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Abstract

The individualization-refinement paradigm for computing a canonical labeling and/or the
automorphism group of a graph is investigated. New techniques are presented with the aim of
reducing the size of the associated search space. To substantiate this motivation, a tool named
Traces) is introduced. Experimental results and comparisons with existing tools, like McKay’s
"nauty"”, reveal that the presented approach produces a huge contraction of the search space.
Such reduction will be shown to be exponential for special classes of graphs which are intractable
by "nauty".

1 Introduction

When we consider the literature about methods for approaching the graph isomorphism problem (GI) or the
related problem of canonical labeling of graphs, a peculiar panorama appears.

From the theoretical side, besides papers substantiating the thesis that GI is not NP-complete [21, 28] (a
survey isin [1]), there is a huge amount of notable pieces of mathematics showing the existence of polynomial
(time) solutions of GI, for significant classes of graphs. While moderately exponential solutions have been
provided for the general problem of graph isomorphism [3, 6], polynomial algorithms exist for planar graphs
[13, 14], graph of bounded genus [11], graphs with colored vertices and bounded color-classes [2], graphs
with bounded multiplicity of eigenvalues [5], graphs of bounded valence [19], and more (see [4]).

From the practical side, there are some notable pieces of software, which originate from the outstanding
tool nauty [22]. nauty was introduced in the 80’s by McKay [23]; it has become a standard in the area of
canonical labeling and detection of the automorphism group of a graph; moreover, it has been incorporated
into more general mathematical software tools such as GAP [12] and MAGMA [20].

It is remarkable to observe that none of the polynomial algorithms, mentioned above, has been imple-
mented in software, as noted by Junttila and Kaski in [16]. A reasonable justification for this absence seems
to be that, usually, given a class C of graphs for which an efficient algorithm for isomorphism testing exists,
nauty is able to treat almost all the graphs of C, still remaining (considerably, indeed) below the theoretically
established bound. However, there might exist subsets of C for which nauty exhibits an exponential behavior,
as it results from Miyazaki’s series of graphs [24].

In recent years, the tools saucy [10, 9] and bliss [16, 15] have been introduced, with the aim of handling
large and sparse graphs coming either from the satisfiability problem (SAT) or from industrial applications.
Like nauty, these are general purpose devices implementing backtrack algorithms based on the so called
individualization-refinement (IR) technique and, though similar in nature, they differ from each other in the
used data structures and heuristics (2).

For any tool based on the IR technique, the running time of canonical labeling of a graph essentially
comes out from the size of the associated search space, usually implemented as a tree, and from the com-
plexity of the refinement function (which is invoked once for every node of the search tree). In addition, the

*A preliminary version of the paper is available at http://arxiv.org/abs/0804.4881.
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2We briefly recall here that a refinement is a classification of vertices of a graph, usually represented by a (stable) coloring; an individ-
ualization is the operation of imposing a singleton class to a vertex.



behavior of the refinement procedure (namely, the granularity of the classification of vertices) affects the size
of the search tree.
In this paper we propose a new algorithm design, to address four primary issues of the IR method: (i) the
visiting strategy of the search space, (ii) the refinement procedure, (iii) the selector of the next individualiza-
tion step, (iv) the manipulation of information about the automorphism group of the graph. The theoretical
bases of the new approach originate from investigating the positive aspects of some negative results in the
area of canonical labeling. From a practical standpoint, our aim is to introduce a general purpose algorithm
making the computation feasible for all the graphs which are hard for nauty and other similar tools. In such
sense, our reference graphs are those built from Hadamard matrices, graphs coming from projective planes,
other graphs of combinatorial origin and, obviously, Miyazaki’s graphs, but the new algorithm is not tailored
on any particular class of graphs. We will show that the presented algorithm causes a considerable reduction
of the size of the associated search space: in particular, such decrease will be shown to be dramatic when very
large search trees are needed by nauty and other tools; as an example, an exponential reduction will come
out for Miyazaki’s sequence of graphs.
With the mentioned motivations, we will introduce a tool named Traces, whose main contributions can be
summarized as follows: Traces computes a canonical form for a colored graph and/or a set of generators for
its automorphism group; in the latter case, a method is described and implemented, which can be applied
to check isomorphism between two graphs G; and G, without considering G; UG, ®). Traces does not use
backtrack to traverse the search space; at the implementation level, the latter is not even treated as a tree,
though, for expository reasons, we will still refer to it as the search tree. In Traces, the next individualization
step is chosen during the refinement procedure as the one which maximizes the size of the partition which
will come after it, in order to define an individualization selector which does not leave vertices of the graph
unconsidered as individualized ones. The refinement procedure of Traces produces a partition such that, for
any cell W, the usual individualization and refinement of all elements of W induce the same quotient graph;
moreover, partitions are compared (and possibly discarded) without computing them completely, using a
linear representation which we will call trace. Detected automorphisms are manipulated in Traces by means
of the Schreier-Sims algorithm [30] (see also [29]); information on the group structure is also used by the
refinement procedure to eliminate redundant computations. The choice of Schreier-Sims algorithm is due
to the fact that it allows, by automorphism detection, the highest range of pruning of the search tree (see
[17]), which is the main concern of this paper. Leon’s implementation [18] of the Schreier-Sims algorithm is
integrated in Traces: such code is extremely efficient in the case of graphs which do not exhibit a very large
automorphism group, those we are mainly interested in. We will point out the cases where the use of the
Schreier-Sims algorithm heavily affects the whole computation.
We will produce results and performance tables using fragments of the huge catalogue of benchmark
graphs for canonical labeling and automorphism group computation compiled by Junttila and Kaski [16]. In
order to give an anticipation of our results and a final account on our motivations, we report some experi-
ments from Tables 1 and 2, executed on an Apple Mac Pro with 2 Quad Core processors at 2.8 GHz:
pp-16-9 is a (546 vertices, 4641 edges) graph associated to one of the known projective planes of order 16
(see [27]): bliss, which is considerably faster than nauty on this graph, takes approximately one hour
to canonize it, traversing more than 300 million nodes of the search tree, which has depth 5; Traces
reduces the depth of the search tree down to 3 and traverses 187 nodes, only, in 0.39 seconds; the time
spent in group computation is negligible; the size of the automorphism group of the graph is 921, 600;

had-100 isa(400,20200) graph associated to a 100 x 100 Hadamard matrix (see [31]): bliss takes 4.23 seconds
to canonize had-100, traversing more than 50,000 nodes of the search tree, which has depth 5; Traces
reduces the depth of the search tree down to 2 and traverses 725 nodes in 3,20 seconds; the time spent
in group computation is negligible, too; the size of the automorphism group of the graph is 400;

the sequence of graphs mz-aug2-2x derives from Miyazaki’s construction; bliss traverses more than 1 million
nodes to canonize mz-aug2-18 (a (432,684) graph), more than 4 million nodes to canonize mz-aug2-20
(a (480,760) graph), more than 16 million nodes to canonize mz-aug2-22 (a (528,836) graph), and so
on. Traces traverses 145 nodes to canonize mz-aug2-18, 161 nodes to canonize mz-aug2-20, 177 nodes
to canonize mz-aug2-22, a linear sequence.

These are prototypical cases. They show that the difference in performance between Traces and other tools

for canonical labeling of graphs is located in the ability to prune the search space. When, as in the first case,

the ratio between sizes of the search spaces is substantial, Traces runs much faster than other tools; otherwise,

their computation times are comparable, modulo the time spent in the group-related computations. Traces

3Recall that Mathon'’s proof [21] of the equivalence between the graph isomorphism problem for G, and G and the problem of
computing generators of the automorphism group of a graph requires the computation of the automorphism group of G; U Go.



is slower than other tools when the associated search spaces are very small, usually when the input graph
has a low degree of regularity or a high degree of symmetry. Even better results will be shown in the case of
automorphism group computation instead of canonical labeling.

Experiments suggest that Traces has a polynomial behavior on all the benchmarks families of graphs col-
lected in [16], which include all the known hard graphs for tools based on the IR technique. The ability of
Traces in capturing the structure of graphs will be briefly discussed in the paper, together with theoretical
issues arising from the analysis of the behavior of the presented algorithm.

Traces is available athttp: //www.dsi.uniromal.it/~piperno/pers/Traces.html.

2 Graphs and partitions

A (labeled simple) graph is a pair (V, E), where V is a finite set of vertices and E is a set of unordered pairs of
vertices called edges. If (u, v) € E, we say that v and w are adjacent or neighbors. A (vertex) colored graph is
a pair G = (H, y), where H is a graph and y is a function assigning colors to vertices of H. A more precise
definition of the coloring function will be given in (1).

In this paper, [n] will denote the set {1,..., n}, while G, will denote the set of colored graphs with vertex
set [n]. The whole set of colored graphs will be denoted by G. Note that any graph can be interpreted as a
colored graph in which all vertices have the same color (see (1)).

Isomorphisms of graphs in Gy, are permutations of [n] preserving adjacency as well as non adjacency.
When considering graphs with colored vertices, isomorphisms must preserve colors, too. We will write G; ~
G, when G and G; are isomorphic. An automorphism is an isomorphism between a graph and itself. The au-
tomorphism group Aut(G) of a graph G is the set of all automorphisms of G with composition as group opera-
tion. An (isomorphism) invarianton G is a function f from G to a set D such that G, ~ G, = f(G,) = f(G2). A
function 6 : G — G is a canonical formiff () VG €G: 6(G)~G; (i) VG1,G2€G: G =Gy & 6(G1)=6(G2).

Definition 2.1 (Ordered partition). An ordered partition of [n] is a sequence © = (W,,..., W;) of disjoint non-
empty subsets of [n], called cells, whose union is [#]. The set of ordered partitions of [n] will be denoted by
II;,), while IT will denote the set of all ordered partitions.

A cell of a partition 7 € I}, is trivial when it contains only one element. The partition 7 is discrete if all
its cells are trivial; 7 is the unit partition when it is constituted of only one cell, i.e. w =([n]). For any 7 €I},
and v, w, € [n], we will write v ~; w when v and w belong to the same cell of 7.

Definition 2.2 (Index, position).
1. The index ind(v, ) of a vertex v € [n] in an ordered partition 7 € I}, is the index of the cell of 7 in
which v appears, namely ind(v,(W,..., W;))=k when v € W;.
2. The position of a node v € [n] in an ordered partition 7 € I}, is defined by means of the function
pos : [n] x I}, — [n] such that: ind(v,(W,..., W;))=k = pos(v,(W,..., W;))=1 +Zf:_11 | Wi .
3. The position of a cell W in an ordered partition 7 is defined as the position of an element of W in
7 (indeed, all the elements of W share the same position in 7); with some overloading: pos(W, ) =
pos(v,m), forany v e W.

Definition 2.3. Let X= U <,, where the relation <,, (C H[Zn]) is defined as follows: m; <X, T, <& Vv € [n]:
n
pos(v, 1) = pos(v, m2). If m; <X 72, we say that 7, is finer than 7, (and that 7, is coarser that 7).

Let 7 € I}, and let (y1,..., y») be a sequence of colors. The graph G = (([n], E), ) is a colored graph
if we interpret the partition 7 as a function assigning the pos(v, 7)-th color ypes,z) to any vertex v of G.
Up to renaming of colors, the converse is also true, i.e. a coloring identifies an ordered partition of vertices.
Therefore in the rest of the paper we will assume a colored graph to be a pair

G=(([n], E),n), 1)

where 7 is an ordered partition of [1]. Note that, with the present assumption, the ordered partition 7 induces
an ordering over colors of the graph G.

2.1 The individualization-refinement technique for canonical labeling

In this section, the behavior of the individualization-refinement technique for canonical labeling is revisited.
Definition 2.4 (Individualization). Let m =(Wj,..., W;) €I}, be a partition of [n]. For any v € [n], if v belongs
to a non-trivial cell W}, then we denote by 7| v the partition obtained from 7 by splitting the cell W into the

cells {v} and W; — {v}, namely: w|lv =(W,..., Wiy, {v}, W; = {v}, Wip,..., W,). If G =(([n], E), ) € G|y, then
we say that G’ =(([n], E), t|v) is obtained from G by individualizing the vertex v.



pos(w,m)+1 ifweW,—{v},

Note that pos(w, |v)= { pos(w, ) otherwise.

Definition 2.5 (Equitable graph). Let G =((V, E), 7) € G be a colored graph. We say that G is equitable when
for any two vertices v, w € V and for every cell W of 7, if v ~, w then v and w have the same number of
neighbors in W.

Definition 2.6 (Quotient graph). Let G = ((V, E),n) € G be an equitable graph. The quotient graph of G,
notation Q(G)=(V’, E’), is a graph, with possible multiple edges and loops, having vertex set V' = {pos (v, ) |
v € V} and edge multiset E’ = {(pos (v, 7), pos(w, 7)) | (v, w) € E}.

A Figure showing an equitable graph and its quotient graph can be found in Appendix.1.

Definition 2.7 (Refinement). Let G = (H, 1) € G. A refinement of G is a function R : G — G such that: (i)
(WR(H,7)=(H, ') is an equitable graph with 7’ < 77; (ii) R preserves isomorphisms, i.e. (H1, 1) =~ (Ha, 7T2) =
R(H;, 1)~ R(H,, T5).

The refinement function implemented in nauty, saucy and bliss is the 1-dimensional Weisfeiler-Lehman
refinement (1-dim WL, or vertex classification) [4]: using a specific scheduling, which is isomorphism in-
variant, cells of 7 are visited. For each visited cell W, the multiplicities of adjacencies of elements of W are
counted. For any cell Z, the elements of Z are rearranged according to these values, and Z is split into the cells
Z1,...,Zx such that all the elements of Z; have the same amount of neighbors in W. This process is repeated
until the graph is equitable.

Definition 2.8 (Target cell). Let G = (H, ) € G. A target cell (selector) of G is a function T : G — [n] such
that: (i) T(H, ) = k is the position of a non-trivial cell of 7; (ii) T is an isomorphism invariant, i.e. (H;, ;) ~
(Ha, )= T(Hy, 1) = T(Ha, m2).

The target cell selector used in nauty, saucy and bliss has a static nature: cells are classified according
to the presence of edges and non-edges wrt other cells. The leftmost cell having the highest value in such
classification is chosen as the target cell.

Notation 2.9. Given an equitable graph G(H, ) and a vertex v of H, we will write (H, 72(*)) as a shorthand for
the refinement of the graph obtained by individualizing v: (H, 7)) = R(H, | v).

The search tree of an equitable graph G =(H, ) is a labeled tree 7 (H, ) such that: (i) the root of 7(H, )
has label 7; (ii) if 7 is discrete, then the tree rooted at it consists of that single node; otherwise, let = =
(M, ..., W;,...,Wy)and let W; ={uv,..., v;} be the target cell of (H, 7). Then the tree rooted at 7 has as children
the trees 7(H, n("),..., 7 (H, 7¥»)) and, for i = 1,..., h, the edge joining 7t with 7 (H, 7(*)) has label v;.

N

({41,153, {6}, 43}, {2}, {1}) ({43}, 16}, {5}, 423, {3}, {1}) ({5}, 14}, {6}, 43}, {1}, {21
Figure 1: The pruned search tree; at the leaves, graphs and their quotients coincide
The typical behavior of algorithms based on the individualization-refinement mechanism is examplified

by the backtrack search in Figure 1, which is borrowed from nauty’s user guide [22]: given an equitable colored
graph G = (H, ), the root of the tree is labeled by the partition 7. The target cell is here the underlined one,

4By abuse of notation, while considering, for some W, a function F : G — W, we will write F(H, ) instead of F((H, 7)) in order to avoid
duplicated parentheses.



namely {4,5,6}. Any node of the tree is labeled by an equitable partition which is obtained by its father
by individualizing each vertex in the target cell and then refining the obtained partition. The individualized
vertices appear as edge labels in the tree. When the leftmost leafis reached, the corresponding quotient graph
is stored as a potential canonical form C; for G. When the next leaf is reached, its corresponding quotient
graph C. is compared with Cg. If they are equal, an automorphism of G has been found. Otherwise, C;, is
either discarded or it substitutes Cg if it is “better” according to some predefined ordering. Only part of the
whole backtrack tree is actually generated. The other parts of the tree are either shown to be equivalent to
parts already generated, or are pruned by means of invariant information discovered while traversing the tree
itself. As an example, in Figure 1, the vertex 6, which belongs to the target cell of the root, is not individualized,
since the first two visited leaves identify the permutation (2,3)(5,6) as an automorphism of G. This implies
that the tree obtained by individualizing the vertex 6 is isomorphic to the one individualizing the vertex 5:
therefore it does not carry any additional information.

3 Introducing Traces

In this Section, we will introduce an IR tool named Traces, in which the refinement procedure, the target
cell selector and the visiting strategy of the search space have a completely different structure from that of
its predecessors. Traces is introduced with the aim of substantiating, from an experimental standpoint, an
investigation on the IR technique, which has been inspired by two negative results: (i) Miyazaki’s sequence
of graphs ([24]) showing the exponential behavior of nauty; (ii) Cai, Fiirer and Immerman’s construction ([7])
about (non) identification of graphs via the k-dim WL refinement (vertex classification by means of k-tuples
of vertices). Miyazaki proved that a wrong choice of the target cell is responsible for the existence of in-
tractable graphs for nauty. We will therefore define and experiment some new criteria for selecting the target
cell. On the other hand, in [7] the authors show that there does not exist a refinement procedure (in the
generalized Weisfeiler-Lehman style) which is powerful enough to capture the orbit partition of any graph.

3.1 Traversing the search tree

As a matter of fact, while Miyazaki’s result has a negative impact on nauty and other practical isomorphism
tools, Cai, Fiirer and Immerman’s construction provides a theoretical justification for the IR technique, since
it proves that it is impossible to solve the isomorphism problem by means of Weisfeiler-Lehman refinement,
without having to associate to it a (backtrack) search space.

With such assumption, we first observe that a backtrack search (i.e. a depth-first visit of the search space)
may cause inefficiencies when, at some level, it is possible to prune the tree by a node invariant. This hap-
pens when two nodes appearing at the same level in 7 (H, ) are labeled by partitions which induce different
quotient graphs. In this case, a depth-first strategy might force visiting a whole subtree which will be later
discarded. A breadth-first strategy, instead, allows for pruning the mentioned subtree before traversing it.

On the other hand, we must observe that a simple breadth-first strategy does not allow for an early prun-
ing of the search tree by means of automorphism detection: in effect, automorphisms are discovered com-
paring the leaves of the tree itself. Therefore, Traces will experiment the use of a (variant of a) breadth-first
strategy for traversing the search space: for any level ¢ of 7 (H, ) and for any node v appearing at ¢, either
v is discarded or one and only one path toward a leaf of 7 (H, r) is computed (see Figure 2). In particular:
(i) nodes at level £ will share the same quotient graph; (ii) the computation of the path toward a leaf will be
started only if v is not equivalent (by automorphism) to some previously computed node at level ¢.

This strategy makes Traces conceptually different from its predecessors. In addition, it has to be noted
that, while nauty allows the user for defining his own refinement procedure and target cell selector, it includes
them into a classical backtrack algorithm. Therefore, Traces cannot be directly implemented in nauty.

Traces’ strategy for traversing the search space can be viewed as an iterated visit of a forest of AND/OR
trees. In such trees, nodes are discriminated between AND nodes and OR nodes (the black nodes and the
white ones in Figure 2, respectively). AND nodes are those which require all their children to be visited, while
only one child is visited when starting from an OR node. The tree is visited by level iterations; at the i-th
iteration, the forest of trees rooted at level i is considered, together with the assumption that their roots are
AND nodes, while all other nodes are OR nodes.

The adopted strategy has the following property with respect to automorphism detection.

Definition 3.1. Let us call congruous any node u, of the search tree of a colored graph (H,7) such that any
descendant u of uo (including u, itself) has a label = which represents the orbit partition of (H, 7).

Property 3.2. Let u be a congruous node, labeled by 1, of the search tree of a colored graph. Every leaf of the
tree rooted at u identifies the same quotient graph. Therefore, any pair of paths from u to a leaf determines one
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Figure 2: Visiting the search space (first and second iteration)

generator of the automorphism group of the colored graph (H, ).
Proof. By induction on the depth of the tree rooted at u. O

It follows that Traces’ strategy allows for the maximal pruning of a subtree rooted at a congruous node,
since it leaves only one descendant to be considered at the next level iteration.

3.2 Therefinement procedure and the target cell selector

The refinement procedure of Traces is based on the following notion, which is a necessary condition to pro-
duce congruous nodes of the search tree:

Definition 3.3. Given G = (H, ) € G, let R be a refinement function. The partition 7 respects individualiza-
tion wrt R when, for any pair of vertices v and w of G, v ~, w = Q(R(H, n|v)) = Q(R(H, | w)), i.e., if v and
w belong to the same cell of 7, then the R-refinements of their individualizations induce the same quotient
graph.

Definition 3.4 (Multi-refinement). Let R be a refinement function. A multi-refinement of R is any refinement
R:G — G such that R(H, ) =(H, "), where 7’ respects individualization wrt R.

Given a refinement function R, a multi-refinement of R can be easily defined as follows:

Algorithm 3.5. Uses the refinement function R; input: G=(H,n)eG;

1. let (H,7@)=R(H,n);

2. let W be the leftmost non-trivial cell of 7;

3. for any v € W, compute Q(R(H, 7| v)), the quotient graph of the R-refinement of the individualization
of vinT;

4. order the so obtained quotient graphs (e.g., lexicographically) and split the cell W according to such
ordering, thus obtaining a partition 77’;

5. if W has been split, then repeat steps 1-5 with 7’ in place of 7, otherwise consider the next non-trivial
cell (if any) and restart from step 3.

Assuming R to be the 1-dim WL refinement, Traces uses a modification of the multi-refinement of R de-
fined by Algorithm 3.5: in particular, if the individualizations-refinements of the elements of a subset W’ of
the cell W (step 3 of Algorithm 3.5) give discrete partitions, then the value of the multi-refinement procedure
is directly produced by taking the discrete partition which gives the lexicographically smallest quotient graph.
Note that any discrete partition vacuously respects individualizations and that such choice is isomorphism
invariant. In addition, when two discrete partitions (coming from W’) induce the same quotient graph, then
an automorphism of the input graph G has been found; therefore, such an automorphism is added (during
the execution of the refinement function) to the set of generators of the automorphism group of G.

Multi-refinement is computationally much heavier than usual refinement. Algorithm 3.5 can be viewed,
when R is the 1-dim WL refinement, as representing the 2-dim WL procedure (or edge classification [4]).
Therefore, in the worst case we could be losing a factor of n (the number of vertices of the considered graph)
in time, when the refinements of all vertex individualizations are needed to produce the multi-refinement.
However, from one hand some techniques will be introduced (in Section 3.3) in order to manage the required
refinements without computing them completely, including a new representation of the whole refinement
process. From the other hand, multi-refinement naturally suggests its parallel execution, though this is out-
side the scope of the present paper.



In addition, information coming from the automorphism group of the graph is used to avoid the individ-
ualization of vertices which are known to belong to the same orbit of an already individualized one.
The behavior of Traces’ refinement over Miyazaki’s graphs is described in Appendix.2.

The choice of the target cell as a further motivation for multi-refinements. A serious motivation for in-
troducing multi-refinements is that they define a family of target cell selectors, each of which is based on
information coming from the next individualization step.

Let (H, ) be a colored graph. During the construction of its multi-refinement (H, 7’), we keep information
about the sizes of partitions deriving from refinements of vertex individualizations, and then we choose as
target cell the leftmost one in 7’ which will subsequently produce the partition with the maximal size. This
choice is isomorphism invariant. It comes out that multi-refinement allows the cell selector to behave in a
fair way: a cell is never left unconsidered for being the one from which the next individualizations will come
out. This appears as a major property if we want to avoid inefficiencies coming from the wrong choice of the
target cell.

3.3 Comparing refinements and multi-refinements

In Traces, refinements are compared without computing them completely. This possibility has been already
observed by Junttila and Kaski in [16] in the case of singleton cells emerging during the refinement process
(the consequent invariant is called partial leaf certificate, and is adopted in Traces, too). In addition to this,
we introduce and implement a different invariant which we will name refinement trace. Assume that the cell
W of the partition 7 is split during the refinement process into W’ and W”. This splitting gives the partition
7’/ such that: pos(W’, ") = pos(W, ) and k = pos(W”, ') = pos(W, )+ | W’ |. The new position k created
by splitting the cell W is a trace element of the refinement process. The refinement trace is the sequence of
trace elements successively introduced during refinement; it is isomorphism invariant and can be stored into
an array. Moreover, let us consider the alternation of individualization and refinement steps which is needed
to compute a discrete partition; the whole process has its own trace, since the individualization operation
consists of a cell splitting, too. Such trace has length at most n, and each of its elements appears exactly once
in it. Note that, being sequences of integers, traces can be ordered, e.g. component-wise.

Assume now that the refinement of G; = (H;,7;) has been computed and 7 = (74,...,T5) is its trace.
While computing the refinement of G, = (Hz, 7») we stop as soon as we find a trace element T/l- different from
the corresponding 7;. This is sufficient to realize that the refinements of G, and G, are different. Obviously, if
we choose an ordering on traces and T;- is “better” than 7;, than the refinement of G, will be completed and
its trace will be stored for later comparisons.

Multi-refinements are classified by means of their traces, too. In this case, the sequence which contains
the new positions created by the splitting cell is initially recorded, and then expanded with the sequence
originating from calling the refinement procedure (first statement of Algorithm 3.5) on the updated partition.

3.4 Automorphisms

As previously mentioned, automorphisms are manipulated in Traces by means of Leon’s implementation [18]
of the Schreier-Sims algorithm [30, 29]. More precisely, when a new automorphism is detected, it is added
as a new generator to the group computed so far. In addition, information coming from the automorphism
group of the graph is used to avoid the individualization of vertices which are known to belong to the same
orbit of an already individualized one; this occurs during the multirefinement process and during the indi-
vidualization of elements of the target cell. In both cases, the orbits of the stabilizer of already individualized
vertices are computed and the computation proceeds considering only one representant per orbit.

4 Experimental results

In the present section, the current implementation of Traces is compared with nauty and bliss. A comparison
with saucy can be obtained from our performance tables and those presented in [16].

Graphs are selected from the library of benchmarks which is attached to the bliss distribution ([15]). In
order to obtain information on sizes of search trees, it has been decided not to time out, whenever reasonably
possible, any experiment. As a consequence, only a few graphs have been considered, and, for each of them,
only one instance. However, this seems to be sufficient to obtain a clear comparison between the different
approaches. Experiments have been carried out on a Apple Mac Pro with 2 Quad Core processors at 2.8 GHz,
under gcc 4.0. For each experiment, the following information is reported in Tables 1 and 2: (1) the name of
the graph, (2) the number of its vertices and edges, (3) the size of the automorphism group of the graph, (4)
the number of its orbits; for nauty and bliss, the execution time (in seconds) and the size and maximal level of



the associated search tree (column Refine (¢), considered as the amount of calls of the refinement function).
For Traces, the following information is reported: (i) the execution time (in seconds), (ii) the amount of calls
to the multi-refinement function (which gives the measure of the search space) together with the amount of
individualizations needed to compute a discrete partition (which indicates the depth of the search space),
(iii) the number of computed generators of the automorphism group, (iv) the time spent in managing the
group. The algorithm used by Traces in order to compute the automorphism group (without searching for the
canonical form) of the input graph is a slight variant of the one presented above: such an algorithm returns a
sequence of permutations sufficient for isomorphism testing of two graphs without considering their union;
the final column of Table 1 indicates the amount of such permutations, whereas the full description of the
algorithm can be found in [26].

With reference to the classification in the mentioned graph library, we have selected graphs from the
following families:

- affine and projective geometries: graphs ag2-x, pg2-32;

- Cai-Firer-Immerman construction: graphs cfi-x;

- constraint satisfaction problems: graphs difp-20-0, fpga-x-y, s3-3-3-3, urg8-5;

- Hadamard matrices: graphs had-x, had-sw-x (with some switching operations);

- Miyazaki constructions: graphs mz-x, mz-aug-x, mz-aug2-x;

- projective planes: graphs ppl6-x; taken from [25]: flag-6;

- random regular graphs: graphs rnd-3-reg-x-y;

- strongly regular graphs: graphs latin-x, latin-sw-x-y, lattice-30, sts-x, sts-sw-x-y;

- complete graphs: graphs k-x;

- grid graphs: graphs grid-x-y, grid-w-x-y.
Remark4.1. Arelevant feature of nauty is that it gives the user the opportunity of using some sort of invariant
to assist the built-in refinement procedure. Some of these invariants are very useful for some families of
difficult graphs. However, their selection is left by nauty to the user, as motivated in the following paragraph,
quoted from nauty 2.4 user manual [22]: Even amongst the vertex invariants which are known to be useful,
their usefulness varies so much with the type of graph they are applied to, or the levels of the search tree at
which they are applied, that intelligent automatic selection of a vertex-invariant by nauty would seem to be
a task beyond our current capabilities. Following this advice, in our main comparison tables we will only
consider the default refinement for nauty, since the use of a vertex invariant would require the identification
of the input graph, thus contradicting the assumption of a general purpose algorithm. From a methodological
standpoint, this allows an homogeneous comparison of the considered tools. Of course, it would be possible
to implement nauty’s invariants in Traces, too, but this is beyond the scope of the paper. We conclude this
remark observing that, in the case of very hard graphs, Traces outperforms nauty even when the latter is run
with the appropriate invariant, as shown by the next table:

nauty 2.2 - aut Traces - aut
Time (secs) With invariant Time (no invariant) Time (no invariant)
had-232 142.76 cellquads @ level 2 29352.07 14.99
ppl6-2 130.50  cellfano2 @ levels 1,2 42288.08 2,51
ppl6-8 251.09  cellfano2 @ levels 1,2 683.93 0.22
flag-6 163028.21  cellfano2 @ levels 1,2 Timed out 40.45

Remark 4.2. Atpresent, Traces is implemented as an additional command of nauty; in such sense, it uses the
data structures of nauty 2.2, but it contains new procedures for the refinement function and the target cell
selector, together with a new representation of the search space and new procedures for visiting it. A new
implementation, totally independent, is under development.

We provide two tables of results: in Table 1, graphs having large search trees in nauty and bliss are consid-
ered, while in Table 2 (which, due to the lack of space, is placed in Appendix) experiments with graphs having
small search trees are reported.

Table 1: graphs with large search space. For all the considered graphs, Traces exhibits a drastic decrease for
the size of their search space, with clear consequences over computation time. It comes out that the hardest
instances are graphs with small automorphism group, such as had-236. The gain in performance of Traces
wrt nauty and bliss is considerable for all graphs in the pp-16 family, with the addition of flag-6 (taken from
Moorhouse’s library [25]), which comes from a projective plane of order 27.

The reader can verify the exponential contraction of the search space of Traces wrt the ones of nauty and
bliss in the case of Miyazaki’s sequence mz-aug2, also observing that timings include group computation.

Concerning the depth of the search space, its contraction is evident in all cases.
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In addition, Traces seems to have a more stable behavior on different instances of graphs in the same
family (the required multi-refinements and computation time being related to the sizes of the input graph
and of its automorphism group), and also on different representations of the same graph, as shown by the
following Table, where the canonical forms of graphs coming from random permutations of vertices of pp-
16-8, a projective plane of order 16, are computed.

bliss (0.35) - can Traces - can

Canon. time  Refinements (¢) | Canon. time  Multi-refs (ind)

pp-16-8 197.71 16589102 (5) 0.42 139 (3)
perm; 3663.95 311919402 (5) 0.44 162 (3)
perm, 1765.20 150066473 (5) 0.40 137 (3)
permg 8183.51 704831435 (5) 0.50 167 (3)

It comes out that Traces has a stronger ability of capturing the structure of the graph, thus abstracting
from its representation. A further evidence of such claim can be also deduced from the series cfi-x, where
the depth of Traces’ search space is equal to the main parameter introduced by Cai,Fiirer and Immerman in
their construction [7]. Finally, all experiments (those reported in Table 2, too) exhibit congruous nodes (recall
Def. 3.1) starting from at most level 3 in the associated search tree.

Table 2: graphs with small search space. Graphs exhibiting a small search space (wrt the size of their vertex
set) come out to have either a large automorphism group or a trivial one. In the first case, the search space
is massively pruned by automorphisms, in the second case just a few individualization steps are needed
to obtain discrete partitions. These are the most favorable situations for the individualization-refinement
technique. Still Traces is able to reduce both the depth and size of search space.

However, it is clear that the overhead determined by multiple refinements causes a (sometimes consider-
able) loss of performance. The most critical experiments for Traces are very sparse graphs (s3-3-3-3 and grid
graphs): we observe that, in such graphs, partitions induced by simple refinement are equal to those deriv-
ing from multi-refinement, and this happens for every individualization step. Therefore multi-refinements
are not able to get any additional information. As expected, in these cases, the ratio between the execution
time of Traces and nauty (or bliss) can reach the number of vertices of the input graph. Comparing these
results, however, we must notice that Traces, beyond representing graphs by means of adjacency lists, does
not implement any other technique for handling large and sparse graphs, yet.

Table 2 shows that the time spent in group computation becomes significant when dealing with very large
automorphism groups: this is evident in the case of complete graphs.

5 Concluding remarks and further work

Starting from an investigation of the individualization-refinement technique for canonical labeling of graphs,
anew algorithm has been presented with the aim of reducing the associated search space. The main novelties
of the proposed method can be found (i) in the strategy for visiting the search space, (ii) in the choice of the
refinement procedure and the selector of the next individualization steps, (iii) in the possibility of comparing
refinements without computing them completely, (iv) in the use of Schreier-Sims algorithm for handling
information from the automorphism group of the input graph.

Experimental results have been provided showing a significant improvement of performances in the case
of graphs of combinatorial origin which are considered as critical for any algorithm adopting the IR method.
The comparison between tables of results presented in the paper leaves an interesting scenario and sev-
eral directions for further work. In effect, the new approach and the state of the art ones are in some sense
complementary, which hints to their possible integration. As an example, Traces and nauty (or bliss) could
exchange information about detected automorphism of the input graph in order to obtain the best perfor-
mances from one another. At the experimental level, the main achievement of this paper is that Traces does
not have an exponential behavior on any of the benchmark families of graphs considered in the literature
for the IR method. At the implementation level, Traces is still at an initial stage; a new implementation is
currently under development, with a special attention to the multi-refinement procedure and to its possible
parallel implementation. From a theoretical standpoint, the positive aspects of some negative results in the
area of canonical labeling have been enlightened. A further investigation on the theoretical aspects of the IR
technique seems to be in order. A better understanding of the consequences of Cai, Fiirer and Immerman’s
construction has been achieved: experiments suggest that, for the search space of such graphs, Tracesimme-
diately produces congruous nodes. Among other directions for further work, we ask whether this might put
Cameron-Gel'fand theorem ([8]), which roughly proves that an excess of regularity implies symmetry, back
into the game of canonical labeling and graph isomorphism.
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Appendix

Figure 3: An equitable graph and its quotient. Here 7 = ({9}, {4}, {1, 7}, {2,6}, {3,5}, {8, 10}).

1. Figure 3 shows an equitable graph G and its quotient graph. For every color appearing in G, there exists
a corresponding vertex in Q(G); an edge in Q(G) has multiplicity k if G has k edges joining vertices with the
corresponding colors.

Color ordering

(F,m®®) Multi-refinement
vi vii

Figure 4: Multi-refining the Fiirer gadget in the first Miyazaki’s graph

2. Inorder to give a flavor of the behavior of the multi-refinement procedure, and to realize that Miyazaki’s
construction is not critical for Traces, we show in Figure 4 the simplest graph in Miyazaki’s series. The graph
and its coloring appear in Figure 4.i. We focus on the right part of the graph, only. For this graph F, first
introduced by Fiirer (see [7]), we show the refinements obtained after individualization of the vertices 1 to 5,
in Figure 4.ii to vi, respectively. It comes out that (F,7z())) and (F,7®) have the same quotient graph, as well
as (F,n®) and (F, ©®). Q(F, n®), the quotient graph of (F, 7)), however, is different from Q(F, =), since the
vertex 9 has the same color in both graphs, but different colors for neighbors. Therefore, the cell {3,4,5, 6}
is split, and this also causes the splitting of the cell {1,2}. The multi-refined graph is reported in Figure 4.vii.
Any cell will produce at the next step a discrete partition after the individualization of its vertices, for this
fragment of the whole graph. We conclude this section observing that for any colored graph in Miyazaki’s
sequence [24], the initial multi-refinement is able to produce the orbit partition.
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