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is a functionL : V — R such thalL(u) — L(v)| > hif (u,v) € E and|L(u) — L(v)| > k if

there existaw € V such that(u, w) € E and(w, v) € E. Thespan of an L(k, k)-labelling is

the difference between the largest and the smallest valiie\¢e denote by, . (G) the smallest
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Introduction

transmitters that are sufficiently close to potentially interfere.
The aim here is to label the nodes of the graph in such a way

In this paper, we are interested in thiequency assignment that:

problem, which arises in wireless communication systems.

More precisely, we focus here on minimising the number of ¢ any two neighbours (transmitters that are very close) are
frequencies used in the framework where radio transmitters  assigned labels (frequencies) that differ by a parameter
that are geographically close may interfere if they are at leasth

assigned close frequencies. This problem was originally

introduced in Metzger (1970) and was later developedin Hale ®  @ny two nodes at distance 2 (transmitters that are close)
(1980). Itis equivalent to a graph labelling problem, in which are assigned labels (frequencies) that differ by a

the nodes represent the transmitters, and any edge joins two ~Parameter at least

Copyright © 2006 Inderscience Enterprises Ltd.
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e the gap between the smallest and the greatest value for for a graphical representation of the four types of grids

the labels is minimised. we study in this paper). Grids of degree 8 can also be
seen as a natural extension of grids of degree 6, who

This problem is usually referred to as theh, k)-labelling themselves are an extension of grids of degree 4

problem. More formally, for any non-negative real values (see Figure 1(a), (b) and (c)).

h and k, an L(h, k)-labelling of a graphG = (V, E) is

a functionL : V — R such that|/L(u) — L(v)| > & if Figurel Grids studied in this paper: (&)s, (b) G4, () Gs

(u,v) € E and|L(u) — L(v)| > k if there existsw € V and (d)Gs

such that(u, w) € E and (w,v) € E. The span of an .

L(h, k)-labelling is the difference between the largest and the

smallest value of.. Hence, it is not restrictive to assume 0

as the smallest value @f, something which will be assumed

throughout this paper. We denote hy,(G) the smallest

real . such that graplG has anL (h, k)-labelling of span

A ; we call L(h, k) number of G this value. The aim

of the L(h, k)-labelling problem is to satisfy the distance

constraints using the minimum span.

Since its definition (Griggs and Yeh, 1992) as a
specialisation of the frequency assignment problem in
wireless networks (Hale, 1980; Metzger, 1970), i, k)-
labelling problem has been intensively studied. Note that NN N v
the L(h, k)-labelling problem is a generalisation of some e @
standard graph colourings, such as the usual (or proper)
colouringwherh = 1 andk = 0, or the 2-distance colouring
(equivalent to the proper colouring of the square of the graph)
whenh = k = 1. We also note that the cage= 2 and
k = 1 (or more generally: = 2k), called radio-colouring
or A-colouring, is the most widely studied (see for instance
Calamoneri and Petreschi, 2004; Chang and Kuo, 1996; Jha,
2000; Jha et al., 2000).

The decision version of the(k, k)-labelling problem is
NP-complete even for small values iofandk Bertossi and
Bonuccelli (1995). This motivates the search for optimal
solutions on particular classes of graphs (see for instance
(Bertossi et al., 2003; Bodlaender et al., 2000; Calamoneri,
2004; Chang et al., 2002; Griggs and Yeh, 1992; Korze ande The second one is theax-based model, which asks
Vesel, 2005; Molloy and Salavatipour, 2002; Sakai, 1994;  that two nodes connected at the same time by a 1-path
Whittlesey et al., 1995) for a complete survey). Concerning and a 2-path differ by at least migx &} ; in that sense,
the more specific grid topologies, a large number of papers  this model is more restrictive than thiestance-based
has been published on the subject. For instance, (Makansi, model. In particular, this model imposes that any cycle
1987) provided an optimaL (0, 1)-labelling for squared of length 3 to be always labelled with three labels
grids, that is regular grids of degree 4 (see Figure 1(b)). at least mag, k} apart from each other.

Battiti et al. (1999) found an optimdl (1, 1)-labelling for

hexagonal, squared and triangular grids (that is, respectively,Note that whem: > k, the two definitions coincide, since
regular grids of degree 3, 4 and 6, see Figure 1(a), (b) andmax{k, k} = h. The same occurs when the considered graph
(c)). TheL(2, 1)-labelling problem of regular grids of degree  has no triangles, which is the case 165 and G4. In this

A, denotedG 5, has been studied independently by different paper, in the study ofis andGg, whenh < k, we chose to
authors Bertossi et al. (2003) and Calamoneri and Petreschiconsider thamnax-based problem.

(2004) proving thak, 1(GA) = A + 2 by means of optimal As mentioned above, we study in this paper thé, k)-
colouring algorithms. More recently, (Fertin and Raspaud, to labelling problem on regular grids of degree 3, 4, and 6 for
appear) determined several bounds.ppfor d-dimensional those values ofi andk whosex, ;. is either not known or
squared grids. not tight, and we also study thie(h, k) labelling problem

In Calamoneri (2003) some values f ; for regular in a new class of graphs, namely grids of degree 8. For all
grids of degree 3, 4 and 6 are exactly computed, while in considered grids, in some cases we provide exact results, or
some intervals different upper and lower bounds are given; we give close upper and lower bounds (see Figure 9 at the
moreover, the cask < k is not considered at all. Our goal end of the paper for a summary of results).
in this paper is to improve some of those bounds, as well  The paperis organised as follows: we first give in Section 2
as to consider the case < k. Moreover, we extend this  afew technical lemmas that will help to obtain general lower
study to a new class of graphs, namely grids of degree 8.and upper bounds for the considered types of graphs, while
Grids of degree 8 can be defined as the strong product ofin Sections 3, 4, 5 and 6, we improve bounds onfLlii, k)
two infinite paths (Korze and Vesel, 2005) (see also Figure 1 number of grids for degree 3, 4, 6 and 8, respectively.

(b)

Before going further, we observe that whien< k (a case
that we will consider in this paper), there are actually two
ways to define thé. (4, k)-labelling problem:

The first one is thelistance-based model, which asks

that twoneighboursin the graph differ by at leasdt,

while two nodesat distance 2 differ by at leastk. This
means that when two nodes are at the same time
connected by a 1-path and a 2-path (hence when there is
a cycle of length 3 in the graph), we consider the
distance to be 1, and thus impose only the

condition onk.
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Note finally that if no confusion arises, we will speak

in Figure 2(a). The idea is to substituteo 1,k to 2,7 + k

interchangeably, in the rest of this paper, of a node and itsto 3, 2 to 4, andh + 2k to 5. In that case, the labelling

label.

2 Prdiminaries

In this section, we show four different lemmas, which will

prove to be useful in the rest of the paper. Theorem 1 and

Lemma 1 are concerned with lower bounds for the, k)
number, while Lemmas 2 and 3 deal with upper bounds.

Theorem 1:1,,(GA) > h+ (A — Dk when h < k, for
A =34

Proof: Consider an optimal (h, k)-labelling of G, h < k,

A = 3,4 and letx be a node labelled 0. The smallest label
among those of its neighbours must be atléaBturthermore,
theA neighbours of are all connected by a 2-length path and
hence their labels must differ by at ledstrom each other.

It follows that the greatest label must be at least(A — 1)k.

Lemma 11, (GA) > Akwhenh <k, for A =6, 8.

Proof: Observe thatGg and Gg are characterised by the

that is produced is a feasiblgh, k)-labelling. Indeed, each
pair of consecutive labels differs by eithieror k — 4, but
since we supposeld < k/2, we havek — h > h and thus
any two consecutive labels differ by at leasSimilarly, any
other pair of distinct labels differs by at ledstMoreover,
the largest label used is+ 2k, hence the result.

Figure2 General patterns fak (i, k)-labellings ofG3;:
(8) L(1, 2)-labelling and (b)L(1, 1)-labelling

Proposition 24, ; (G3) < min {5k, 3k} whenk/2 < h < k.

property that each pair of adjacent nodes is also connected

by a 2-length path. This implies that, given an optimal
L(h, k)-labelling of GA, h < k, A = 6, 8, starting from

a nodex labelled 0, the smallest label, among those of their
neighbours must be at leastWith reasonings analogous to
those of the previous proof, the claim follows.

Lemma 2:For any graph G and any 1 < k, 3, x(G) <
kX11(G).

Proof: Consider an optimal (1, 1)-labelling, say.L, of G.
Consider the labelling’’ obtained from£ by substituting
every label with labelik (i = 0,1, ..., x211(G)). We claim
that £ is an L(h, k)-labelling of G with spanki;1(G),
providedh < k. Indeed, any two neighbours, which differ
by at least 1 inC, differ by at leask > & in £ ; moreover,

Proof: By Lemma 2, sincé&/2 < h and since there exists an
L(1, 2)-labelling of G5 that is of span 5 (see for instance the
general pattern shown in Figure 2(a)), we know there exists
anL(h, k)-labelling of G3 of span %.

Analogously, sincé < k, we obtain an_(, k)-labelling
of span 2 by Lemma 2 ; indeed, there exists a1, 1)-
labelling of G3 that is of span 3 (whose general pattern is
shown in Figure 2(b), see also Battiti et al., 1999).

3.2 Lower boundsfor G3
Proposition 34, (G3) > h + 2k when h < k.

Proof: This bound directly comes from Lemma 1.

any two nodes connected by a 2-length path, which differ by Proposition 42, ,(G3) > 3k when 2k/3 < h < k.

at least 1 inC differ by at leastk in £’.

Lemma 3:For any graph G and any i > k/2, 4,x(G) <
hi12(G).

Proof: Analogously to the proof of Lemma 2, consider an
L(1, 2) labelling, sayL, of G. Consider the labelling’’
obtained from£ by substituting every label with label

ih (i 0,1,...,212(G)). Sinceh > k/2, L is an
L(h, k)-labelling of G with spaniii »(G). Indeed, any two
neighbours, which differ by at least 1 ify differ by at least

Proof: Consider an optimdl (%, k)-labelling ofG3. Suppose,
by contradiction, that, ; (G3) < 3k. Let us consider a node
labelled O, and let, y andz be its 3 neighbours. Without loss
of generality, suppose < y < z. In view of the L(h, k)-
constraints, we must hawe> h, y > x + k > h + k and

z > y+ k > h + 2k. Furthermore, from the hypothesis
rni(Gs) < 3k, we have that < 3k, hencey <z —k < 2k
andx < y —k < k. Letx; andxp, y; andy,, z3 andz;
be the not O neighbours of, y and z, respectively (see

hin £ ; moreover, any two nodes connected by a 2-length Figure 3).

path, which differ by at least 2 ig differ by at least 2 > &
in L.

3 Regular gridsof degree3

3.1 Upper boundsfor G3
Proposition 14, x(G3) < h + 2k whenh < k/2.

Proof: Consider an optimal (1, 2)-labelling of G3 over the
set of labelq0, 1, .. ., 5}, whose general pattern is depicted

Figure3 Neighbourhood of a node labelled 0dry
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Let us first prove that ify,, min{y;, y.} and
Yum max{y1, y2}, theny, < y < yy. Indeed, if
y < Ym, theny,, > y 4+ h > 2h + k, and consequently
ym > 2h+2k. However, 2+2k > 3k (because we supposed
h > 2k/3 > k/2), a contradiction to the fact that < 3k.
On the other hand, i¥,; < y, theny > y,; + h. And since
Ym = ym + k > 2k, we end up withy > h + 2k. However,
by hypothesis we know that < 2k, a contradiction since

h > 0. Thus we conclude that in all the cases, we have

Ymn <Yy <YMm-

Now, in order to prove the statement, we will show that
under the hypothesis,  (G3) < 3k, both cases; < x, and
x1 > x lead to a contradiction.

Case 1. x; < xp. In this casex; > k, asx; is connected
by a 2-length path to node 0 (vid andx, > x1 + k > 2k.

If x1 < x, thenx > x1 +h > k + h, a contradiction since
x < k.Hencex < x1 < xp. Itfollows thatxy > x +h > 2h
andx, > x1 + k > 2h + k. Let us now considey; andys,.

Case 1.1: y; < y,. Hence we know thai; < y < y».
Insuch acase; > kandy; < y —h < 2k — h. Note
thaty; < xp asy; < 2k — h andx, > 2k. Let us consider
the common neighbour af, andy;, «, and let us study the
relative position of its label with respect ig andy;.

o «a <y <xpThena <y—k <k if x <awehave
o > x +k > h + k, a contradiction ; on the other hand,
if « < xthena < x — k < 0, a contradiction too.

e y1 <xy <o Thenxy <a—h < 3k—h;from previous
hypotheses we also have > 2h + k, and this leads to
a contradiction asiB3— h < 2h + k whenh > 2k/3.

e y1 <a < x2. We have again two casesif <o < y
thena <y —k <kandy, <a—h <k —hthatisa
contradiction ag > k. If y; < y < o then
a<xp—h<3k—hy<a-—k<2k—h,and
y1 <y —h < 2k — 2h that is a contradiction ag > k
andk > 2k —2h when % /3 < h <k.

Case 1.2: y; > y,. Thus we havey > y > y,. This implies
thaty, > y + h > 2h + k. Hence,y; lies in the interval
[2h+k; 3k]. However, we also know tha lies in the interval
[2h + k; 3k]. Since this interval is of widthv < 2k — 2k, we
conclude thatw < k (because we supposéd> 2k/3 and
hence: > k/2). This leads to a contradiction becaygs@and
x2 must be at least away from each other.

Case 2: x1 > x,. With considerations analogous to those
done for caser; < xp, we can deriver < x» < xp; and
2h+k < x1 < 3kand Z < x» < 2k. Now, let us look at
y1 andys,.

Case2.1: y1 < y,. We thus have, < y < y,. However,
this leads to a contradiction. Indeed,> k asitis connected
by a 2-length path to node 0, thep > y; + k > 2k.

Case 2.2 y; > yp. We then havey, < y < y;. This
implies thaty; > y +h > 2h + k and hencey; > x; as
xz < 2k. Now considek, the common neighbour af and
Y1

e xx<yi<a.Thena >y, +h>3h+k>3k a
contradiction since we supposgd< 3k.

o a<xy<y.Thene <x,—h <2k —h.Ifa > ythen
o > y+k > h+ 2k, acontradiction ; itx < y then
a <y —k < k. However, we know that < k ;
moreover, because < k anda must lie at least away
from x, this leads to a contradiction.

95

o xo<a<y.Thena <y,—h <3k—h.lfa > ythen
a > y+k > h+ 2k that is greater thank3— 1 under
the hypothesi& > 2k/3, a contradiction ; ift < y then
a <y — k < k that again contradicts the fact that
must lie at leaskt away fromx.

Altogether, we see that every possible case leads to a

contradiction. This proves thatthe initial assumptior; 3k,
is false, and consequently the proposition is proved.

Proposition 51,4 (G3) > 3k whenk < h < 3k/2.

Proof: The proof is analogous to the previous one,that is, by
contradiction we assume that there existg(&, k)-labelling
with spani < 3k, we start from node labelled 0, we look at
its neighbours and prove that neithgr < x, norx; > x»
can occur. Wlog, let us assume< y < z. Hencex > h,

y > h+kandz > h + 2k. On the other hand; < 3k,

y < 3h —k andx < 3h — 2k. Letx; andx,, y1 andy,, z1
andz, be the not 0 neighbours of y andz, respectively (see
Figure 3).

We first prove that ify,, = min{yi, y»} and yy
max{y1, y2}, theny,, < y < yy. Indeed, ify < y,, then
ym =y +h > 2h + k, and consequently,, > 2h + 2k.
However, 2 4+ 2k > 3h (because we supposéd< 3k/2),

a contradiction to the fact that < 3k. On the other hand, if
yu < y,theny > yy +h.And sinceyy, > y, +k > 2k, we
end up withy > h + 2k. However, by hypothesis we know
thaty < 3h — k, a contradiction since/B8— k < h + 2k,
because we supposéd< 3k/2. Thus we conclude that in
all the cases, we havyg, < y < yy. Now, as in the previous
proof, let us consider; andx; (see Figure 3), and show that,
under the hypothesis < 3k, none of the cases < x, and
X1 > X3 can occur.

Casel: x; < xp. Thisimpliesy; > k, asx; is connected by
a 2-length pathtonode 0 (vig. If x; < x, thenx > x;+h >
h + k, that is a contradiction as < 3h — 2k < h + k under
the hypothesi& < 3k/2. Hencex < x1 < xp. It follows
thatx; > x +h > 2h andx, > x; +k > 2h + k. Let us
consider nowy; andys.

Casel.1l: y1 < yo. Thenwe know thag; < y < y,. Note
thaty, < xpasx; >2h+kandyy <y —h <y, —2h <
3h —2h = h. Now, let us considar, the common neighbour
of y; andx,.

e y1 < x2 < «. The contradiction comes from the
inequalitye > xo + h > 3h + k.

o a<yir<xp.Thenyi,>a+h>h,y>y1+h>2h
andy, > y + h > 3h, a contradiction.

e Yy < a < xp. Since we have; > k, this implies
a>y1+h>h+kanda <x, —h < 2h. ltiseasyto
see that the same bounds hold alsoyforencey anda
both lie in the intervalh + k; 2h], of widthw < h — k,
that isw < k. The contradiction comes from the fact
thata andy being connected by a 2-length path, they
must lie at least away from each other.

Case 1.2: y; > y,. Thus, we know thay; > y > y,. We
know thatx, andy; must be at least away from each other.
Moreover, 2 +k < x, < 3hand Z + k < y; < 3h. Hence,
bothx, andy; lie in an interval of widthw < & — k. Since
we supposedl < 3k/2, we concludev < k, a contradiction.
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Case 2: x1 > xp. We can easily see that in that case we
must haver; > x> > x. Indeedx, > k, since it is connected
by a 2-length pathto node 0. Hencex it- x,, thenx > h+k.
However, we know that < 3k — 2k, a contradiction since
h < 3k/2. Hence we conclude that > x, > x, which
impliesx, > x +h > 2h andx; > xo + k > 2h + k. Now
let us considep; andys;.

Case 2.1: y; < y». Let us then consider, the common
neighbour ofy; andx,, and let us look at its relative position
compared tor andy. There are three possible cases.

e « >y > x. Werecall that we are in the case
x1 > xo > x, thatisx, > x +h > 2h. If > xp then
a > x2 + h > 3h, a contradiction to the hypothesis
A < 3h.Now, ifa < x3, ¢ < xp — h. Since
x2 < x1—k < 3h — k, we concludex < 2h — k. But
y>h+kanda >y +k, thatisa > h + 2k. Thisis a
contradiction since2— k < h + 2k, by the hypothesis
thath < 3k/2.

e y > a > x. We then conclude that
a <y —k < 3h — 2k. On the other hand, we have
a > x +k > h + k. This is a contradiction since
h + k > 3h — 2k due to the fact that we supposed
h < 3k/2.

e y>x > «a.lInthatcase, it < y;, then
y1 > o + h > h, which impliesy > 2z andy, > 3k, a
contradiction to the hypothesis< 3k. Now, if o > y1,
thena > h, which in turns means that> 4 + k and
y > h + 2k. However, we know that < 3h —k, a
contradiction sinceB— k < h + 2k due to the fact that
we supposed < 3k/2.

Case 2.2: y1 > y,. Here, we consider the three nodes
z, z1 and zo. We first show that ifz,, = min{zq, z»} and
zu = max{zi, 2o}, thenz,, < zy < z. Indeed, ifzy; > z
thenz,, > z+h, and since we know > h+ 2k, we conclude
zm > 2h + 2k, a contradiction to the fact that < 3k since
2h 4+ 2k > 3h. Now let us look at the relative positions of
z1 andz,. There are two cases to consider:

e 73 > 7. Inthat case, we have> z; > z,. Now let us
look at8, common neighbour af; andy,, and let us
consider the relative positions gfandy.

— B < y. Firstly, we note thag < z;. Indeedz, > k
(it is connected by a 2-length path to node 0), thus
71 > 2k. However,8 < y by hypothesis, hence
B <y —k,thatisg < 2h — k. Moreover,
2h — k < 2k since we are in the cage< 3k/2, and
thus we conclude tha < z3. This implies
B < z1—h,thatis, < z — 2h ; and since
7 < A < 3h, we getg < h. On the other hand,
y2 < y,thusy, <y — h. Butsincey < 2k, we then
havey, < h. Hence, bottB andy, lie in the
interval[0; #]. However, they are neighbours and
thus should have labels that are at lgaatvay, a
contradiction.

— B > y.Thenwe have8 > y + k, that is,
B > h + 2k. However, we know that > h + 2k as
well. Thus,8 andz lie in the intervallh + 2k; A],
wherei < 3h by hypothesis. Thus the width of this
intervalw satisfiesw < 2h — 2k, and thusw < k

because we supposéd< 3k/2. However,8 andz

are neighbours, and thus should have labels at least
differing by &, a contradiction with the fact that

w < h.

e 7o > z1. Inthat case, we know that> z> > z1. In
particular, this means thas < 2k, andz; < 2h — k.
However,z; > k since it is connected by a 2-length path
to node 0. We also have< 7z — h < 2h, and thus
y2 <y —h < h;and since:r > k, we conclude that
y2 < 2h — k. Moreover,y, > k since it is connected by
a 2-length path to node 0. Hence, bathandys- lie in
the interval[0; 2i — k], of widthw < 2h — 2k, that is
w < k since we supposed < 3k/2. Howeverz; and
y2 are connected by a 2-length path, and thus should
have labels at least differing frokn a contradiction.

Altogether, we see that every possible case leads to a
contradiction. This proves that the initial assumption,
A < 3h, is false, and consequently the proposition is proved.

Proposition 64, x(G3) > h + 3k when 3k/2 < h < 2k.

Proof: Consider an optimdl (k, k)-labelling of G 3 with span
A. By contradiction, suppose < h + 3k. Let us consider
a node labeled 0, and let y, andz be its 3 neighbours.
Without loss of generality, suppose< y < z. Inview of the
L(h, k)-constraints, we musthawe> i,y > x+k > h+k,
andz > y + k > h + 2k. Furthermore, for the hypothesis
A<h+3k,z <h+3k hencey < z—k < h+ 2k, and
x <y—k < h+k.Letx; andxy, y; andy,, z; andz, be the
not O neighbours of, y andz, respectively (see Figure 3).

Let us first prove the following, which will be useful in the
rest of the proof: ify,, = min{y1, y»} andy, = max{y1, y»},
theny, < y < yy. Indeed, ify < y, < yy, we have
Ym =y +h = 2h + k, andyM > Ym+k > 2h + 2k.
However, this contradicts the fact thiat< i + 3k, because
2h 4+ 2k > h + 3k (since we supposell > 3k/2). Now
suppose,, < yy < y. Theny,, > k, because itis connected
by a 2-length path to node 0. Thug;, > y, + k > 2k,
andy > yy + h > h + 2k, which contradicts the fact that
y < h + 2k. Altogether, we conclude that the only possible
caseisy, <y < yu (1).

In the following we show that, under the hypothesis
A < h + 3k, both cases; < x; andx; > x, lead to a
contradiction, which will prove the statement.

Case 1. x3 < xp. This impliesx; > k, asx; is connected
by a 2-length path to node 0 (vig andxy > x1 + k > 2k.

If x1 < x, thenx > x1 +h > k + h, that is a contradiction
asx < h + k. Hence, we have < x; < x,. It follows that

x1>x+h > 2handx, > x1 +k > 2h + k. Moreover,

x1 <xp—k < h+2kandx < x; —h < 2k. Let us now

considery; andys.

Case 1.1: y; < y,. By (1) above, we have; < y < y».
Let us now considetr (common neighbour of; and x»),
and let us study its relative position compared tndy (we
recall thatx < y by hypothesis).

e «o>y>x.Hencewehave >y+k>h+ 2.
Butx, > 2h + k > h + 2k as well. Hence, both
o andx; lie in the intervallh + 2k; h + 3k],
of width w < k < h. Howeverx, anda are
neighbours, thus they must be at lelastway, a
contradiction.
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e y>a«a>x.Inthatcasey <y —k < 2k. Butwe also

havex > x + k > h + k, a contradiction.

y > x > «. Sincex < 2k, we conclude that

o < x —k < k. However, we know, > k (because it
is connected by a 2-length path to node 0). Thus

a < yi, hencey; > o + h > h. But we know

y1 <y <yathusys <y—h,andy <y, —h < 3k,
thusy; < 3k — h. But we cannot have; > & and

y1 < 3k — h, sinceh > 3k/2.

Case 1.2: y, < y;. By (1) above, we have, < y < y;.
Hencey; > y+h > 2h + k. We also know that, > 2k +k,
sincex < x; < xp. Thusy; andx, share the same interval
[2h + k; h + 3k], of widthw < 2k — h < k. But y; andx;
are connected by a 2-length path, and thus must be atdeast
away, which is impossible.

Hence, at this point we conclude that necessatily x».
Thus let us consider this case.

Case2: x; < x1. Inthat case, itis easily seen that actually
X1 > x2 > X, Sincex > xp would imply x > x, + 4 ; and
sincex, > k (it is connected by a 2-length path to node 0),
we would havex > &k + k, a contradiction to the fact that
x < h + k. Now let us look again at the relative positions of
y1 andys.

Case 2.1: y; < y». By (1) above, we have; < y < y.
This implies thaty < y, — h < 3k. And since we know by
hypothesis that < y, we conclude that < y — k < 2%.

e a>y>x.Thena > y+k > h + 2k. However, we
know x, < xi, thatisx, < x1 — k < h + 2k, hence we
concludex > x,. Thusa > x, + h, and sincer, > x
we havex, > x + h > 2h, we concludex > 3h, a
contradiction to the fact that < 4 + 3k, since we

supposed > 3k/2.

y>a >x.Thena > x +k > h +k, and
o <y —k < 2k. This is a contradiction since
h + k > 2k by hypothesis.

y > x > «a. Thena < x — k < k. However,y; > k (itis
connected by a 2-length path to node 0). Thus- «,
which means; > « + & > h. But we know that

y1 < y,thatis,y; <y—h <3k —h.Thisis a
contradiction sincé > 3k — h by hypothesis.

Case2.2: y1 > y,. By (1) above, we have, < y < y;. Let
us now look at the relative positions gfz; andz,. We first
note that ifz,, = min{zy, zo} andzy = maxzy, z2}, then
Zm < zZm < z. Indeed, ifzy, > z thenzy > z + h, and
since we know; > h + 2k, we concludezy, > h + 3k, a
contradiction.

e 71 > 7z2. Hencez > z1 > 72, by the argument above.
Let us derive here some inequalities that will be useful
in the following. Sincer < h + 3k andz; < z — h, we
concludez; < 3k. Moreover, we know that, > k and

71 > z2, thus we conclude; > z, + k > 2k. Finally,

we recall that: + 2k < z < h + 3k. Now let us look at
the relative positions of andy.

B < y.Theng <y —k < 2k. Sincez; > 2k, we
concludeB < z1. Thusg < z; — h < 3k — h. We
also know that, < 3k — h because
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y2 <y <y —h,and becausg < 3k. Hence, both
B andy, are contained in the intervgd; 3k — ], of
width w < 3k — h. But 3k — h < h by hypothesis,
and sinces andy, must be at least away, this is
impossible.

B > y.Theng > y + k > h + 2k. This implies
that bothg andz lie in the intervallh + 2k; h + 3k],
of width w < k. However,8 andz must be at least
k away from each other, a contradiction.

e 7z > 71. Hencez > z, > z;. In particular, we have
k < z1 < 2k. But we also know that

k < y2 < 3k — h < 2k. Thusy, andz; both lie in the
interval [k; 2k], of width w < k. But they must be at

leastk away, a contradiction.

Altogether, we have shown that every possible case leads
to a contradiction. This proves that the initial assumption,
A < h + 3k, is false. This proves the proposition.

4 Regular gridsof degree4

4.1 Upper boundsfor G,
Proposition 73,x(G4) < h + 3k whenh < 5.

Proof: Consider the. (1, 2)-labelling whose general pattern
is depicted in Figure 4(a). This labelling has span 7. If we
now substitute labels,@&, k, h + k, 2k, h + 2k, 3k, h + 3k

to labels 01,...,7, the new labelling we obtain is an
L(h, k)-labelling of G4. Indeed, it is easy to see that
whenh < k/2, each pair of consecutive labels differs by
at leasth, while each other pair of distinct labels differs by
at leastk. Moreover, the largest label usedist 3k, hence
the result.

Proposition 84, (G4) < min{7h, 4k} whenk/2 < h < k.

Proof: By Lemma 2, sinc&/2 < h and since there exists
an L(1, 2)-labelling of G4 that is of span 7 (as shown in
Figure 4(a)), we know there exists dnx, k)-labelling of
G4 of span 7.

Analogously, sincé < k, we obtain an_(k, k)-labelling
of span 4 by Lemma 2; indeed, there exists &rl, 1)-
labelling of G4 that is of span 4 (whose pattern is shown in
Figure 4(b), see also Battiti et al., 1999).

Figure4 General patterns fak (i, k)-labellings ofG:

(@) L(1,2); (b) L(1,1); (c) L(3,2)

2 4 0 4 4

5 2 I3

0 4 |0

3

6
@

()

Proposition 9, (G4) < 3h + k when 3k/2 < h < 5k/3.
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Proof: Consider thel (3, 2)-labelling of G4 whose general ~ Figure6 General patterns fak(h, k)-labellings ofGs:

pattern is depicted in Figure 4(c). This labelling has span (@) L(1,1);(b) L(2,1); (c) L3, 1)

11. If we now substitute labels @ — k, k, h, 2h — k, h + % R S T S
k, 2h, 3h—k, 2h+k, 3h, 4h—k, 3h+ktolabels01, ..., 11, . s , 0,15 "
the new labelling we obtain is &%, k)-labelling of G4. By A X ]
construction, any pair of labels that are at least 3 away in the ” 2 5
list differs by at leask, while any pair of labels thatis atleast 14 5 -4 N9 7 13
2 away in the list differs by at least because we supposed 6 \z AN %N s 4 g
3k/2 < h. Moreover, the largest label used ¥ 3 k, hence @ T ) ©

the result.
Proposition 104, x(G4) < 11k/2when11k/8 < h < 3k/2.

Proof: It is known (see Calamoneri (2003)) thiat(G4) < Proof: Once again we exploit thé (1, 1)-labelling of Gg
4h whenh > k. Sincei, is a non decreasing function, Whose general pattern is depicted in Figure 6(a). If we
Proposition 4.1 |mp||es thaﬁh,k(GA) < 11k/2 when substitute Oh,2h,...,8h to labels 01,...,8, the new
11k/8 < h < 3k/2. labelling we obtain is arL(h, k)-labelling of Gg. Indeed,
itis easy to see that each pair of consecutive labels differs by
at leastk, and thus by at leagtsincek < h. Moreover, the

4.2 Lower boundsfor G, largest label used ig8 hence the result.
- The upper bound of Z0comes from the. (2, 1)-labelling
Proposition 114, x(G4) > h + 3k whenh < k. of Gg whose general pattern is shown in Figure 6(b). If we

substitute Ok, 2k, ..., 10k to labels 01, ..., 10, the new

labelling we obtain is arL(h, k)-labelling of Gg. Indeed,

it is easy to see that when < h < 2k, each pair of non

consecutive labels differs by at leagt 2 4, while any pair

5 Regular gridsof degree 6 of distinct labels differs by at leagt Moreover, the largest
label used is 1B, hence the result.

Proof: This bound directly comes from Lemma 1.

Proposition 122, ,(Gs) = 6k when h < k.

) ] . Proposition 15: A, ;(Gg) < min {5k, 14k} when
Proof: The upper bound is proved observing that sihce k, ok < h < 3k. '

we obtain anL(h, k)-labelling of span 6 by Lemma 2 ;
indeed, there exists an (1, 1)-labelling of Gs of span  proof: Consider the L(2, 1)-labelling whose general
6, whose general pattern is shown in Figure 5 (see alsopattern is described in Figure 6(b). This labelling has span
Battiti et al., 1999). The lower bound directly comes from 10. If we now substitute &, &, h + k, 2k, 2h + k, 3h, 3h +
Lemma 1. k,4h,4h + k,5h to labels Q1, ..., 10, the new labelling
we obtain is anL(h, k)-labelling of Gg. Indeed, it is easy
Figure5 General pattern of an (1, 1)-labelling of G¢ to see that each pair of non consecutive labels differs by
of span 6 at leasth. On the other hand, sincek2< h, any pair of
distinct labels differs by at leakt Moreover, the largest label
used is 5.
VRN ENU NN () Analogously, the other bound is given using &¢8, 1)-
labelling, such as the one whose general pattern is shown in
Figure 6(c). This labelling is of span 14. If we now substitute
e \o 2 N3 0,k,2k,...,14ktolabelsQ1, ..., 14, the new labelling we
obtain is anL(k, k)-labelling of Gg. Indeed, wherk < 3k,
each pair of labels that are at least 3 away in the list differs
by at least B > h, while any pair of distinct labels differs by
at leastc. Moreover, the largest label used isk1#ence the
result.

6 Regular gridsof degree 8
Proposition 162, x(Gs) < 4h + 2k when 3k < h < 6k.
6.1 Upper boundsfor Gg ) _ )
N Proof: Starting from the L(3, 1)-labelling used in the
Proposition 132, x(Gs) < 8k whenh < k. previous proof (cf. also Figure 6(c)) of span 14, we substitute

Proof: Sinceh < k, we obtain anL(k, k)-labelling of labels Qk, 2k, h, h + k. h + 2k, 2h, 2h + k, ..., 4h, 4h +

span & by Lemma 2 ; indeed, there exists dr(1, 1)- k,4h + 2k to labels 01, ..., 14. This new labelling is also

labelling of Gg of span 8 (whose general pattern shown in anL(h, k)-labelling ofGg. Indeed, each pair of labels that are
Figure 6(a)) at least 3 away in the list differs by at le&dby construction,

while any pair of distinct labels differs by at ledgsbecause
Proposition 14: 1,x(Gg) < min {8k, 10k} when h > 3k. Moreover, the largest label used is 4 2k, hence
k<h<?2k. the result.
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Proposition 174, x(Gs) < 3h + 8k when h > 6k. neighbours of 0, then we have nn b, ¢} > h. And since
any node among, f andg are connected by a 2-length

Proof: Consider the labelling whose general pattern is path to any node among, b and ¢, we conclude that

depicted in Figure 7(a). This labelling is ah(1, 1)- min{e, f, g} = h + k. Finally, sincee, f andg induce a

labelling of span 11, with the additional property that the K3, we have mafe, f, g} > 3h + k.

only consecutive labels that can appear on neighboring

nodes are of the formi3+ 2 and 3i + 1). We now replace

any labell of this labelling by a new label, thanks to the Figure8 Neighbourhood of a node labelled 0

following rule (cf. Figure 7(b)): any label of the form

I =3+ =0123,; =0,1,2) is replaced by

I' = (h + 2k)i + jk. In this new labelling, any pair of

labels of the form 8+ 2 and 3i + 1) is now separated by

h. Moreover, the labelling we started from is @1, 1)-

labelling, and any two differing labels in the new labelling

are at leask away. Thus, this new labelling is an(h, k)-

labelling, of span B + 8k.

Figure7 (a) General pattern of ah(1, 1)-labelling .
of G and (b) general pattern of the(h, k)-labelling However, we can derive a better lower bound d@f -8

we derive 3k, taking into account noded and i in addition to
the previous study. This bound then derives from a very

4 3 o § hizkondkniok o tedious case by case analysis that is not developed here.

; il ; 76 k043 Instead, we have run an exhaustive search by computer
T 2hest Zh5k on the grid restricted to those nine nodes. The source
B L 2 L KRR o and binary codes corresponding to this search are available

i\ at the following website: http://www.sciences.univ-

6 AN CEPRPVE (b oh+ak nantes.fr/info/perso/permanents/fertin/Lhk/Lhk.c).

1 - -k K--

4 710 | ' h+3k 2h+5k 3H+7k !
7 Concluding remarks

6.2 Lower boundsfor Gg In this paper, we have studied theh, k)-labelling problem
Proposition 182, ;(Gg) > 8k whenh < k. onregular grids of degree 3, 4, 6 and 8, and we have improved,

in many different cases, the bounds on g, k) number

in each of these classes of graphs. A graphical representation
of our results is depicted in Figure 9: bold lines in this figure
are results from this paper, grey lines are previously known
results, and grey zones represent the gaps that still exist
between the known lower and upper bounds.

Though we managed to obtain tight bounds in several
cases, there are still some other cases for which the gap is not
closed, and it actually looks difficult to improve the bounds
without using case by case analysis arguments, as we have
sometimes done in this paper. However, a natural question

shay UL, ... ’lvg' T}k;en noh oiherhlabel tuam can be”uzed N consists in closing the gaps that still remain in all the four
the interval[x — &; x + k] for the v;s. However, all the;s classes of graphs considered here.

are pairwise connected by 2-length paths, so they_must be Moreover, as observed in the introduction, whene &
at leastk away from each other. If there ase(respectively we have considered in this paper thex-based model,

B) labels for thev;s in the interval0; x — h] (respectively that imposes a condition on labels of nodes connected by a
Lx + h: A1), then we must haver —h) — (@ — Dk > 0and 5 0n0ih path instead of using the concept offstance 2

A2 (r+h)+(B—Dk witha +p = 8. Sincely«(Gs) = A, (we recall that wherk > k, the two definitions coincide).
we conclude thal,«(Ge) = 2h + (« + B — 2k, hence the 000 it is also natural to ask for a similar study in the case
result. h < k, but using this time theistance-based definition. We
note that this makes sense only 1G¢ and Gg, since there
are no triangles i3 and G4, and thus in that case the two
definitions coincide. Moreover, since thex-based model is

by definition more restrictive than thistance-based model,

the upper bounds we obtain in timeax-based model also
apply in thedistance-based model, while this is not a priori
the case for lower bounds.

Proof: This bound directly comes from Lemma 2.
Proposition 194, x(Gg) > 2h + 6k whenk < h < 3k.

Proof: Consider any optimal. (%, k)-labelling of Gg. Let A
be the greatestlabel. Let us consider a labghich is neither
0 nor (note that there must exist one sinGe containsks
as an induced subgraph ; note also that necessariigs
in the interval[h; A — h]). Now, consider its 8 neighbours,

Proposition 204, x(Gg) > 3h + 3k when h > 3k.

Proof: Firstly, observe that we havi, ,(Gs) > 3h + k.
Indeed, consider an optimal(x, k)-labelling of Gg, a node
labeled 0, and the set of its neighbors (see Figure 8). Wlog,
suppose mifu, b, ¢} < min{e, f, g}. Sincea, b andc are
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Figure9 Summary of the results achieved in this paper: bold lines are results from this paper, grey lines are previously known
results, and grey zones represent the gaps that still exist between the known lower and upper bounds
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