨��ª�Ý�ñáñPÝ�Ýî©«¬® ðáÝî©�©�¨

é´¨����±¬Ú¯±ª�Ý�X e óá¬®ßáâá¬ m(i)
âá¯]��ª�Ý�ñáñPÝ0Ý�Þ�Þ�Ý�ª�Ý

x′
Ý)ßá¯±ß

x
Ù

å5¯¹©«¬²¨¹éº¯�¬®ßá¯±°Ú©«ª�Ý� ðáÝ
i′
O��Ý�ª ©�¨¹éºÝ�ß:©«Ý�°32 óá°Ú©«¬®é
¯_
8�±°®¬®¯�¨¹â�Ý�Þ�Þ�Ý�ª�Ý�Ý�°®¬®éº¬ÚßX¨�©«¯�X

¬®ß���¨�©�©«¬"X�ç%Ý�ª`¯��±ßá¬è¨¹°Ú©«ª�¯n
8�±°®¬®¯
i′′
âá¬

i
âá¬�°®¬��±Ý�°®°®¯

l − 1
Þ�¬Ë¨���ªba

M(i′′) = (l − 1, xi′′)
X

�¯±ß
xi′′

�Ý�ª ©�¨¹éºÝ�ß ©«Ý½éº¬®ßá¯±ª�Ý&âá¬
x
X¨¹°Ú©«ª�¬®é
Ý�ß ©«¬

m(i)
Þ«¨¹ª�Ý�ñáñPÝ�Þ ©�¨�©«¯

xi′′
X e óá¬®ßáâá¬

M(i′′) < M(i′)
ÙniK¨¹°Véº¯±éºÝ�ß ©«¯´ ðáÝ ç%Ý�ª�¬Vßá¯ âá¬�âá¬V°®¬��±Ý�°®°Ú¯

l − 1
°²¨º©«Ý�Þ�¬oOP�¹¨¹°®¬®âX¨

çPÝ�ª.¬®ç%¯¹©«Ý�Þ�¬è¬®ßáâáóò©�©«¬��¹¨�X
i′′
Þ«¨¹ªba�Ý�°®¬®éº¬ÚßX¨�©«¯ çáª�¬®é´¨ âá¬

i′
Ù

�FßX¨¹°®¯��:¨¹éºÝ�ß:©«Ý8ç%Ý�ª
j
Ý�Þ�¬®Þ ©«Ý�ªba�óáß

j′
óá°Ú©«¬®éº¯Í
8�±°®¬®¯&¨¹â�Ý�Þ�Þ�Ý�ª�Ý
Ý�°®¬®éº¬ÚßX¨�©«¯�XP©�¨¹°®Ý

�ðáÝ
M(j ′) = (l − 1, y)

Ù5iK¨¹°Ëéº¯±éºÝ�ß:©«¯��ðáÝ

M(i) < M(j) ⇒ x < y ⇒ M(i′) < M(j ′)

i′
�±Ý�ª�ªba�Ý�°®¬®éº¬ÚßX¨�©«¯Ãçáª�¬®é´¨Ãâá¬

j′
Ý e óá¬®ßáâá¬ i

âá¬��±Ý�ª�ªbad�¡¯��±°®¬®¨�çáª�¬®é´¨Ãâá¬
j
X5¬®°5 ðáÝ

âá¬®éº¯±Þ ©«ª«¨ °²¨8©«Ý�Þ�¬�Ù

�*2 ¨¹°	�±¯±ª�¬ ©«éº¯8çáª�¯��ÝîâáÝ)ª«¨¹âá¬®�¨¹ßáâá¯�°32 ¨¹°®ñPÝ�ª�¯ ¬®ß�óáßá¯ e óX¨¹°®Þ�¬²¨¹Þ�¬�âáÝ�¬è�Ý�ß:©«ª�¬èâáÝ�°®°32 ¨¹°S�
ñPÝ�ª�¯WX��¨¹°®�¯±°²¨¹ßáâá¯0¬®°X°®¬��±Ý�°®°Ú¯)âá¬P¯��±ßá¬Pßá¯�âá¯

i
X ¬®°8��¨¹°®¯±ª�Ý.âá¬

m(i)
Ý�â´¬®ß�
XßáÝ5¯±ª�âá¬®ßX¨¹ßáâá¯

°®Ý��¯±çáçá¬®Ý
M(i) = (l(i),m(i))

Ù

�ò³



ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ Ô�Ì�×�Ï��*Ï�ÔsÖ � Ð{ÖPÔ�Ã	Ä�ÅÇÆ�Õ@Æ�Õ ñ{ÖgÎPÖgÉ.É.Õ�ÉoÌ
ÚÛ�Ü�Ý�Þ�ßnN5ß�¨¹°®ñ%Ý�ª�¯

T = (V,E)
ßá¯±ß½ª«¨¹âá¬®�¨�©«¯�Ýî©«¬® ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
Ù

à Ý�ÞrÜ�Ý�Þ�ß��C°û�±Ýî©�©«¯±ª�ÝL��� ñ�ì âá¬ n − 2
¬®ß:©«Ý�ª�¬A¬®ß

[1..n]
ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹ß ©«Ý´¬®°[�¯�âá¬®�Ý

� ©�¨¹/�����KóáÝ�óáÝ)âá¬
T
Ù

³±Ù 9��&¬ © ±b� © ¢_¡!¢ ±/¥�¢8�"¦b�
·�Ù jû��£	±/�R£�� © £{£ © Q�¥�££	��¬ © ± © � ¨ ±�¡!¢_¢p��¬%�
ãòÙ jû��£	±/�R£���£��s®c�b¯�£ © ����¬ ©	¨ �ü��¢!µ�Í«Í� ¨/¨�© «Í��¬&�Q± © � ¨ ±�¡!¢_¢p��¬%�

ãòÙÚ³dá%âoã
i = 1 ä â n úRö ã å âãòÙä· æáZ^

i
O��¡¯��¹°®¬²¨&` ä�è.é#êãòÙ ã Ý [ i \ = ^ ñ [ i \3X i `ãòÙ ê é óZ· éãòÙ�� Ý [ i \ = ^�µ�XXµ&`

ãòÙ �¤ç%Ý�ªK¯��±ßá¬Vßá¯ âá¯
i
�¨¹°®�¯±°²¨ Ó8í�ð%ñWë&ì%í å@[ i \3XË¬®°3ßá¯�âá¯�ßáÝ�°VÞ�¯¹©�©«¯:¨¹°®ñ%Ý�ª�¯&âá¬ Tª«¨¹âá¬®�¨�©«¯�¬®ß

i
çPÝ�ª[�óá¬8OUé´¨¹Þ�Þ�¬®éº¯K¬®°!��¨¹°®¯±ª�Ý`âáÝ�°®°²¨Kî¯±çáçá¬²¨ Ý X±óò©«¬®°®¬Úà�à�¨¹ßáâá¯¬®°�*5¨��¹Ý)Þ�ó

TR

êáÙ ��¦�¬ © ¢@� © ¢p��¬ ©
êáÙÚ³dá%âoã

i = 1 ä â n úRö ã å âêáÙä· �E[
i
\
=
^ ë [ i \3X Ó8í�ð%ñWë&ì%í å@[ i \`êáÙ ã¤�ª�Ý�¨ óáßÁ�±Ýî©�©«¯±ª�ÝÈþ âáÝ�°®°®Ý�Ýî©«¬®�ðáÝî©�©«Ý�âáÝ�¬ ßá¯�âá¬3X0¬®ß�¯±ª�âá¬®ßáÝ��ª�Ý�Þ��Ý�ß:©«Ý

ª�¬®Þ�ç%Ýî©�©«¯º¨¹°p�¹¨¹°®¯±ª�Ý�âá¬��
��Ù jo¦b¥b� © £r±/��¬ © ±/¥

��ÙÚ³dá%âoã
i = 1 ä â n − 2 úRö ã å â��Ùä· ��� ñ�ì [ i \ = � í���ì ôZ�p[ þ8[ i \�\

�VçX¨¹Þ�Þ�¬3³.ÝK·�Þ�¯±ßá¯0¬®ß%��¨¹ª�¬²¨�©«¬áª�¬®Þ�çPÝî©�©«¯8¨¹°®°32 ¨¹°��±¯¹ª�¬Ú©�éº¯�çPÝ�ª ¬®°á�¨¹°®�¯±°®¯)âáÝ�°PÞ�Ý��¯¹ßáâá¯
�¯ âá¬®�Ý)âá¬<å5Ý���¬®°®°®Ý¹Ù
ëV¨¹ß:©«¯�¬®°`�¬®�°®¯ÿ^¡ë3Ý�¯±ª�Ý�é´¨¤³±Ù ãòÙÚ³]` e óX¨¹ß ©«¯�¬®°`�¨¹°®�¯±°®¯�âáÝ�°.é´¨¹Þ�Þ�¬®éº¯U^¡ë3Ý�¯±ª�Ý�é´¨

³±Ù ãòÙ �&`ËâáÝ�°�çX¨¹Þ�Þ�¯)ã5ç%¯±Þ�Þ�¯±ßá¯KÝ�Þ�Þ�Ý�ª�ÝUÝ�Þ�Ýc�±óá¬Ú©«¬�Þ�ó�Û�*k��§Nô�*5ô,+ ¬®ß0©«Ý�éºçP¯
O(log n)

�:·



�¯±ß
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬�Ù5� ©«Ý�Þ�Þ�Ý0çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬�ðX¨¹ßáßá¯
¬��¬®�°®¬�çáª�Ý�Þ�Ý�ß:©«¬ËßáÝ�¬èçX¨¹Þ�Þ�¬Ëê�Ý
�!X%Þ�Ý�éºçáª�Ý8¬®ß��¡¯±ª�à�¨ºâáÝ�°Vë<Ý�¯±ª�Ý�é´¨-³±Ù ãòÙÚ³±Ùm���¹¨¹°®¯±ª�¬ ñ [ i \VÝ�â ë [ i \Vóò©«¬®°®¬®à�à�¨�©«¬ËßáÝ�¬VçX¨¹Þ�Þ�¬
ã�Ý)ê
Þ�¯±ßá¯ e óáÝ�°®°®¬è�¨¹°®î¯±°²¨�©«¬è¨¹°®°32 ¬Úß ©«Ý�ª�ßá¯�âáÝ�°ËçX¨¹Þ�Þ�¯&·�Ù
�Fßá�ðáÝ�ç%Ý�ª e óáÝ�Þ ©«¯�¨¹°	�±¯±ª�¬ ©«é
¯WX`°32 óáßá¬®�¨Ã¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝ�¨¹â ¨�±Ý�ª�Ý�óáß �¯±Þ ©«¯�çá¬	Y

�ðáÝ�°®¬®ßáÝ�¨¹ª�ÝPO °32 ¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯´çáª�Ý�Þ�Ý�ß ©«Ý
¨¹°®°32 ¬Úß ©«Ý�ª�ßá¯´âáÝ�°�çX¨¹Þ�Þ�¯½ê�¬®° e óX¨¹°®Ý ª�¬®�ðá¬®Ý�âáÝ
O(log n)

Ý
n
çáª�¯��Ý�Þ�Þ�¯±ª�¬n^¡ë3Ýî¯±ª�Ý�é´¨�³±Ù ãòÙ ¸&` Ù��C°`�¯±Þ ©«¯��¯±éºçáóò©�¨¹à�¬®¯±ßX¨¹°®ÝÍO e óá¬®ßáâá¬

çX¨¹ª�¬Ë¨
O(n log n)

Ù

´Qub� è �Ø�n�jwr��}r�����Q���Qy %��Í�Q�êéP%�~

Û3Ý�ª½âáÝ��¯ âá¬�
X�¨¹ª�Ý�Þ�¬Kçáª�¯��Ý�âáÝ�ªba¤ª�¬®�¯±Þ ©«ª�óáÝ�ßáâá¯¤¬®°m�±Ýî©�©«¯±ª�Ý���âáÝ�¬�ßá¯ âá¬�Ý�°®¬®é
¬ÚßX¨�©«¬"X
°32 ¨¹°®ñPÝ�ª�¯

T
Þ«¨¹ªba-ª�¬®�ª�Ý�¨�©«¯�óáßáÝ�ßáâá¯�¬ ßá¯�âá¬âá¬A©�¨¹°®ÝÍ�±Ýî©�©«¯±ª�Ý�¨¹¬ �¯±ª�ª�¬®Þ�ç%¯±ßáâáÝ�ß:©«¬ßáÝ�°

�¯ âá¬®�Ý�T
E(T ) = {(

�
[i],
��� ñ�ì [i]) : 1 ≤ i < n}

Ù
å5Ý�°`çáª�Ý��Ý�âáÝ�ß:©«Ý��¨�çá¬Ú©«¯±°®¯�Þ�¬���¨��Ý��¹¨�óáÞ�¯�âá¬óáßX¨��¡óáßáà�¬®¯±ßáÝ�çPÝ�ª�¬®°�¨¹°®�¯±°®¯�âáÝ�°

�±ª«¨¹âá¯Ãâá¬5�¬²¨¹Þ��óáß ßá¯ âá¯�ßáÝ�°®°32 ¨¹°®ñPÝ�ª�¯�¨�çX¨¹ª ©«¬®ª�Ý�âX¨¹°5�¯�âá¬®�Ý�XU¬®ß e óáÝ�Þ ©«¯¤�¯±ß:©«Ý�Þ ©«¯
©�¨¹°®Ý.¬®ß��¡¯±ª�é´¨�à�¬®¯±ßáÝUßá¯±ß´ª�¬®Þ�óá°Ú©�¨)¨¹°Ú©«ª�Ýî©�©�¨¹ß ©«¯)¬®ß:©«Ý�ª�Ý�Þ�Þ«¨¹ß ©«ÝFâX¨¹°Xéº¯±éºÝ�ß ©«¯)�ðáÝFßá¯±ß�O
çá¬	Y&çP¯±Þ�Þ�¬®ñá¬®°®ÝFâáÝ��ª�Ý�éºÝ�ß:©�¨¹ª�ÝK¬p�±ª«¨¹âá¬%âáÝ�¬�ßá¯�âá¬�çX¨¹Þ�Þ�¯�âá¯±ç%¯ çX¨¹Þ�Þ�¯�ç%Ý�ª`¬®ßáâá¬���¬®âáóX¨¹ª�Ý
°32 ¯±ª�âá¬®ßáÝK¬®ß½�óá¬Ëâá¬��±Ý�ß:©�¨¹ßá¯��¡¯��±°®¬ÚÝ¹Ù
��¬3Þ�¯±Þ ©«¬Ú©«óá¬®ªba�©�¨¹°®Ý8¨¹çáçáª�¯���¬®¯´�¯±ß�óáßá¯&ñX¨¹Þ«¨�©«¯&Þ�óá°3�¨¹°®�¯±°®¯ºâáÝ�°®°32 óá°Ú©«¬Úé´¨�¯���¯±ª¾�

ª�Ý�ßáà�¨�âá¬á�¬²¨¹Þ��óáß
ßá¯�âá¯�ßáÝ�°á�¯�âá¬®�Ý�X:âX¨ e óáÝ�°Xçáóáß:©«¯)¬®ß�çP¯±¬3X±¬®ß���¨�©�©«¬3X¹¬®°òßá¯�âá¯�O��¡¯��±°®¬²¨
Ý�âIO e óá¬®ßáâá¬è�¨¹ßáâá¬®âX¨�©«¯º¨¹â�¨¹çáçX¨¹ª�¬®ª�Ý�ßáÝ�°E�:Ýî©�©«¯±ª�Ý��PÙ

�±ã



µi������� ������¥q
���
 ���������¶s��m£N����� 
/¥q¥q
�N�5�� �q�

iK¨�©«¯�óáßÿ�±Ýî©�©«¯±ª�Ýÿ��� ñ�ì âá¬ n − 1
¬®ß:©«Ý�ª�¬U¬®ß

[1..n]
�±Ý�âá¬²¨¹éº¯��¯±éºÝ�Þ�¬²¨�çP¯±Þ�Þ�¬®ñá¬®°®Ý

âáÝ�âáóáª�ª�Ý)°32 ¬®ßáâá¬®�ÝKâáÝ�°®°32 óá°Ú©«¬Úé´¨8¯��î¯±ª�ª«Ýîßáà�¨ºâá¬Ë�¬²¨¹Þ��óáß½¬®ß ©«Ý�ª�¯
ßáÝî°{�±Ýî©�©«¯±ª�Ý�T

ë&í�ï � [i] =

{

max{j :
��� ñ�ì [j] = i}

Þ�Ý
i
�¯±éºçX¨¹ª�Ý�¬®ßR��� ñ�ì

0
Þ�Ý

i
ßá¯±ß½�¯±éºçX¨¹ª�Ý�¬®ßR��� ñ�ì

ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌ ÔsÖgÉoÔ�Ì�ÉoÌ ×�Õ�É.É�!DÆ�É%ÐmÏbÑ ÖØÌnÔ�Ô�Ì�ÎPÎPÕ�ÙTÚ.Ö
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì âá¬ n − 1

¬Úß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ß��C°p�±Ýî©�©«¯±ª�Ý ë&í�ï ���¯±ß:©«Ý�ßáÝ�ß:©«Ý)°32 ¬®ßáâá¬®�ÝFâáÝ�°®°32 óá°Ú©«¬Úéº¨0¯���¯±ª�ª�Ý�ßáà�¨�âá¬è¯��±ßá¬¬®ß:©«Ý�ª�¯
ßáÝ�°E�±Ýî©�©«¯±ª�Ý>��� ñ�ì
³±Ùsá%âoã

i = 1 ä â n úRö ã å â
·�Ù ë&í�ï �p[ i \ = 0

ãòÙsá%âoã
j = 1 ä â n úRö ã å â

êáÙ ë&í�ï �p[à��� ñ�ì [ j \�\ = j

iF¯±ç%¯�¨�±Ý�ª´¬®ßá¬®à�¬®¨¹°Ú¬Úà�à�¨�©«¯�¬®°��:Ýî©�©«¯±ª�Ý�XU°32 ¨¹°	�±¯¹ª�¬ ©«é
¯WXçPÝ�ª´ª�Ý�¨¹°®¬®à�à�¨¹ª�Ý ë&í�ï � [i] =

max{j :
��� ñ�ì [j] = i}

ª�¬®�ðá¬®Ý�âáÝ�¨¹â ¯��±ßá¬Fçáª�¯��Ý�Þ�Þ�¯±ª�Ý
j
âá¬KÞ��ª�¬��±Ý�ª�Ý�çX¨¹ª«¨¹°®°®Ý�°²¨�

éºÝ�ß:©«ÝF¬®°#�¹¨�°®¯±ª�ÝFâáÝ�°�Þ�óá¯�¬®ßáâá¬®�Ý5ßáÝ�°®°²¨0ç%¯±Þ�¬®à�¬®¯±ßáÝ
i =

��� ñ�ì [j] âáÝ�°@�±Ýî©�©«¯±ª�Ý ë&í�ï �@�áÞ«Ý
°32 ¨¹°	�¹¯±ª�¬ ©«é
¯��±Ý�ßá¬®Þ�Þ�ÝºÝ�Þ�Ýc�±óá¬Ú©«¯�Þ�ó�óáßX¨�Û�*k��§ ô�*.ì"+ XË�ðáÝº¬®ß��¨¹Þ�¯�âá¬[Þ��ª�¬Ú©�©«óáª«¨
�¯±ßá�¯±ª�ª�Ý�ß:©«Ý��:¨¹ª«¨¹ß ©«¬®Þ�Þ�Ý çáª�¬®¯±ª�¬ ©/a´¨¹°�çáª�¯ �Ý�Þ�Þ�¯±ª�Ý
âá¬�¬®ßáâá¬®�Ý8é´¨����±¬®¯¹ª�Ý�X�°32 ¨¹°	�±¯±ª ¬Ú©�éº¯
�¨¹°®�¯±°®Ý�ª�Ý�ñáñPÝ�Ý�Þ«¨�©�©�¨¹éºÝ�ß ©«Ý�¬®°m�¹¨¹°®¯±ª�Ý�âáÝ�°ç�±Ýî©�©«¯±ª�Ý ë&í�ï � ¬®ß ©«Ý�éºçP¯ O(1)

�¯±ß
n

çáª�¯ �Ý�Þ�Þ�¯±ª�¬�Ù
�C°`�¯±éºç%¯±ª ©�¨¹éºÝ�ß:©«¯�âá¬`óáßX¨�Û�*k��§ ô�*.ì�+Ü�¯±ß¤çáª�¬®¯±ª�¬Ú©/a-çáóWh�Ý�Þ�Þ�Ý�ª�Ý�Þ�¬®é ó!�

°²¨�©«¯&Þ�ó�óáßX¨�Û�*k��§ ô�*5ô,+(çX¨��:¨¹ßáâá¯�óáß��¯±Þ ©«¯�©«Ý�éºç%¯±ª«¨¹°ÚÝ ¨����±¬®óáß ©«¬S�:¯´çX¨¹ª�¬[¨¹â
O(log n)

^¡ë3Ý�¯±ª�Ý�éº¨ ³±Ù ãòÙ �&`�X5¬®ß âáÝ�
Xßá¬Ú©«¬���¨�°32 ¨¹°	�±¯¹ª�¬ ©«éº¯�ª�¬®�ðá¬®Ý�âáÝ
n
çáª�¯��Ý�Þ�Þ�¯±ª�¬)Ý

O(log n)
©«Ý�éºçP¯áÙ

�¹ê



Û3Ý�ª&�¯±éºçá°®Ý ©�Ýîà�à�¨Ãçáª�Ý��¬®Þ�¬²¨¹éº¯��ðáÝ�¬®°��±Ýî©�©«¯±ª�Ý ë&í�ï ��çáóWh�Ý�Þ�Þ�Ý�ª�Ý��¯±éºçáóò©�¨�©«¯WX
�¯±ß½éºÝ�âáÝ�Þ�¬®éºÝKçáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬3Xáª�¬®�¯±ª�ª�Ý�ßáâá¯
¨¹â½óáßE2 ¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝ�âá¬è¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯�Þ�óá°®°²¨
�¯±çáçá¬²¨

(
��� ñ�ì [i], i) [ ¶]\�Ù

µi������� �	����� 
 ¥q
�����¥q� �����w�����������

�Cß e óáÝ�Þ ©«¯)�¯�âá¬®�Ý`¯��±ßá¬òßá¯�âá¯�¬®ß:©«Ý�ª�ßá¯ç��¬®Ý�ßáÝ`Ý�°®¬®éº¬ÚßX¨�©«¯Fßá¯±ß
¨¹çáç%Ý�ßX¨Kâá¬���¬®Ý�ßáÝ��¡¯��±°®¬²¨!X
e óá¬®ßáâá¬[ç%Ý�ª�©«óò©�©«¬*�±°®¬ i

ç%Ý�ª)¬ e óX¨¹°®¬ ë&í�ï �p[ i \ 6= 0
X<Þ�¬AðX¨½�ðáÝ"�@[ ë&í�ï �p[ i \ +1

\
= i

X3°®Ý
ª�Ý�Þ ©�¨¹ß:©«¬U°®¯��¨¹à�¬®¯±ßá¬âá¬#�ÃÞ«¨¹ª«¨¹ßáßá¯�¯ ��óáçX¨�©«Ý½âX¨¹°®°®Ý��¡¯��±°®¬ÚÝ&¯±ª�âá¬®ßX¨�©«Ý&ç%Ý�ª
Ýî©«¬®�ðáÝî©�©«Ý
�ª�Ý�Þ��Ý�ß:©«¬�Ù
ÈÊÉoËÍÌ�ÎPÏbÐmÑÒÌÓ×�Õ�Ô�Ì�×�Ï��*Ï�ÔsÖ«® Õ�¯�ÏbÉ.É.Õ±°x°x° ñ{ÖgÎPÖgÉ.É.Õ�ÉoÌ
ÚÛ�Ü�Ý�Þ�ßnN5ßQ�:Ýî©�©«¯±ª�Ý>��� ñ�ì âá¬ n − 2

¬Úß ©«Ý�ª�¬è¬®ß
[1..n]

Ù
à Ý�ÞrÜ�Ý�Þ�ßj�*2 ¨¹°®ñ%Ý�ª�¯

T = (V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó

[1..n]
�¯±ª�ª�¬®Þ�çP¯±ßáâáÝ�ß ©«Ý0¨T��� ñ�ì Ù

³±Ù
n =

��� ñ�ìûð�ë&ì ôN���o� + 2

·�Ù jû��£	±/�R£���£�ª ¡!£ � © «Í�B�±/±/�R¦�¦b¥�¢!µ��¬ © �b¯�¢ © ¢p��¬%��¢p¥�£r±/��¬ © ±/¥
ãòÙ ��¦�¬ © ¢@�Í£�¥5®c�b¯�£ © ¥ ° ¥�¦g¥�� © ±/²8¥��"� ¥�±�¦b¥ ¨ ±/¥�¢8� ©

ãòÙÚ³dá%âoã
i = 1 ä â n úRö ã å âãòÙä· æáZ^ ë&í�ï �p[ i \ = 0

` ä�èré#êãòÙ ã ë&ì%í å@[ i \ = 1ãòÙ ê é óZ· é�ë&ì%í å@[ i \ = 0ãòÙ���Ý�Þ�Ýc�±óá¬<Þ�¯±éºéºÝ�çáª�Ý�
XÞ�Þ�Ý0Þ�ó ë&ì%í å@[ \ãòÙ � ë&ì%í å����õÜ%ôZ� = ë&ì%í å@[ n \ãòÙä¶Uá%âoã
i = 1 ä â n úRö ã å âãòÙ ¸ æáZ^ ë&í�ï �p[ i \ = 0

` ä�èré#êãòÙ � ë&ì%í%ì�î#ï [ ë&ì%í å@[ i \�\ = i

êáÙh��� ñ�ì [ n − 1
\
= ë&ì%í%ì�î#ï [ ë&ì%í å����õÜ!ôZ�%\

�&�



��Ù jo¦b¥b� © £�Q�¥��"� �R¦b¥ �
��ÙÚ³dá%âoã

i = 1 ä â n − 1 úRö ã å â��Ùä· �@[
i
\
= 0��Ù ã : ¨/¨ ¥ü¯�¢@�Í£	¥ ° � ¨�© µ © �R¢ ©#° ¥�¦ © ¢p��¬ ©o© ¢8� ¥�¦�¢ ©��Ù ãòÙÚ³fá%âoã
i = 1 ä â n úRö ã å â��Ù ãòÙä· æá�^ ë&í�ï �p[ i \ 6= 0

` ä�è.é#ê��Ù ãòÙ ã �@[ ë&í�ï �p[ i \ +1
\
= i��Ù ê%$ ¡!«�¥�¦���¯�£ © ¥�£	¥�«�¥�¢8� © ¬ © � ¢p�R¢Z��¢p±/�R¦���� ¨/¨ ¥ü¯�¢@��� ©��Ù êáÙÚ³fá%âoã

i = 1 ä â n − 1 ú]ö ã å â��Ù êáÙä· æá�^&�@[
i
\
= 0

` ä�è.é#ê��Ù êáÙ ã �x� ë&ì [ i \ = 1��Ù êáÙ ê é óZ· é �x� ë&ì [ i \ = 0��Ù êáÙ��¤Ý�Þ�Ýc�±óá¬ËÞ�¯±éºéºÝ�çáª�Ý�
XÞ�Þ�Ý0Þ�óu�x� ë&ì [ \��Ù êáÙ �)�x� ë&ì ���õÜ%ôZ� =
�x� ë&ì [ n − 1

\
��Ù êáÙä¶ÿá%âoã

i = 1 ä â n − 1 ú]ö ã å â��Ù êáÙ ¸ æá�^&�@[
i
\
= 0

` ä�è.é#ê��Ù êáÙ � �x� ë&ì�ï [ �x� ë&ì [ i \�\ = i��Ù�� j5�R« ° £	¥��ü� � © ¢ ¨ ¥�¦b¥�¢@¬%��£	¥5®c�b¯�£ © ¥��Ù���ÙÚ³fá%âoã
i = 1 ä â��x� ë&ì ���õÜ%ôZ� ú]ö ã å â��Ù���Ùä· �@[ �x� ë&ì�ï [ i \�\ = ë&ì%í%ì�î#ï [ i \

�òÙ jo¦b¥b�Í£�ª ��£�¤�¥�¦b�
�òÙÚ³

T = ([1..n], ∅)�òÙä·Uá%âoã
i = 1 ä â n − 1 úRö ã å â�òÙ ã
E(T ) = E(T ) ∪ (

�
[i],
��� ñ�ì [i])

��çX¨¹Þ�Þ�¬F³´Ý&ê-ç%¯±Þ�Þ�¯±ßá¯�Ý�Þ�Þ�Ý�ª�Ý�Ý�Þ�Ýc�±óá¬Ú©«¬ âX¨-óáß�Þ�¬®ßW�±¯±°®¯�çáª�¯��Ý�Þ�Þ�¯±ª�Ý&¬®ß�©«Ý�éºç%¯
�¯±Þ ©�¨¹ß:©«Ý�XX°32 ¨¹ßX¨¹°®¬ÚÞ�¬�âáÝ�°<çX¨¹Þ�Þ�¯&·gO)Þ ©�¨�©�¨�çáª�Ý�Þ�Ý�ß ©�¨�©�¨
ßáÝ�°ËçX¨¹ª«¨��±ª«¨R�¡¯�çáª�Ý��Ý�âáÝ�ß:©«Ý±Ù
�C°[çX¨¹Þ�Þ�¯�ãBO
¬®âáÝ�ß:©«¬®�¯�¨¹°[çX¨¹Þ�Þ�¯Ã³±ÙÚ³ºâáÝ�°Ú°32 ¨¹°	�±¯±ª�¬ ©«é
¯�çX¨¹ª«¨¹°®°ÚÝ�°®¯�âá¬[�¯�âá¬�
X�¨�ç%Ý�ª

¬®°A©«Ý�ª�à�¯��¯�âá¬®�Ý�âá¬`å5Ý���¬®°®°®Ý�X[çáóWh e óá¬®ßáâá¬`Ý�Þ�Þ�Ý�ª�Ý½Ý�Þ�Ýc�±óá¬Ú©«¯�¬®ß�©«Ý�éºçP¯ O(log n)
Þ�ó

óáßX¨�Û�*k��§ ô�*5ô,+Ü�¯±ß
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬3X Ý��¯±ÞVUF¨¹ßá ðáÝ�¬®°`çX¨¹Þ�Þ�¯ ��Ù êáÙ�ÛVÝ�ª

���



¬ ª�Ý�Þ ©�¨¹ß:©«¬�¬®�°®¬AâáÝ�°çX¨¹Þ�Þ�¯Z��Þ�¬ ¯¹©�©«Ý�ßW�±¯±ßá¯�éºÝ�âáÝ�Þ�¬®éºÝ´çáª�Ý�Þ ©�¨¹à�¬Ú¯±ßá¬`¨¹çáçá°®¬®�¨¹ßáâá¯�¬®°
Û[ª�¬®ßá�¬®çá¬®¯ âá¬.���ðáÝ�âáóá°®¬®ßW�
âá¬� ª�Ý�ß:©g^¡ë3Ý�¯±ª�Ý�é´¨½³±Ù ã�ÙÚ³]` Ù
�Fßá�ðáÝ�¨¹°.�¬Ú�°®¯�âáÝ�°5çX¨¹Þ�Þ�¯f��Þ�¬.çáóWh�¨¹çáçá°®¬Ú�¨¹ª�Ý½¬®°.ë3Ý�¯¹ª«Ýîé´¨�³±Ù ã�ÙÚ³-ª�¬®óáÞ��Ý�ßáâá¯

�¯±ÞVU8¨��¯±Þ ©«ª�óá¬®ª�Ý�°32 ¨¹°®ñ%Ý�ª�¯�Þ�ózóáßX¨¤Û�*k��§ïô�*5ô,+ �¯±ß
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬�¬®ß
©«Ý�éºçP¯

O(tadd log n)
X.âá¯�:Ý

tadd

O�¬®°.©«Ý�éºç%¯�ßáÝ��Ý�Þ�Þ«¨¹ª�¬®¯¤¨¹â óáß çáª�¯ �Ý�Þ�Þ�¯±ª�Ý�ç%Ý�ª
¨����±¬®óáßW�±Ý�ª�Ý�óáß ¨¹ª��¯�¨¹°®°32 ¨�°Úñ%Ý�ª�¯áÙ å5Ý�°F�¨¹Þ�¯�âá¬FóáßX¨ÃÞ�Ý�éºçá°®¬®�Ý-ª«¨¹çáçáª�Ý�Þ�Ý�ß:©�¨¹à�¬®¯±ßáÝ
©«ª«¨¹éº¬Ú©«Ý��±Ýî©�©«¯±ª�Ý&âá¬`¨¹ª��ðá¬3XV¯��±ßá¬ çáª�¯��Ý�Þ�Þ�¯±ª�Ý�çáóWh�¨����±¬®óáßW�±Ý�ª�Ýºóáß¤¨¹ª��¯�¬®ß�©«Ý�éºç%¯
O(1)

Þ�Ý�ßáà�¨�Þ��ª�¬Ú©�©«óáª�Ý��¯±ßá�¯±ª�ª�Ý�ß:©«¬3T´¬®ß e óáÝ�Þ ©«¯��¨¹Þ�¯�¬®° ©«Ý�éºçP¯�ßáÝ��Ý�Þ�Þ�¨¹ª�¬®¯�çPÝ�ª�¬®°
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êáÙÚ³dá%âoã
i = 1 ä â n úRö ã å âêáÙä· æáZ^ ë&í�ï �p[ i \ = 0

` ä�èré#êêáÙ ã ë&ì%í å@[ i \ = 1êáÙ ê é óZ· é�ë&ì%í å@[ i \ = 0êáÙ���Ý�Þ�Ýc�±óá¬<Þ�¯±éºéºÝ�çáª�Ý�
XÞ�Þ�Ý0Þ�ó ë&ì%í å@[ \êáÙ � ë&ì%í å����õÜ%ôZ� = ë&ì%í å@[ n \êáÙä¶Uá%âoã
i = 1 ä â n úRö ã å âêáÙ ¸ æáZ^ ë&í�ï �p[ i \ = 0

` ä�èré#êêáÙ � �@[ ë&ì%í å@[ i \�\ = i
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��ÙÚ³dá%âoã

i = 1 ä â n úRö ã å â��Ùä· û&ï � í�ï �p[ i \ = 0��Ù ãÿá%âoã
i = 1 ä â n úRö ã å â��Ù ê æáZ^ ë&í�ï �p[ i \ 6= 0

` ä�èré#ê��Ù�� û&ï � í�ï �p[ ë&í�ï �p[ i \�\ = 1
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XÞ�Þ�Ý0Þ�ó û&ï � í�ï �p[ \3¯¹©�©«Ý�ßáÝ�ßáâá¯ ë&í�ï �NÛN�õÜ%ôN�p[ \�òÙä·Uá%âoã

i = 1 ä â n − 1 úRö ã å â�òÙ ã æáZ^ û&ï � í�ï �p[ i \ = 1
` ä�è.é#ê�òÙ ê �@[ ë&ì%í å����õÜ%ôN�5² ë&í�ï �NÛN�õÜ!ôZ�p[ i \	\ = i
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�¯±ß-¬®°ËÛ[ª�¬®ßá�¬®çá¬®¯
âá¬r���ðáÝ�âáóá°®¬®ßW�ºâá¬? ª�Ý�ß:©�^¡ë3Ý�¯±ª�Ý�é´¨½³±Ù ãòÙÚ³]`�XXóò©«¬®°®¬®à�à�¨¹ßáâá¯
¬®ß�
XßáÝ)¬®°
�±¸



ë3Ý�¯±ª�Ý�éº¨�³¹Ù ãòÙä·8ç%Ý�ª`°32 ¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝFâá¬�Þ�¯±éºéºÝKçáª�Ý�
XÞ�Þ�Ý�XXÞ�¬èâáÝ�âáóá�Ý� ðáÝK©«óò©�©«¯ °32 ¨¹°	�±¯R�
ª�¬Ú©«éº¯KçáóWh0ÝîÞ«Þ�Ý�ª�Ý5¬®éºçá°ÚÝ�éºÝ�ß:©�¨�©«¯�Þ�óºóáßX¨)Û�*k��§^ô�*5ô,+ �¯±ß

n/ log n
çáª�¯��Ý�Þ�Þ�¯±ª�¬

¬®ß½©«Ý�éºç%¯
O(log n)

¨¹â-Ý���Ý�à�¬®¯±ßáÝ âáÝ�°3�¨¹°®�¯¹°²¨
°32 óá°Ú©«¬®éº¨�¯���¯±ª�ª�Ý�ßáà�¨´âá¬<¯��±ßá¬3ßá¯ âá¯
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êáÙÚ³ í �õ�(� ì�îWì!ë = 1êáÙä· í �õ�()5� ñ�ì = 1êáÙ ã ë&ì�îWì!ë þ ûõý�ì = |{i : ë&í�ï �p[ i \ = 0}|êáÙ êUò è æó é ^ í �õ�()5� ñ�ì+* n
` å âêáÙ�� á%âoã

i = í �õ�()5� ñ�ì�ä â í �õ�()5� ñ�ì + ë&ì�î8ì!ë þ ûÔý�ìuú]ö ã å âêáÙ � æáZ^ û&ï � í�ï �p[ i \ = 1
` ä�è.é#êêáÙä¶ ë [ i \ = í �õ�(� ì�îWì!ëêáÙ ¸ ô ì�ð �(� ì�îWì!ë þ ûõý�ìoÏoÏêáÙ � í �õ�(� ì�îWì!ë�ÏZÏêáÙÚ³+µ í �õ�()5� ñ�ì = í �õ� + ë&ì�îWì!ë þ ûõý�ì
���



êáÙÚ³±³ ë&ì�îWì!ë þ ûõý�ì =
ô ì�ð �(� ì�îWì!ë þ ûõý�ì
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Û3Ý�ª.¬ËçX¨¹Þ�Þ�¬A³�XP·!XXã
Ýj�
Þ�¬Ëª�¬®é´¨¹ßáâX¨ ¨¹°®°32 ¨¹ßX¨¹°Ú¬ÚÞ�¬�âáÝ�°®°32 ¨¹°	�±¯±ª ¬Ú©«é
¯ çáª�Ý��Ý�âáÝ�ß:©«Ý±Ù
�C°AçX¨�Þ«Þ�¯_��Þ�¬A�¯±éºç%¯±ßáÝ
âá¬[óáßÃ�¬®�°®¯½âX¨¹°[�¯±Þ ©«¯�°®¬®ßáÝ�¨¹ª�ÝI^¡ë3Ý�¯±ª�Ý�é´¨�³±Ù ãòÙÚ³]`KÝ
âá¬

óáß�¯±ª�âá¬®ßX¨¹éºÝîß ©«¯&�ðáÝ�XË¬®ß_�¡¯±ª�à�¨&âáÝ�°�ë3Ý�¯±ª�Ý�é´¨�³±Ù ãòÙ ¸&ª�¬®�ðá¬®Ý�âáÝ
O(log n)

©«Ý�éºç%¯�Ý�â
n
çáª�¯��Ý�Þ�Þ�¯±ª�¬<ç%Ý�ª.Ý�Þ�Þ�Ý�ª�Ý0¬®éºçá°®Ý�é
Ý�ß:© ¨�©�¯ Þ�ó�óáßX¨ºÛ�*k��§ ô�*5ô,+IÙ
�FßX¨¹°®¬®à�à�¬²¨¹é
¯�¯±ª«¨
ßáÝ�°<âáÝî©�©�¨��±°®¬®¯
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¬®ßá¬®à�¬®¨¹°ÚÝºâá¬ ë&ì�îWì!ë!ïZûõý�ì O´Þ�ó�Vº�¬®Ý�ß:©«Ý��¯±ß:©�¨¹ª�Ý´°®ÝÍ�¡¯��±°®¬ÚÝºâáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯�¬®ßá¬®à�¬²¨¹°ÚÝ�X<©�¨¹°®Ý
¯±çPÝ�ª«¨¹à�¬®¯±ßáÝmO5Þ ©�¨�©�¨���¨�©�©�¨)çá¬	Y��±¯±°Ú©«Ý5ßáÝ�¬Pçáª�Ý��Ý�âáÝ�ß:©«¬è¨¹°	�±¯±ª�¬ ©«é
¬áÝ5ª�¬®�ðá¬®Ý�âáÝ

O(log n)

©«Ý�éºçP¯
Ý
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬�Ù
�C°��¬®�°®¯mò è æó é Oóáß��¬®�°Ú¯FÞ�Ý�ª�¬²¨¹°®Ý ¬®° �óá¬�ß óáéºÝ�ª�¯Kâá¬�¬Ú©«Ý�ª«¨¹à�¬®¯±ßá¬&OçX¨¹ª�¬ò¨¹°�ß óáéºÝ�ª�¯

âá¬Ë°®¬��±Ý�°®°Ú¬èâáÝ�°®°32 ¨¹°Úñ%Ý�ª�¯WXòÞ�¬²¨
Ý�Þ�Þ�¯
H(T )

Ù��ËÝ�©«ª�Ý0¨¹Þ�Þ�Ýc�±ßX¨¹à�¬®¯±ßá¬Ëçáª�Ý�Þ�Ý�ß ©«¬3¨¹°®°²¨P
XßáÝ0âáÝ�°
Þ�óá¯K�¯±ª�ç%¯Kç%¯±Þ�Þ�¯±ßá¯�Ý�Þ�Þ�Ý�ª�ÝUÝ�Þ�Ýc�±óá¬Ú©«ÝâX¨Fóáß�Þ�¬®ßW�±¯±°®¯5çáª�¯��Ý�Þ�Þ�¯±ª�ÝU¬®ß0©«Ý�éºç%¯F�¯±Þ ©�¨¹ß ©«Ý�X
e óá¬®ßáâá¬ò�¬	hK�ðáÝUâáÝî©«Ý�ª�éº¬®ßX¨F¬®°��¯±Þ ©«¯�âá¬�©�¨¹°®Ý�¯±ª�ç%¯�O`¬®°��¬®�°®¯já%âoã�çX¨¹ª«¨¹°®°ÚÝ�°®¯Fçáª�Ý�Þ�Ý�ß:©«Ý
¨¹°èÞ�óá¯º¬®ß:©«Ý�ª�ßá¯áÙ
�Cß
©�¨¹°®Ý`�¬®�°®¯�Þ«¬á¬®âáÝ�ß ©«¬�
X�¨¹ßá¯�¬Xßá¯ âá¬Xâá¬Xóáßº°®¬��±Ý�°®°Ú¯KÞ«¨¹ç%Ý�ßáâá¯ e óX¨¹ß ©«¬XÝ�ª«¨¹ßá¯)¬Xßá¯ âá¬

âá¬.°®¬��:Ý�°®°Ú¯�çáª�Ý��Ý�âáÝ�ß:©«Ý�� e óá¬®ßáâá¬F¨¹â�¯��±ßá¬.¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝ½°²¨�±¯±ª�Ý�ª«¨¹ßáßá¯Ã¬®ß�çX¨¹ª«¨¹°®°®Ý�°Ú¯Ã¨¹°
çá¬	Y

W (T )
çáª�¯ �Ý�Þ�Þ�¯±ª�¬3X%âá¯]�±Ý

W (T )
O8¬®°Ëé´¨¹Þ�Þ�¬®éº¯ºß óáéºÝ�ª�¯´âá¬3ßá¯ âá¬3âá¬<éºÝ�âáÝ�Þ�¬®éº¯

°®¬��±Ý�°®°Ú¯áÙG�C°���¨�©«©«¯¤�ðáÝ�¨�°®°32 ¬®ß:©«Ý�ª�ßá¯¤âáÝ�°)�¯±ª�çP¯�Þ�¬�Ý�Þ�Ýc�±óX¨¹ßá¯ óáßX¨¤°®Ýî©�©«óáª«¨¤Ý�âzóáßX¨
¶¹µ



Þ��ª�¬Ú©�©«óáª«¨��¯±ßá�¯±ª�ª�Ý�ß:©«Ý�Xs��¨�Þ�¬K ðáÝ�¬®°5©«Ý�éºç%¯�ßáÝ��Ý�Þ�Þ«¨¹ª�¬®¯�¨¹â ¯��±ßá¬F¬Ú©«Ý�ª«¨¹à�¬®¯±ßáÝ�Þ�¬²¨
O(log W (T ))

^¡ë<Ý�¯±ª�Ý�é´¨½³±Ù ãòÙ �&` Ù
�Cß�âáÝ�
Xßá¬Ú©«¬��¹¨�Þ�ó�óáßX¨ºÛ�*k��§ ô�*5ô,+p¬®°è�¬®�°®¯�ò è æó é ßáÝ��Ý�Þ�Þ«¬Ú©�¨
âá¬Ëóáß½©«Ý�éºç%¯

çX¨¹ª�¬è¨
O(H(T ) log W (T ))

ÝKâá¬
W (T )

çáª�¯ �Ý�Þ�Þ�¯±ª�¬3XáéºÝ�ß:©«ª�Ý�°®ÝFª�Ý�Þ ©�¨¹ß ©«¬�¬®Þ ©«ª�óáà�¬®¯±ßá¬
âáÝ�°®°32 ¨¹°��±¯±ª�¬ ©«é
¯&ç%¯¹Þ«Þ�¯±ßá¯½Ý�Þ�Þ�Ý�ª�Ý
©«óò©�©«Ý�Ý�Þ�Ýc�±óá¬Ú©«Ý
¬®ß

O(log n)
©«Ý�éºç%¯��¯±ßÃ¨¹°�çá¬	Y

n

çáª�¯ �Ý�Þ�Þ�¯±ª�¬�Ù
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Û3Ý�ª�ª�¬®óáÞ��¬®ª�Ý�¨�âáÝ��¯�âá¬�
X�¨¹ª�Ý�¬�¯�âá¬®�¬âá¬UÛ[ª����¡Ý�ª�ßá¯±ß¤Þ«¨¹ªba�Þ�ó�Vº�¬®Ý�ß:©«Ý½�¯±ßá¯±Þ��Ý�ª�Ý
°32 óá°Ú©«¬Úéº¨K¨¹çáçX¨¹ª�¬®à�¬®¯±ßáÝâá¬á¯��±ßá¬áßá¯�âá¯�ßáÝ�°X�¯ âá¬®�Ý�X çPÝ�ª� ð5�.¬®ßg��¨¹Þ�ÝUâá¬á�¯ âá¬�
X�¨�°32 Ý�°®¬®é
¬ �
ßX¨¹à�¬®¯±ßáÝ�âá¬Aóáß�ßá¯�âá¯�ßá¯±ßZO
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e óáÝ�°®°®¯�ßáÝ�° e óX¨¹°®Ý�âá¬���¬®Ý�ßáÝ��¡¯��±°®¬²¨!X�Þ�Ý½Ý&Þ�¯±°®¯�Þ�Ý�ßá¯±ß¤�¬`Þ�¯±ßá¯WXA¬®ß e óáÝ�°Uéº¯±éºÝ�ß:©«¯WX
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âá¬��±Ý�ß:©�¨¹ßá¯k�¡¯��±°®¬ÚÝ�çáª�¬®é´¨`âá¬:°®óá¬�OAéº¬®ßá¯±ª�Ý�âáÝ�° çX¨�Þ«Þ�¯5ßáÝ�° e óX¨¹°®Ý[Þ«¬��±¯±ª�ª�Ý�ñáñ%ÝAÝ�°®¬®éº¬ÚßX¨¹ª�Ý
i
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Þ�Ý0Ý)Þ�¯±°®¯�Þ�Ý ë&í�ï �p[ i \ ≥ � ��ì�î [ i \�Ù
�ËÝ�ª�Ý�Þ ©�¨¹ß:©«¬�°®¯ �¨¹à�¬®¯±ßá¬3âá¬,��Þ«¨¹ª«¨¹ßáßá¯�¯���óáçX¨�©«Ý�âX¨¹¬Vßá¯�âá¬�ª�¬®é´¨¹Þ ©«¬<ßá¯±ß�¨¹ßá�¯±ª«¨
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ë&í�ï �p[ i \�âá¬ �Ý�ª ©«¯Fßá¯±ß0Þ�¬ ª�¬®Þ��ðá¬®Ý�ªbaUâá¬�¨¹Þ�Þ�Ýc�±ßX¨¹ª�Ý i
¨¹â0óáßX¨.°®¯��¨¹à�¬®¯±ßáÝ[âá¬-�Kçáª�Ý��Ý�âáÝ�ß:©«Ý
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i
âá¬��±Ý�ß:©�¨��¡¯��±°®¬®¨òÙ
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Ýî©«¬®�ðáÝî©�©�¨�©«¯
Þ�ó
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³±Ù
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��ÙÚ³dá%âoã
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i = 1 ä â n úRö ã å â��Ù êáÙä· æá�^ ë&í�ï �p[ i \ ≥ � ��ì�î [ i \` ä�è.é#ê��Ù êáÙ ã �@[ ë&í�ï �p[ i \ +1
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i = 1 ä â��x� ë&ì ���õÜ%ôZ� ú]ö ã å â��Ùä¶�Ùä· �@[ �x� ë&ì�ï [ i \�\ =
Ü%ôoÜ ï�ì�ñ [ i \

�òÙ jo¦b¥b�Í£�ª ��£�¤�¥�¦b�

�çX¨¹Þ�Þ�¬[³�X%·!XXã�Ýn��Þ�¯±ßá¯Í�±¬ a Þ ©�¨�©«¬<¨¹ßX¨¹°®¬®à�à�¨�©«¬�ßáÝc�±°®¬Ë¨¹°	�±¯±ª�¬ ©«é
¬�çáª�Ý��Ý�âáÝ�ß:©«¬�Ù
�C°��¨¹°®�¯±°®¯�âáÝ�°o�±Ýî©�©«¯±ª�Ý � ��ì�î ¨¹°�çX¨¹Þ�Þ�¯�ê½çáóWh½Ý�Þ�Þ�Ý�ª�Ýºª�¬®�¯±ßáâá¯¹©�©«¯½¨¹°��¯±ß ©«Ýc���±¬®¯
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ë3Ý�¯±ª�Ý�éº¨&³±Ù ãòÙÚ³+µ0ª�¬®�ðá¬®Ý�âáÝ e óá¬®ßáâá¬ O(log n)
©«Ý�éºç%¯8Ý

n
çáª�¯��Ý�Þ�Þ�¯±ª�¬�Þ�ó�óáßX¨�Û�*k��§

ô�*5ô,+IÙ
�<©«ª�Ý`�¬®�°®¬òçáª�Ý�Þ�Ý�ß:©«¬XßáÝ�°áçX¨¹Þ�Þ�¯P�Fç%¯±Þ�Þ�¯±ßá¯WX ¨¹çáçá°®¬®�¨¹ßáâá¯K¬®°�ë3Ý�¯±ª�Ý�é´¨ ³±Ù ãòÙÚ³�X:Ý�Þ�Þ�Ý�ª�Ý

Ý�Þ�Ýc�±óá¬Ú©«¬òÞ�ó�óáßX¨KÛ�*k��§ ô�*5ô,+ ¬®ß8©«Ý�éºçP¯
O(log n)

�¯±ß
n/ log n

çáª�¯��Ý�Þ�Þ�¯±ª�¬3X±�¯±ÞVU
¨¹ßá�ðáÝ °²¨Uß�óáéºÝ�ª«¨¹à�¬Ú¯±ßáÝAâáÝc�±°®¬:Ý�°®Ý�éºÝ�ß:©«¬:âá¬-�Kßá¯±ß ¨¹ßá�¯±ª«¨5¨¹Þ�Þ�Ýc�±ßX¨�©«¬3X�çPÝ�ª3¬®°:âáÝî©�©�¨��±°®¬®¯
âá¬ e óáÝ�Þ ©�¨�¯±ç%Ý�ª«¨¹à�¬®¯±ßáÝ8Þ�¬Vª�¬®é´¨¹ßáâX¨º¨¹°®°32 ¨¹°��±¯±ª�¬ ©«é
¯ºçX¨¹ª«¨¹°®°®Ý�°Ú¯´çPÝ�ªK°²¨´âáÝ��¯ âá¬�
X�¨&âáÝ�°
©«Ý�ª�à�¯��¯ âá¬®�Ý
âá¬Aå5Ý���¬®°®°®Ý¹Ù��FßX¨¹°®¯��:¨¹é
Ý�ß ©«Ý Þ�¬AçáóWh½ª�Ý�¨¹°®¬®à�à�¨¹ª�Ý�°²¨�ß óáéºÝ�ª«¨¹à�¬®¯±ßáÝ�âáÝ�¬
ßá¯ âá¬Ëßá¯±ß-¨¹ßá�¯±ª«¨�óò©«¬®°®¬Úà�à�¨�©«¬3X�âá¬®Þ��ª�¬®éº¬®ßX¨¹ßáâá¯±°Ú¬p�±ª«¨¹à�¬®Ý�¨¹°E�±Ýî©�©«¯±ª�ÝHÜ ï�ì�ñ Ù
�Cß�âáÝ�
Xßá¬Ú©«¬��¹¨�°32 ¬®éºçá°ÚÝ�éºÝ�ß:©�¨¹à�¬®¯±ßáÝKâáÝ�°®°32 ¨¹°	�±¯¹ª�¬ ©«éº¯�Þ�ó-Û�*k��§ ô�*5ô,+ ª�¬®�ðá¬®Ý�âáÝ

n
çáª�¯��Ý�Þ�Þ�¯±ª�¬<Ý

O(log n)
©«Ý�éºç%¯áÙ

´Qu�# �>�P|u%��&ÀBz{���g|Q�

�H�¯±ßá�°®óáÞ�¬®¯±ßáÝºâá¬ e óáÝ�Þ ©«¯��¨¹çá¬Ú©«¯±°®¯�Þ�¬AçáóWh-ßá¯¹©�¨¹ª�Ý
 ðáÝºÞ�¯±°Ú©�¨¹ß:©«¯�âáóáÝºâáÝc�±°®¬A¨¹°	�±¯R�
ª�¬Ú©«éº¬Xçáª�¯±ç%¯±Þ ©«¬%ðX¨¹ßáßá¯ óáß&�¯±Þ ©«¯�¨¹Þ�¬®ß:©«¯¹©«¬®�¯0¯¹©�©�¬Úéº¯WX Þ�¬%¬®éºç%¯±ßW�±¯±ßá¯ e óá¬®ßáâá¬�¨¹°®�óáßáÝ
¯±Þ�Þ�Ý�ª���¨¹à�¬®¯±ßá¬<âá¬è�¨¹ª«¨�©�©«Ý�ª�Ý)çáª«¨�©«¬®�¯áÙ
å5Ý�°
³���±¸UiFÝ�¯WX10�óáé´¨¹ª�Ý20�óáé´¨�ªZ[ ³+µR\0ðX¨¹ßáßá¯�çáª�¯±çP¯±Þ ©«¯�óáß!¨¹°	�±¯±ª�¬ ©«éº¯�âá¬

âáÝ��¯ âá¬�
X�¨)¬®°áîóá¬Pª�Ý�¨¹°ÚÝU�¯±Þ ©«¯)©«Ý�éºç%¯±ª«¨¹°®Ý�X±Þ�óºóáßX¨�é´¨¹� ðá¬®ßX¨)§-¨¹Þ«ÛV¨¹ª§-Ûr��³P[ ·±·%X:ê�\
�¯±ß�¸ò³�:·&çáª�¯��Ý�Þ�Þ�¯±ª�¬3X�O�çáª�Ý�Þ�Þ�¯��ð5�´�¯±Þ ©�¨¹ß:©«Ý
ç%Ý�ª)�¯ âá¬®�¬[âá¬[¨¹°®ñ%Ý�ª�¬�¬®°��óá¬[ß óáéºÝ�ª�¯
âá¬èßá¯�âá¬Ëßá¯±ß�Ý���ÝîâáÝ8°²¨ éºÝî©/a�âáÝ�°Ëß�óáéºÝ�ª�¯
âáÝ�¬Ëçáª�¯��Ý�Þ�Þ�¯±ª�¬3T

n ≤ 4096
Ù

ëV¨¹°®Ý�ª�¬®Þ�óá°Ú©�¨�©«¯ÃÞ�¬KâáÝ��±Ý�çáª�¬®ßá�¬®çX¨¹°®é
Ý�ß:©«Ý�¨¹°m��¨�©�©«¯��ðáÝ�°32 ¨¹°	�±¯±ª�¬ ©«é
¯Ãçáª�¯±ç%¯±Þ ©«¯
�¯±¬®ß&�±¯±°	�±Ý�XV�¯±éºÝ´óáßá¬®�ðáÝ´¬®Þ ©«ª�óáà�¬®¯±ßá¬AâX¨¹° �¯±Þ ©«¯�¨¹Þ�¬®ß:©«¯¹©«¬®�¯-çá¬	YÃ�ðáÝ&°®¬®ßáÝ�¨¹ª�Ý�XVâáÝî°®°®Ý
¬®Þ ©«ª�óáà�¬®¯±ßá¬Ëâá¬3¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯ºÝP�±°®¬3¨¹óò©«¯±ª�¬<âá¬®Þ�ç%¯±ßáÝ���¨¹ßá¯&âá¬3óáß�¨¹°	�±¯±ª�¬ ©«éº¯�XP¯¹©�©«¬®éº¬Úà��
à�¨�©«¯5ç%Ý�ªV°²¨U°®¯±ª�¯5é´¨¹��ðá¬®ßX¨�X�¬®ßn�±ª«¨¹âá¯Fâá¬ ¯±ª�âá¬®ßX¨¹ª�Ý�X�¬®ß)©«Ý�éºç%¯ e óX¨¹Þ�¬�°®¬®ßáÝ�¨¹ª�Ý�X]�±Ýî©�©«¯±ª�¬
âá¬èâá¬®éºÝ�ßáÞ�¬®¯±ßá¬èßá¯±ß½Þ�óáç%Ý�ª�¬®¯±ª�¬Ë¨º¸ò³�:·8Ý�°®Ý�éºÝ�ß ©«¬�Ù
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�Fßá�ðáÝ�çPÝ�ª
éº¯±°Ú©«¬ âáÝc�±°®¬U¨¹°	�±¯±ª�¬ ©«éº¬ ßá¯±ß¤¯¹©�©«¬®éº¬çáª�¯±çP¯±Þ ©«¬U¬®ß e óáÝ�Þ ©«¯Ã�¨¹çá¬Ú©«¯±°®¯
°32 óáßá¬®�¯)©«¬®çP¯0âá¬%¯±çPÝ�ª«¨¹à�¬®¯±ßáÝ5¯±ßáÝ�ª�¯±Þ«¨PO5°32 ¯±ª�âá¬®ßX¨¹éºÝîß ©«¯WX��¹¨�°	�±¯±ßá¯0âáóáß e óáÝK¬PéºÝ�âáÝ�Þ�¬S�
éº¬Xª�¬®Þ�óá°Ú©�¨�©«¬X¯¹©�©«Ý�ß�óò©«¬PâX¨giFÝ�¯WX30Kóáé´¨¹ª Ý40�óáé´¨¹ªAÞ�ó½§-¨¹Þ«ÛV¨¹ª.§-Ûr��³±Ùo�Cß´©�¨¹°Péº¯�âá¯
çPÝ�ª�°²¨-é´¨����±¬®¯¹ª8çX¨¹ª ©«Ý&âáÝc�±°®¬`¨¹°	�¹¯±ª�¬Ú©«é
¬ ¨¹Þ�¬®ß ©«¯¹©«¬®�¨¹é
Ý�ß ©«Ý´ßá¯±ß�¯¹©�©«¬®éº¬Açáª�Ý�Þ�Ý�ß:©�¨�©«¬
Þ�¬�çáóWh �¯±é óáß e óáÝK¯¹©�©«Ý�ßáÝ�ª�ÝKóáßE2 ¬®éºçá°®Ý�éºÝ�ß:©�¨¹à�¬®¯±ßáÝ.âX¨¹°®°®Ý5çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬�çáª�Ý�Þ�Þ�¯  ð5��°®¬S�
ßáÝ�¨¹ª�¬�Ù���¬ ßá¯¹©«¬¬®ßÃçX¨¹ª ©«¬®�¯±°²¨¹ª�Ýº�ðáÝ&�¬	h���¨¹°®Ý&¨¹ßá ðáÝ&çPÝ�ª ¬®° çáª�¯±ñá°®Ý�é´¨½âáÝ�°�¨¹°®�¯±°®¯
âáÝ�°®°32 óá°Ú©«¬Úéº¨�¯���¯±ª�ª�Ý�ßáà�¨�âá¬`¯��±ßá¬`ßá¯ âá¯�ßáÝ�°`�¯�âá¬®�Ý�XAâX¨¹°`éº¯±éºÝ�ß:©«¯��ðáÝ½Ý�Þ�Þ�¯�çáóWh
Ý�Þ�Þ�Ý�ª�Ý0ª�¬®�¯±ßáâá¯¹©�©«¯
¨¹â�óáß�¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯áÙ

*.¬®ç%¯±ª ©«¬®¨¹éº¯�XòßáÝ�°®°®Ý�ëV¨¹ñPÝ�°®°®Ý�êáÙÚ³)Ý)êáÙä·!XX¬®°èâáÝî©�©�¨��±°®¬®¯ âáÝ�°®°®Ý��¨¹ª«¨�©�©«Ý�ª�¬®Þ ©«¬®�ðáÝ�âáÝc�±°®¬
¨¹°	�±¯±ª�¬ ©«é
¬5âá¬K�¯�âá¬�
X�¨�Ý�âá¬KâáÝ��¯ âá¬�
X�¨�T�¬®°5©«Ý�éºç%¯�Ý�â ¬®°Fß óáéºÝ�ª�¯¤âá¬Kçáª�¯ �Ý�Þ�Þ�¯±ª�¬
¯¹©�©«Ý�ß óò©«¬`âX¨¹°®°"2 ¨¹ßX¨¹°®¬ÚÞ�¬¨�Þ«¬Úß ©«¯¹©«¬®�¨�X�°®Ý´çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬`âáÝ�°®°32 ¬®é
çá°ÚÝ�éºÝ�ß:©�¨¹à�¬®¯¹ßáÝ´ª�Ý�¨¹°®Ý&Þ�ó
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Û[ª����¡Ý�ª å5Ý���¬®°®°®Ýç��� å5Ý���¬®°®°®Ýç����� � ©�¨¹/�����KóáÝ�óáÝ
ë3Ý�éºç%¯

O(log n) O(log n) O(log n) O(log n)
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n/ log n n n/ log n n
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Û[ª����¡Ý�ª å5Ý���¬®°®°®Ýç��� å5Ý���¬®°®°®Ýç����� � ©�¨¹������FóáÝ�óáÝ
ë3Ý�éºç%¯

O(log n)
O(log n+
+H log W )

O(log n) O(log n)

Û[ª«¯ �Ý�Þ�Þ�¯±ª�¬
n max(n,W ) n n

Û[ª«ÝîÞ�©�¨¹àî¬®¯±ßá¬ å5¯±ß
°®¬®ßáÝ�¨¹ª�¬

å5¯±ß
°®¬®ßáÝ�¨¹ª�¬

Û[ª�Ý�Þ�Þ�¯��ð5�
°®¬®ßáÝ�¨¹ª�¬

Û[ª�Ý�Þ�Þ�¯��ð5�
°®¬®ßáÝ�¨¹ª�¬

�� ðáÝ�âáóá°®¬®ßW�
âá¬� ª�Ý�ß:©
X X X X��¯±éºéºÝ�çáª�Ý�
XÞ�Þ�Ý
X X X Xl ª�âá¬®ßX¨¹éºÝ�ß ©«¯ �

X
� �

iK¯¹éº¬®ßX¨¹ßáà�¨ �
X

� �
ëV¨¹ñ%Ý�°®°²¨ êáÙä·!T ì`¨¹ª«¨�©�©«Ý�ª�¬®Þ ©«¬®�ðáÝ�âáÝc�±°®¬Ë¨¹°	�±¯±ª�¬Ú©«é
¬%çX¨¹ª«¨¹°®°®Ý�°®¬%âá¬ËâáÝ��¯�âá¬�
X�¨òÙ

¶��
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å5Ý�°3�¯±ª�Þ�¯&âá¬ e óáÝ�Þ ©�¨´©«Ý�Þ�¬3Þ�¯±ßá¯&Þ ©�¨�©«¬3Þ ©«óáâá¬²¨�©«¬<âá¬��±Ý�ª�Þ�¬3�¯�âá¬®�¬<ßá¯¹©«¬3¬®ß�°®Ýî©�©«Ý�ª«¨�©«óáª«¨�X
¬®ß�çX¨¹ª ©«¬®�¯±°²¨¹ª�Ý)Þ�¬�On�¡¯��¨¹°®¬®àîà�¨�©�¨
°32 ¨�©�©«Ý�ßáà�¬®¯±ßáÝ)Þ�óá¬3�¯�âá¬®�¬<âá¬VÛ[ª����¡Ý�ªcX%Þ�óá°3Þ�Ý��¯±ßáâá¯&Ý
Þ�óá°è©«Ý�ª�à�¯º�¯ âá¬®�Ý)âá¬<å5Ý���¬®°®°®ÝKÝ)Þ�óá¬Ë�¯�âá¬®�¬�� ©�¨¹/�����KóáÝ�óáÝ¹Ù
iF¯±ç%¯0¨��±Ý�ªAâáÝ�
Xßá¬Ú©«¯�óáßá¯)Þ��ðáÝ�é´¨j�±Ý�ßáÝîª�¨�°®Ý�X:¬®âá¯±ßáÝ�¯)¨�âáÝ�Þ��ª�¬��±Ý�ª�Ý.©«óò©�©«ÝU°®Ý`�¯�âá¬S�


X�ðáÝ�âá¬Ë¨¹°®ñPÝ�ª�¬��ðáÝ�çáª�¯��Ý�âá¯±ßá¯�ç%Ý�ªUÞ�Ý�°®Ý�à�¬®¯±ßáÝK¬Ú©«Ý�ª«¨�©«¬���¨8âá¬è¨¹°®ñ%Ý�ª�¬3X�ßáÝ�°<ì`¨¹çá¬ ©�¯¹°®¯
·!X
Þ�¬�O½éº¯±Þ ©«ª«¨�©«¯��¯±éºÝ&ª�¬®�¯±ßáâáóáª�ª�Ý½¨�©�¨¹°®Ý&Þ� ðáÝ�é´¨�©«óò©�©«¬`¬`�¯�âá¬®�¬`Ý�Þ«¨¹éº¬®ßX¨�©«¬�ÙÃå5Ý�°
ì`¨¹çá¬Ú©«¯±°®¯�ã�Þ�¬KÞ�¯±ßá¯¤¨¹ßX¨¹°®¬®à�à�¨�©«¬5¬F�¯±Þ ©«¬KâáÝc�±°®¬F¨¹°	�±¯±ª�¬Ú©«é
¬.¯¹©�©«Ý�ß�óò©«¬K¨¹âX¨�©�©�¨¹ßáâá¯�°®¯
Þ��ðáÝ�é´¨��±Ý�ßáÝ�ª«¨¹°®Ý)¨��¬²¨¹Þ��óáß��¯�âá¬®�Ý¹Ù
��Ý�éºçáª�Ý´ßáÝ�°®°Ú¯�Þ ©«Ý�Þ�Þ�¯��¨¹çá¬Ú©«¯±°®¯½Þ�¬ Þ�¯±ßá¯�çáª�Ý�Þ�Ý�ß:©�¨�©«¬ âáÝc�±°®¬ ¨¹°	�±¯±ª�¬ ©«éº¬�¯¹©�©«¬®éº¬�âá¬

�¯ âá¬�
X�¨KÝâáÝ��¯�âá¬�
X�¨Kç%Ý�ª�¯��¹ß�óáßá¯KâáÝ�¬ò�¯�âá¬®�¬�Ù q ¬®éºçP¯±ª ©�¨¹ß ©«Ý Þ�¯¹©�©«¯±°®¬®ßáÝ�¨¹ª�Ý �¯±éºÝÞ�¬
Þ�¬²¨5ª�¬®óáÞ��¬Ú©«¬ò¨Fé´¨¹ß:©«Ý�ßáÝ�ª�Ý`óáß
¨¹çáçáª�¯ ��¬®¯Kóáßá¬��¡¯±ª�éºÝ�T<çPÝ�ªo�±°®¬ò¨¹°	�±¯±ª�¬ ©«é
¬ âá¬��¯�âá¬�
X�¨F�¬
Þ�¬èª�¬®�¯±ßáâáóá�Ý�Þ�Ý�éºçáª�Ý0¨¹â�óáß�çáª�¯±ñá°ÚÝ�é´¨ âá¬è¯±ª�âá¬®ßX¨¹éºÝ�ß:©«¯ °®Ý�Þ�Þ�¬®�¯��±ª«¨R
X�¯
âá¬è�¯¹çáçá¬®Ý�X
éºÝ�ß:©«ª�Ý�ç%Ý�ª e óáÝ�°®°®¬�âá¬ËâáÝ��¯�âá¬�
X�¨��¬ËÞ�¬ËñX¨¹Þ«¨
Þ�óá°®°®¨ ç%¯±Þ�Þ�¬®ñá¬®°®¬Ú©ba âá¬èâáÝ�âáóáª�ª�Ý0¬®°p�±ª«¨¹âá¯
âá¬è�¬²¨¹Þ��óáß�ßá¯�âá¯ºâáÝî°®°32 ¨¹°®ñ%Ý�ª�¯�Þ��¯±ª�ª�Ý�ßáâá¯º¬®°è�¯ âá¬®�Ý¹Ù
�<¨Ãç%¯¹Þ«Þ�¬®ñá¬Ú°®¬Ú©/a�âá¬5�¯�âá¬�
X�¨¹ª�Ý-Ý-âáÝ��¯�âá¬�
X�¨¹ª�Ý-©«óò©�©«¬5¬5�¯�âá¬Ú�¬5çáª�Ý�Þ�Ý�ß ©«¬F¬®ß °®Ýî©��

©«Ý�ª«¨�©«óáª«¨½�¯±ß�¬®°[éºÝ�âáÝ�Þ�¬®éº¯-¨¹çáçáª�¯ ��¬®¯-Ýº�¯±ßÃ¬®âáÝ�ß ©«¬®�ðáÝºçáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬ ¨¹Þ�¬®ß:©«¯¹©«¬®�ðáÝ�X

¶��



Ý���¬®âáÝ�ßáà�¬²¨��¯±éºÝ�X�¨¹°®éºÝ�ßá¯½ßáÝ�° �¯±ß ©«Ý�Þ ©«¯�âáÝ�° �¨¹°®î¯±°®¯�Þ�Ý�ª�¬²¨¹°®Ý�X<©�¨¹°®¬[�¯�âá¬®�¬Aç%¯±Þ�Þ«¨¹ßá¯
Ý�Þ�Þ�Ý�ª�Ý0�¯±ßáÞ�¬®âáÝ�ª«¨�©«¬ËÞ�¯±Þ ©�¨¹ßáà�¬²¨¹°®éºÝ�ß:©«ÝKÝ e óá¬��¹¨¹°®Ý�ß:©«¬�Ù
å5Ý�°��¨¹çá¬Ú©«¯±°®¯�êWXKÞ�¯±ßá¯�Þ ©�¨�©«¬�çáª�¯±çP¯±Þ ©«¬j�¹°®¬�¨¹°	�±¯±ª�¬Ú©«é
¬FçX¨¹ª«¨¹°®°®Ý�°Ú¬Fâá¬��¯�âá¬�
X�¨�Ý

âáÝ��¯ âá¬�
X�¨)âáÝ�¬W�¹¨¹ª�¬á�¯�âá¬®�¬3X±¬®°áéº¯�âáÝ�°®°Ú¯�âá¬áé´¨¹� ðá¬®ßX¨KçX¨¹ª«¨¹°®°®Ý�°®¨F�óá¬PÞ�¬8O���¨�©�©«¯)ª�¬��¡Ý�ª�¬S�
éºÝ�ßò©«¯�O)°²¨�Û�*k��§ ô�*5ô,+IÙ8i�¨�°®°32 ¨¹ßX¨¹°®¬ÚÞ�¬è¨¹Þ�¬®ß:©«¯¹©«¬®�¨8Ý)âX¨
¨¹°®�óáßáÝ��¯±ßáÞ�¬®âáÝ�ª«¨¹à�¬®¯±ßá¬
Þ�óá°®°®Ý&ª�Ý�¨¹°®¬ ç%¯±Þ�Þ�¬®ñá¬®°®¬Ú©ba-¬®éºçá°®Ý�é
Ý�ß:©�¨�©«¬��±Ý�X[Þ�¬�O�ç%¯¹©«óò©«¯�ßá¯¹©�¨¹ª�Ý��¯±éºÝ�XAßá¯±ßá¯±Þ ©�¨¹ß:©«Ý
Þ�¯±°Ú©�¨¹ß:©«¯�âáóáÝ&âáÝc�±°®¬ ¨¹°	�±¯±ª�¬ ©«é
¬[çáª�¯±ç%¯±Þ ©«¬ ¨¹ñáñá¬²¨¹éº¯�óáß��¯±Þ ©«¯�°®¬®ßáÝ�¨¹ª�Ý�X3°²¨½é´¨����±¬®¯±ª
çX¨¹ª ©«Ý�âáÝ�¬<ª�Ý�Þ ©�¨¹ß:©«¬Ëç%¯±Þ�Þ«¨
¬®ß½çáª«¨�©«¬®�¨P�¡¯±ª�ßá¬®ª�Ý�çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬èçáª�Ý�Þ�Þ�¯��ð5�8°®¬®ßáÝ�¨¹ª�¬�Ù
iK¨¹°5éº¯±éºÝ�ß:©«¯� ðáÝ�XUßáÝ�°F�¯±ß:©«Ý�Þ ©«¯�âáÝ�°F�¨�°®�¯±°®¯�çX¨¹ª«¨¹°®°®Ý�°®¯�X¬®°U©«Ý�ª�à�¯��¯�âá¬Ú�Ý-âá¬

å5Ý���¬®°®°®Ý-ª�¬®Þ�óá°Ú©�¨�Ý�Þ�Þ�Ý�ª�Ý e óáÝ�°®°®¯��ðáÝ��¡¯±ª�ßá¬®Þ��Ý�°®Ý�éº¬	�±°Ú¬Ú¯±ª�¬5çáª�Ý�Þ ©�¨¹à�¬®¯±ßá¬3X5óáß çáª�¬®éº¯
¬®ß:©«Ý�ª�Ý�Þ�Þ«¨¹ß:©«ÝKÞ���¬®°®óáçáç%¯8�¯±ßáÞ�¬®Þ ©«Ý�ª�Ý�ñáñ%ÝKßáÝ�°%©«ª�¯��¨¹ª�ÝFóáß�¨¹°	�±¯±ª�¬Ú©«é
¯8¨¹Þ�¬®ß:©«¯¹©«¬®�¨¹é
Ý�ß ©«Ý
¯¹©�©«¬®éº¯ ç%Ý�ª.°²¨ Þ�óX¨
âáÝ��¯�âá¬�
X�¨�Ù
� ©�¨¹°®ÝKçáª�¯±ç%¯¹Þ«¬ ©�¯ Þ�¬èßá¯¹©«¬��ðáÝ�XX¬®°%çáª�¯±ñá°®Ý�é´¨8âáÝ�°®°²¨8âáÝ��¯ âá¬�
X�¨�âá¬ e óáÝ�Þ ©«¯º�¯ âá¬®�Ý

O`Ý e óá¬��¹¨¹°®Ý�ß:©«Ý.¨¹°òçáª�¯±ñá°®Ý�é´¨5âáÝ�°®°²¨FâáÝî©«Ý�ª�éº¬®ßX¨¹à�¬®¯±ßáÝâáÝ�°®°32 óá°Ú©«¬Úé´¨5¯ ��¯±ª�ª�Ý�ßáà�¨�âá¬á¯��±ßá¬
Ý�°®Ý�éºÝ�ß:©«¯F¬®ß8óáßg�±Ýî©�©«¯±ª�Ý`âá¬

n−1
¬®ß ©«Ý�ª�¬ ¬®ß

[1..n]
Ù*�ò¨¹çáçá¬²¨¹éº¯m�±¬ a5�ðáÝ`°²¨5ª�¬®Þ�¯±°®óáà�¬®¯¹ßáÝ

Ý�Vº�¬®Ý�ß:©«Ý�âáÝ�°FÞ�Ý��¯±ßáâá¯¤çáª�¯±ñá°®Ý�é´¨�¬®éºçá°Ú¬Ú�¨�°²¨�ª�¬®Þ�¯±°®óáà�¬®¯±ßáÝ�Ý�Vº�¬®Ý�ß:©«Ý�âáÝ�°Fçáª�¬®éº¯WX
¯±Þ�Þ�Ý�ª���¬²¨¹éº¯
¯±ª«¨ �¯±éºÝ���¨¹°	�:¨
¨¹ßá�ðáÝ)¬®°p��¬®�Ý��±Ý�ª�Þ«¨òÙ
��Ý´Þ�¬Aâá¬®Þ�ç%¯±ßáÝ�Þ�Þ�Ý&âá¬Aóáß�¨¹°	�±¯±ª�¬Ú©«é
¯½Ý�Vº�¬®Ý�ß:©«Ý

A
ç%Ý�ª8°²¨½âáÝî�¯�âá¬�
X�¨-âáÝî°A©«Ý�ª�à�¯

�¯ âá¬®�Ý-âá¬Få.Ý���¬®°®°®Ý�XâX¨�©«¯Ãóáßÿ�±Ýî©�©�¯¹ª«Ý-âá¬
n − 1

¬®ß ©«Ý�ª�¬.¬®ß
[1..n]

XU°®¯�Þ�¬5ç%¯¹©«ª�Ý�ñáñPÝ
âáÝ��¯ âá¬�
X�¨¹ª�Ý½¯¹©�©«Ý�ßáÝ�ßáâá¯�óáß�¨¹°®ñPÝ�ª�¯áÙ �Fçáçá°®¬®�¨¹ßáâá¯�ç%¯±¬3X ¨-©�¨¹°®Ý�¨¹°®ñ%Ý�ª�¯WXA°32 ¨¹°	�¹¯±ª�¬ ©��
éº¯-âá¬�¯�âá¬�
X�¨-Þ«¨¹ª�Ý�ñáñ%Ý�çP¯±Þ�Þ�¬®ñá¬®°®Ý�X�¬®ß&�±Ý��Ý��ðáÝ�ª�¬®îª«Ý�¨¹ª�Ý&¬®°û�±Ýî©�©«¯±ª�Ý&âá¬çX¨¹ª ©«Ý�ßáà�¨�X
âáÝ�âáóáª�ª�Ý�X.çPÝ�ª&¯��±ßá¬

i
X#� í�ï �p[ i \K�¯±éºÝ-°²¨�ç%¯±Þ�¬®à�¬®¯±ßáÝ�ßáÝ�°®°²¨ e óX¨¹°®ÝI�±Ý�ª�ªbaÃÝ�°®¬®éº¬ÚßX¨�©«¯

°32 óá°Ú©«¬Úé
¯j
8�±°®¬®¯0âá¬
i
Xò¯�%�±Ý�ª�¯�¬®°Pßá¯�âá¯8 ðáÝF°®¯8çáª�Ý��Ý�âáÝ�ßáÝ�°®°²¨)Þ�óX¨8�¨�©«Ý�ßX¨òÙAÛVÝ�ª5��¨¹ª �¬	h

Þ«¨¹ª�Ý�ñáñPÝKÞ�ó��
X�¬®Ý�ß:©«ÝFÞ�¯±Þ ©«¬Ú©«óá¬®ª�Ý5¬®°XçX¨¹Þ�Þ�¯
¶)âáÝ�°®°32 ¨¹°	�¹¯±ª�¬ ©«é
¯0çX¨¹ª«¨¹°Ú°®Ý�°®¯)âá¬P�¯�âá¬�
X�¨0âáÝ�°

¶±¶



©«Ý�ª�à�¯ºî¯�âá¬®�Ý)âá¬<å5Ý���¬Ú°®°®Ý��¯±ßET

¶�Ù jû��£	±/�R£���£�ª ¡!£ � © «Í�B�±/±/�R¦�¦b¥�¢!µ��¬ © �b¯�¢ © ¢p��¬%��¢p¥�£r±/��¬ © ±/¥
¶�ÙÚ³dá%âoã

i = 1 ä â n úRö ã å â¶�Ùä· ë&í�ï �p[ i \ = 0¶�Ù ãÿá%âoã
i = 1 ä â n úRö ã å â¶�Ù ê æáZ^V�e� í5û ôE[ i \ 6= 0

` ä�è.é#ê¶�Ù�� ë&í�ï �p[à�e� í5û ô{[ i \�\ = ��ìÔÓ � îWí!ë [ ¬�\

�*2 Ý�Þ�¬®Þ ©«Ý�ßáà�¨ âá¬%óáß½¨¹°	�±¯±ª�¬ ©«é
¯0âX¨¹°%�¯±Þ ©«¯
¨¹Þ�¬®ß:©«¯¹©«¬®�¯0°®¬®ßáÝ�¨¹ª�Ý5ç%Ý�ªâáÝ��¯�âá¬�
X�¨¹ª�ÝF¬®°
©«Ý�ª�à�¯½�¯ âá¬®�Ý�âá¬[å5Ý���¬®°®°®Ý�Xè¬®éºçá°®¬Ú�¨ e óá¬®ßáâá¬�°²¨´ç%¯±Þ�Þ�¬®ñá¬®°®¬ ©/a´âá¬��¨¹°®�¯±°²¨¹ª�Ý8¬®ß�é´¨¹ßá¬®Ý�ª«¨
¯¹©�©«¬®é´¨8°32 óá°Ú©«¬Úé´¨8¯���¯±ª�ª�Ý�ßáà�¨
âáÝc�±°®¬è¬®ß:©«Ý�ª�¬è¬®ß½óáßB�±Ýî©�©«¯±ª�Ý¹Ù
N5ßE2 ¨¹°Ú©«ª«¨0¬®ß:©«Ý�ª�Ý�Þ�Þ«¨¹ß ©«ÝKâá¬®ª�Ý�à�¬®¯±ßáÝ5âá¬�ª�¬®�Ý�ª��¨8�¯±ßáÞ�¬®Þ ©«ÝKßáÝ�°%âáÝ�
Xßá¬®ª�ÝKß óá¯]�±ÝK�¯�âá¬S�


X�ðáÝ���¯±ÞVU.�¯±éºÝ�iFÝ�¯�Ý�§�¬®�¬	�±Ý���¬®�¬®óáÞ8ðX¨¹ßáßá¯�¬®ß ©«ª�¯ âá¯¹©�©«¯-¬�¯�âá¬®�¬�� ©�¨¹/�����KóáÝ�óáÝ
Ý�°²¨¹ñP¯±ª«¨¹ßáâá¯Kâá¬®ª�Ýî©�©�¨¹éºÝ�ß:©«Ý��±°®¬ò¨¹°	�±¯±ª�¬ ©«éº¬:¯¹©�©�¬Úéº¬ âá¬ò�¯�âá¬�
X�¨FÝ`âáÝ��¯�âá¬�
X�¨KßáÝ�°òÞ�Ý�ª�¬²¨]�
°®Ý�XòÞ�¬�ç%¯¹©«ª�Ý�ñáñ%Ý��Ýîª«�¨¹ª�Ý)âá¬�âáÝ�
Xßá¬®ª�ÝKß�óá¯��¬è�¯ âá¬®�¬�ç%Ý�ª`¬ e óX¨¹°®¬%Þ�¬²¨ çP¯±Þ�Þ�¬®ñá¬®°®ÝFÝ�Þ�¬®ñá¬®ª�Ý
�±°®¬`¨¹°	�±¯±ª�¬ ©«éº¬ âá¬U�¯�âá¬�
X�¨�Ý½âáÝî�¯�âá¬�
X�¨�¯¹©�©«¬®éº¬ ßáÝ�°UçX¨¹ª«¨¹°®°®Ý�°®¯�Ý½Þ ©«óáâá¬²¨¹ª�ßáÝ�ç%¯±¬`¬®°
�¯±éºçP¯±ª ©�¨¹éºÝ�ß ©«¯�ßáÝ�°Ë�¯±ß:©«Ý�Þ ©«¯ºâáÝ�°Ë�¨¹°®�¯±°®¯�Þ�Ý�ª�¬²¨¹°®Ý¹Ù

¶¹¸
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[a..b]
°32 ¬®ßáÞ�¬®Ý�é
ÝKâáÝ�¬Ëß óáéºÝ�ª�¬ËßX¨�©«óáª«¨¹°®¬��¯±éºçáª�Ý�Þ�¬è©«ª«¨

a
Ý

b
Ù

P(A)
°32 ¬®ßáÞ�¬®Ý�é
ÝKâá¬è©«óò©�©«¬è¬ËÞ�¯¹©�©«¯±¬®ßáÞ�¬®Ý�éº¬�âá¬

A
Ù

T
óáß�¨¹°®ñ%Ý�ª�¯

(V,E)
Ýî©«¬®�ðáÝî©�©�¨�©«¯�Þ�ó

[1..n]
XèÝ��:Ý�ß:©«óX¨¹°®éºÝ�ß:©«Ý ª«¨¹âá¬®�¨�©«¯&¬®ß

r ∈ [1..n]
Ù

V (T )
°32 ¬®ßáÞ�¬®Ý�é
ÝKâáÝ�¬Ëßá¯�âá¬Ëâá¬

T
Ù

E(T )
°32 ¬®ßáÞ�¬®Ý�é
ÝKâáÝc�±°®¬Ë¨¹ª��ðá¬Ëâá¬

T
Ù

deg(v)
�±ª«¨¹âá¯�âá¬

v ∈ V (T )
Ù

�¡¯��±°®¬²¨ óáß�ßá¯ âá¯ºâá¬{�±ª«¨¹âá¯½³�XáÝ�Þ��°®óáÞ«¨
°32 Ý��±Ý�ß ©«óX¨¹°®Ý�ª«¨¹âá¬®�Ý¹Ù
F (T )

°32 ¬®ßáÞ�¬®Ý�é
ÝKâáÝ�°®°®Ýç�¡¯��±°®¬ÚÝKâá¬
T
Ù

T−A
°²¨k�¡¯±ª�Ý�Þ ©�¨K¯¹©�©«Ý�ß�óò©�¨FâX¨Kë�Ý�°®¬®é
¬ÚßX¨¹ßáâá¯F¬òßá¯�âá¬ò¬®ß

A ⊆ V (T )
Ý��±°®¬ò¨¹ª��ðá¬

Þ�ó�Ý�Þ�Þ�¬<¬®ßá�¬®âáÝ�ß:©«¬�Ù
()

°²¨ Þ�Ý e óáÝ�ßáà+¨���óá¯¹©�¨�¯º¬®°@�:Ýî©�©«¯±ª�Ý���óá¯¹©«¯áÙ

¶��



9 É�� CËÉEA �¸H < � <

[ ³c\:0�Ùç�Fñáª«¨¹ðX¨¹éºÞ�¯±ßEX å0Ù�iK¨¹âá¯±óáßEX�i8Ùn��Ù40�¬®ª�� çX¨�©«ª�¬®/�#X ¨¹ßáâIë�Ù�Û[ª�àîí ©Lí�/��¨òÙ
�\Þ�¬®éºçá°®Ý�çX¨¹ª«¨¹°®°®Ý�°U©«ª�Ý�Ý��¯±ß ©«ª«¨¹î©«¬®¯±ß ¨¹°	�¹¯±ª�¬Ú©«ðáé½Ù<; �R¡!¦�¢@��£���®�:s£ ¯%�R¦ © �²!« ¨ X
³+µ8^�·�`�Tä·¹¸:¶>=�ã±µ:·!X%³�±¸��òÙ

[ ·]\p*)Ù�?òÙ*�FßáâáÝ�ª�Þ�¯±ß ¨¹ßáâ ��Ù*�[Ù §�¬®°®°®Ý�ª�Ù�iFÝî©«Ý�ª�éº¬®ßá¬®Þ ©«¬®&çX¨¹ª«¨¹°®°®Ý�°`°®¬ÚÞ�©�ª«¨¹ßW� ¬®ßW�áÙ
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